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Abstract

Higher-curvature extensions of Einstein gravity have been considered in different contexts
in order to address unsolved questions in high energy physics. In this thesis we focus on
their applications as toy models to probe phenomena in strongly correlated systems using
the gauge/gravity duality, as they represent inequivalent theories to Einstein gravity that
allows to gain insights into universal properties of the conformal field theory (CFT) under
consideration. In this context, we are particularly interested in the family of theories
known as generalized quasi-topological gravities, whose defining property is that their
equations of motion for statically spherically symmetric solutions are of second order, at
most and lack of ghost modes in their linearized spectrum. Here, we characterize the
number of theories of these types existing at a given curvature order and dimensions.
Moreover, we claim that any effective higher-curvature theory is connected, via field
redefinitions to some generalized quasi-topological gravity. This situation is special in
the case of three spacetime dimensions, as theories of this type have trivial equations
of motion. However, when matter fields are added into the picture, the equations of
motion become non-trivial, describing, among other solutions, black holes that represent
a multiparametric generalization of the Bañados-Teitelboim-Zanelli black hole.

From the CFT side, entanglement entropy arises as a prominent quantity that encodes
important information about the field theory, such as the type A and type B trace
anomalies in even dimensions and the sphere free energy of the theory in odd dimensions
when considering spherical entangling regions. As entanglement entropy also includes
divergences, we employ the Kounterterms scheme to extract the physically relevant
quantities. In the case of three-dimensional CFTs dual to Einstein gravity, we show that
the finite part is isolated and can be written in terms of the Willmore energy. Exploiting
its properties, we manage to give an upper bound on holographic entanglement entropy.
We extend this remarkable result to arbitrary CFTs under consideration. Besides, we
show the validity of the Kounterterms scheme for general quadratic curvature gravity,
extracting the type A, type B anomalies of the theory in even dimensions and the
sphere free energy in odd ones.



Resumen

Las extensiones de mayor curvature a la gravedad de Einstein han sido consideradas
en diferentes contextos con el fin de abordar problemas abiertos en física de altas
energías. En esta tesis nos enfocamos en su uso como modelos de juguete para explorar
fenómenos en sistemas fuertemente acoplados usando la dualidad gravedad/gauge. Dado
que proporcionan teorías diferentes a gravedad de Einstein, podemos adquirir una intuición
acerca de propiedades universales de la teoría conforme de campos de interés. En este
contexto, estamos particularmente interesados en una familia de teorías conocidas como
gravedades cuasitopológicas generalizadas, cuya propiedad fundamental es el hecho de
que sus ecuaciones de movimiento son de segundo orden en la curvatura, como mucho, y
carecen de modos fantasma en su espectro linealizado. En este trabajo, caracterizamos
el número de teorías de este tipo existentes a un cierto orden de curvatura y dimensión.
Asimismo, mostramos que cualquier teoría efectiva de mayor curvatura está conectada,
a través de redifiniciones del campo a alguna gravedad cuasitopológica generalizada.
Mención aparte merece el caso de espaciotiempos de tres dimensiones, ya que este tipo
de familias tienen ecuaciones de movimiento trivial. No obstante, cuando se añade
materia, las ecuaciones de movimiento se vuelven no triviales, describiendo, entre otras
soluciones, agujeros negros que representan generalizaciones multiparamétricas del agujero
negro Bañados-Teitelboim-Zanelli.

En el lado de las CFTs, entropía de entrelazamiento aparece como una cantidad
interesante que incluye información importante acerca de la teoría de campos, tales
como sus anomalías de traza tipo A y B en dimensiones pares y la energía libre de la
esfera en dimensiones impares cuando la superficie de entrelazamiento es una región
esférica. Dado que entropía de entrelazamiento es una medida contaminada por la
existencia de divergencias, empleamos el esquema de los Kontratérminos para extraer
las magnitudes físicas relevanets. En el caso de teorías de tres dimensiones duales a
gravedad de Einstein, mostramos que la parte finita es aislada correctamente y que
puede escribirse en términos de la energía de Willmore. Aprovechando sus propiedades,
proporcionamos una cota superior para la entropía de entrelazamiento holográfica. Este
interesante resultado es posteriormente extendido a cualquier CFT considerada. Además,
mostramos que la validez del esquema de Kontratérminos para gravedad de curvatura
cuadrática, extrayengo las anomalías de tipo A y B en dimensiones pares y la energía
libre de la esfera en dimensiones impares.
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Conventions

Throughout the thesis we use the following conventions. We work in natural units c = ~ = 1
but the Newton constant GN is shown explicitly. Lorentzian manifolds are equipped with
metrics with mostly plus signs, assigning the minus sign to the timelike coordinate, i.e.,
(−,+,+, . . .). The number of dimensions is denoted by D = d + 1. The left hand side
is mostly used when discussing gravity theories in generality and the right hand side in
the context of the gauge/gravity duality, as d stands for the number of dimensions of the
dual conformal field theory. We also make explicit distinction when referring to tensors
and indices in both frameworks. In the gravity side, tensors are written in uppercase and
labeled by Roman indices a, b, c, d, e, f,m, n. In the conformal field theory side defined
on the boundary, tensors are written calligraphically, with Greek indices µ, ν, ρ, σ, ι, κ.
Indices i, j, k, l and α, β, γ, δ are used for codimension-two objects with respect to the bulk-
and the boundary theory respectively. Other conventions on different tensors include:

· Symmetric and antisymmetric parts of a tensor Ta1...apap+1...aq can be written between
parenthesis and squared brackets as

T(a1...ap)ap+1...aq ≡
1
p!
∑
σ

Taσ(1)...aσ(p)ap+1...aq , (1)

T[a1...ap]ap+1...aq ≡
1
p!
∑
σ

sgn(σ)Taσ(1)...aσ(p)ap+1...aq , (2)

where σ ranges over the permutations of the numbers 1 to p and sgn(σ) denotes the
signature of the permutation. If the (anti-)symmetrized indices are not contiguous,
the excluded indices lie between bars, e.g., T(a1|a2|...ap)ap+1...aq .

· The covariant derivative of a certain tensor with mixed indices T b
a reads

∇cT b
a ≡ ∂cT b

a − ΓdcaT b
d + ΓbcdT d

a , (3)

where Γcab ≡ 1
2g
cd (∂agbd + ∂bgda − ∂dgab) is the Levi-Civita connection (or Christoffel

symbols) and gab the metric.

· Given a vector V c, the commutator of the covariant derivative defines the Riemann
tensor of the spacetime as

[∇a,∇b]V c = RcdabV
d, (4)

where we identified Rcdab = 2∂[aΓcb]d + Γce[aΓeb]d.

· The extrinsic curvature of a d-dimensional surface Σ with metric γµν embedded in
a spacetime one dimension higher is given by

Kµν = ∇µnν , (5)

where nν is the unit normal to Σ.
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1
Introduction

General relativity (GR), also referred as Einstein gravity, is the most successful theory of
gravity to date. In this theory, gravitational interaction between bodies is described by
spacetime curvature through the Einstein field equations. These equations of motion are
determined applying the variational principle to the Einstein-Hilbert action, given by

IEH = 1
16πGN

∫
B

dDx
√
−gR, (1.1)

where GN is the gravitational constant, B is a D-dimensional, torsion-free, Lorentzian
manifold equipped with the non-degenerate, smooth, symmetric metric tensor gab and R its
Ricci scalar. The Einstein-Hilbert action (1.1) can be supplemented with matter fields and
a cosmological constant Λ to account for the vacuum energy L = LEH − Λ

8πGN
+ Lmatter.

With this in mind, the Einstein field equations of gab read

Eab ≡
1√
−g

δI

δgab
= Gab + Λgab = 8πGNT

matter
ab , (1.2)

where Gab = Rab − 1
2gab is the Einstein tensor, Rab the Ricci tensor, whose contraction is

the Ricci scalar and Tmatter
ab ≡ − 2√

−g
δLmatter
δgab

is the stress-energy tensor. As a result of
diffeormorphism invariance of the theory, the equations of motion obey the Bianchi
identity ∇aEab = 0.

After varying the action and finding the equations of motion (1.2), an additional
boundary term is required. Using Dirichlet boundary conditions

δgab
∣∣
∂M = 0, (1.3)

and leaving the normal derivative free to fluctuate leaves us with a not well posed varia-
tional problem. This inconsistency can be solved by introducing a suitable surface term,
which, in the case of Einstein gravity, corresponds to the Gibbons-Hawking-York (GHY)
term

IGHY = 1
8πGN

∫
∂B

dD−1x
√
−γK, (1.4)
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1. Introduction

whereK is the trace of the extrinsic curvature of the induced metric γµν on the hypersurface
defined at ∂B. Interestingly, the GHY is not the only boundary term that can be added
without spoiling the Dirichlet boundary conditions. We will discuss this later on.

For now, let us focus on vacuum theories, i.e., Tab = 0. There are a number of
spacetimes that solve the equations of motion (1.2). An useful tool to count the number
of symmetries of the different solutions is given by the Killing vectors ξa, which preserve
the metric and satisfy the Killing equation

∇(aξb) = 0. (1.5)

Generally speaking, a metric is said to be stationary if it admits a timelike Killing vector
ξt and static if there exists a codimension-one surface that is orthogonal to ξt everywhere.

Solutions with the maximum number of Killing vectorsD(D+1)/2 are called maximally
symmetric backgrounds. These are, Minkowski R1,D−1, de Sitter (dS) and Anti-de Sitter
(AdS) with isometry groups SO(1, D − 1), SO(1, D) and SO(2, D − 1), respectively. As
a consequence, the geometry of (A)dS can be embedded in (D + 1)-dimensional flat
spacetime (R1,D or R2,D−1) in a similar way a sphere or a hyperboloid can be embedded
in an Euclidean space, respectively. The surfaces follow a constraint characterized by
the (A)dS radius L, related to the cosmological constant as

Λ = ±(D − 1)(D − 2)
2L2 , (1.6)

where the positive sign corresponds to dS and the negative to AdS.
Another set of important spacetimes are static and spherically symmetric (SSS)

ansätze. In general, these can be written in terms of two undetermined functions of
the radial coordinate N = N(r) and f = f(r),

ds2
N,f = −N2fdt2 + dr2

f
+ r2dΩ2

D−2, (1.7)

where dΩ2
D−2 is the metric of the unit (D − 2)-dimensional sphere SD−2. However, these

metrics solve the Einstein field equations (1.2) when N = 1, which are often referred as
“single-function” SSS solutions. The spherical symmetry admits D − 1 Killing vectors,
satisfying the so(D − 1) algebra. These spacetimes can include event horizons, that
disconnect causally its interior with the exterior. A notable example of single-function
SSS solution is the Schwarzschild-Tangherlini black hole [1, 2]

f = 1− 16πGNM

(D − 2)ΩD−2rD−3 −
2Λr2

(D − 1)(D − 2) , (1.8)

whereM is the total mass of the spacetime, that can be computed using the ADM prescrip-
tion [3–5].

If we are interested in studying the spacetimes including electric charge Q, the appropri-
ate metric is provided by the Reissner-Nordström black hole [6, 7], which solves the Einstein-
Maxwell equations. These are obtained after applying the variational principle to the
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1. Introduction

Einstein-Hilbert action supplemented with the Maxwell action functional
∫
B dDx√−gF 2,

where F 2 ≡ FabF
ab is the squared field strength tensor — see more in sec. 1.1.4.1

If we restrict ourselves to flat spacetimes, i.e., Λ = 0, Schwarzschild and Reissner-
Nordström black holes are the unique SSS solutions for vacuum Einstein-Maxwell field
equations, according to the Birkhoff’s theorem [10–12].

Since its publication, predictions of Einstein gravity have been verified in numerous
experimental tests in our D = 4 world. The large number of them allows us to differentiate
between two types. On the one hand we have the classical ones, proposed by Einstein in
his seminal paper such as the perihelion precession of Mercury or the deflection of light
by the Sun and gravitational redshift. On the other hand, a longer list comprises the
so-called modern ones. Among them, two tests that were of utter importance in recent
years further confirmed predictions of GR. The first one is the detection of gravitational
waves coming from merging of several black hole and neutron star binaries by LIGO and
Virgo collaboration as soon as 2016 [13–17]. The other one is the first image obtained of
M87∗ —and more recently another one of Sagitarius A∗— by the Event Horizon Telescope
using radiotelescopes. These two supermassive black holes are located at the center of
M87 and Milky Way galaxies respectively [18–29].

Despite its great success, GR leaves many unresolved phenomena and leads to
inconsistencies both at cosmological and quantum level. For the former, astrophysical
observations measuring galaxies velocities and its rotation curves [30–33], gravitational
lenses [34, 35] and Cosmic Microwave Background (CMB) [36, 37], among others, do not
fit GR predictions. Some directions to solve this discrepancy involve modifying Einstein
gravity or introducing the so-called dark matter whose distribution restores Einstein
gravity results. In this context, the most prominent cosmological model, referred as
ΛCDM, predicts about five times more dark matter distribution than baryonic matter
in our Universe. ΛCDM model also introduces a large quantity —about fourteen times
baryonic matter density distribution— of unknown energy distribution in our Universe.
This is referred as dark energy in an attempt to fit the accelerated expansion measured
experimentally from supernovae, as they are standard candles across cosmological distances
[38], CMB [37] and large scale structure [39], among others. However, ΛCDM model does
not provide any hint regarding the origin of dark matter and dark energy. Extensive work
has been carried in this direction but no satisfactory results have been found yet.

At the quantum level, the gravitational interaction becomes more relevant. In this
regime, fundamental problems appear, raising doubts on the validity of GR. Among
the most prominent ones, we draw attention to three of them. First, the appearance
of singularities either in the black hole interior and cosmological solutions. Second, the
cosmological constant problem which describes the lack of contribution from the zero
point energies of the Standard Model fields to Λ even though they are different in more
than twenty orders of magnitude [40]. The last one is the non-renormalizability by
power-counting of EH action after applying standard quantization procedures [41, 42].
This observation can be reconciled if we view GR as some effective field theory that
is only valid at low energy regime. As we explore higher energies scales —such as the

1If we relax the static condition, we find other examples of stationary, axisymmetric black holes such as
Kerr [8] (including angular momentum J) and Kerr-Newman solutions [9] (including charge and angular
momentum)
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1. Introduction

Planck scale, for example— we expect higher-curvature terms2 to become relevant. This
is the case in supergravity theories, the low energy effective action of supersymmetric
String theory (Superstring, for short) [43–46].

From a different perspective, particular modified gravities presenting special properties
have often been considered in the holographic context through the concrete realization
of the anti-de Sitter/conformal field theory (AdS/CFT) correspondence [47–49]. They
define useful toy models of strongly coupled CFTs inequivalent to Einstein gravity —
see e.g., [50–64] and references therein— and they have been crucial in the discovery
of certain universal results valid for general CFTs [65–71] —or to raise doubts on the
possible universality of others [72–77].

Taking these motivations into account, different modifications of Einstein gravity
attempted to solve particular problems either cosmological, fundamental or in the
holographic context. In next section, we review some generalities of a certain subset, the
so-called higher-curvature extensions, with a main focus on purely geometric modifications.
We also provide notable examples that will be mentioned throughout this thesis, such
as quadratic curvature, Lovelock and generalized quasi-topological and gravities, with
some of their most relevant properties.

1.1 Higher-curvature extensions to Einstein gravity

Let us consider the most general metric-covariant, parity preserving, theory of gravity con-
sisting on the Riemann tensors, its contractions using the metric gab and an undetermined
number of covariant derivatives. We denote such a theory by its Lagrangian as

L = L (Rabcd,∇eRabcd,∇e∇fRabcd, . . .) . (1.9)

We can classify different higher-order Lagrangian densities belonging to this class of
theories based on the number of derivatives of the metric. For example, the four- and
six-derivative order Lagrangians are given by

L(2) =α(2)
1 R2 + α

(2)
2 RabR

ab + α
(2)
3 RabcdR

abcd , (1.10)

L(3) =α(3)
1 R c d

a b R
e f
c d R

a b
e f + α

(3)
2 R cd

ab R ef
cd R ab

ef + α
(3)
3 RabcdR

abc
eR

de (1.11)

+ α
(3)
4 RabcdR

abcdR+ α
(3)
5 RabcdR

acRbd + α
(3)
6 R b

a R
c
b R

a
c + α

(3)
7 RabR

abR

+ β8R
3 + α

(3)
9 ∇dRab∇

dRab + α
(3)
10 ∇aR∇

aR,

where α(n)
in

are some coupling constants. If we are interested in the subset of Lagrangians
L(Rabcd), then we can also distinguish them by curvature order n instead of the number
of derivatives in the metric. In this language, EH Lagrangian (1.1), L(2) and L(3) (modulo
the covariant derivative terms) are linear, second and third order in curvature, respectively.
In what follows this denomination is more frequently used. Moreover, whenever we refer to
the most general curvature order n Lagrangian, we also include all densities up to order n.

2By higher-curvature terms we refer to terms in our Lagrangian that can be constructed from the
metric and verify the principle of general covariance. At order one, the simplest curvature invariant of a
Riemann manifold is the Ricci scalar
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For gravities of the type L(Rabcd), we find that the variational problem is not well
posed again. On the one hand, the equations of motion in the bulk, given by3

Eab = Pa
cdeRbcde −

1
2gabL − 2∇c∇dPacdb = 0 , with P abcd ≡ ∂L

∂Rabcd
, (1.12)

include fourth-order derivative terms coming from ∇c∇dPacdb [79]. In general, we find that
the Hamiltonian associated with Lagrangian via a Legendre transform is unbounded from
below, as the Ostrogradsky theorem states [80, 81]. This instability gives rise to ghost
fields propagating in our theory. However, certain theories satisfy ∇c∇dPacdb = 0, avoiding
this situation. This is case of Lovelock gravity [82, 83] and generalized quasitopological
gravity [84–90], the latter when evaluated on a SSS solution (1.7) —see also [91]. We
discuss this in detail below. In the case of truncated higher-order gravities including
covariant derivatives (1.9) the equations of motion are far more involved than (1.12)
and always involve ghost fields [78].

Regarding the boundary, finding the required surface term that generalizes the GHY
term for arbitrary theories in order to find a well posed variational problem is generally
quite complicated. There are particular examples that we mention below, namely,
quadratic curvature, Lovelock and generalized quasitopological gravities. However, a
general treatment of the problem was considered in ref. [91, 92] in the context of
Hamiltionian formulation.

In order to visualize easily this discussion, let us present some famous theories that
have been subject of thoroughly study. We also address some of its more relevant
properties and contextualize its relevance.

1.1.1 Quadratic curvature gravity

The most immediate example of higher-curvature gravity is quadratic curvature (QC)
gravity, given by Lagrangian (1.10). Interestingly, when supplemented to the EH term
(1.1), the theory becomes is power-counting renormalizable [93, 94]. Besides, QC terms
appear in the ten-dimensional effective action of Heterotic superstring theory [95, 96].
However, in the absence of other higher-order terms, arbitrary values of the coupling
constants α(2)

1 , α(2)
2 and α(2)

3 imply the existence of massive ghost field in the theory. Let
us discuss further on this. Without loss of generality, we can rewrite the QC Lagrangian
in terms of a particular combination of second order densities, given by

X4 = R2 − 4RabRab +RabcdR
abcd. (1.13)

In this convenient writing, the most general QC Lagrangian L(Rabcd) can be written as

LQC = 1
16πGN

[
R− 2Λ + L2

(
α̃

(2)
1 R2 + α̃

(2)
2 RabR

ab + α̃
(2)
3 X4

)]
, (1.14)

where α̃(2)
i2

are some algebraically redefined dimensionless coupling constant with respect to
α

(2)
i2

.4

3In the case of theories of the type (1.9), the equations of motion can be found in ref. [78]
4For simplicity, from now on we drop the tilde in the redefined coupling constants.
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The interest of expressing the QC gravity Lagrangian as in eqs. (1.13) becomes
evident after having a look on the equations of motion, given by

Eab = + α
(2)
1

[
2R
(
Rab −

1
4gabR

)
+ 2 (gab R−∇a∇bR)

]
(1.15)

+ α
(2)
2

[
2
(
RacR

c
b −

1
2gabRcdR

cd
)

+
(

Rab + 1
2gab R− 2∇c∇(aR

c
b)

)]
,

+ α
(2)
3

[
2
(
RRab − 2RacR c

b − 2RcdRacbd +R cde
a Rbcde

)
− 1

2X4

]
.

If we choose α(2)
1 = α

(2)
2 = 0 and α(2)

3 6= 0, we observe that the equations of motion are
second order in the metric. This is because the Gauss-Bonnet term is the four dimensional
Euler density and it is related to the Euler characteristic of the manifold. As such, in
the critical dimension D = 4, its contribution to the equations of motion is trivial, being
dynamical in higher dimensions and identically vanishing in lower dimension.

This discussion can be extended to the n-th order generalization of Euler densities,
which are the terms corresponding to Lovelock gravity. Because of this, let us contextualize
the general properties of Gauss-Bonnet theory in the framework provided by Lovelock.

1.1.2 Lovelock gravity

As we said, we can generalize to an arbitrary order the Lagrangian that yields second
order equations of motion, based on a series of dimensionally extended Euler densities.
This series is known as Lovelock gravity (or Lánczos-Lovelock), whose Lagrangian is
given by the expression

LLovelock =
bD−1

2 c∑
n=0

αnL
2k−2X2n, (1.16)

for any value of the dimensionless coupling constants αn and where the Euler densities
are defined by [82, 83]

X2n ≡
1

2nδ
a1b1...anbn
c1d1...cndn

R c1d1
a1b1

· · ·R cndk
anbn

, (1.17)

where δa1b1...anbn
c1d1...cndn

≡ (2n)!δa1
[c1δ

b1
d1
· · · δanck δ

bn
dn] is the generalized Kronecker symbol and bxc is

the floor function of x. The powerful Lovelock theorem states that the series (1.16) is the
most general Lagrangian of the type L(Rabcd) that admits second order differential
equations of motion [82, 83].

Some low order example of Lovelock densities are X2 and X4, which of course
correspond to the EH (1.1) and the Gauss-Bonnet term (1.13), respectively. Another
example is the cubic order Lovelock term, given by

X6 =− 8R c d
a b R

e f
c d R

a b
e f + 4R cd

ab R ef
cd R ab

ef − 24RabcdRabceRde (1.18)
+ 3RabcdRabcdR+ 24RabcdRacRbd + 16RbaRcbRac − 12RabRabR+R3.

As anticipated when discussing the case of the Gauss-Bonnet term, the behavior of
each term in the Lovelock series depends on the dimensionality of the theory. The Euler
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density X2n is identically trivial if D < 2n and dynamical in D > 2n, as it contributes
to the equations of motion. In the critical dimension D = 2n, the term becomes a
topological invariant, as it can see from its relation to the Euler characteristic of the
manifold χ(B) through the Euler-Chern theorem [97]∫

B
d2nx

√
−gX2n = (4π)nΓ(n+ 1)χ(B) +

∫
∂B

dD−1x
√
−γB2n−1, (1.19)

where B2n−1 corresponds to the Chern form at the boundary whose explicit expression
is shown in (1.83). The equations of motion in the bulk are given by the compact expression
[98]

Eac =
bD−1

2 c∑
k=0

αnL
2n−2

2n+1 δaa1b1...akbk
cc1d1...cndn

R c1d1
a1b1

· · ·R cndn
anbk

= 0, (1.20)

showing no higher order dependence in the metric. As the propagating modes in Lovelock
gravity are the same as in GR, Lagrangian (1.16) is often referred as the most natural
generalization of Einstein-Hilbert theory. Regarding the surface term, the generalization
of the GHY for each of the Lovelock terms was constructed in refs. [99, 100], namely

Qn = −2n
1∫

0

ds δµ1···µ2n−1
ν1···ν2n−1 K

ν1
µ1

(1
2R

ν2ν3
µ2µ3 − εs

2Kν2
µ2K

ν3
µ3

)
× · · ·

· · · ×
(1

2R
ν2n−2ν2n−1

µ2n−2µ2n−1 − εs
2Kν2n−2

µ2n−2K
ν2n−1
µ2n−1

)
, (1.21)

where Rµν
ρσ is the is the intrinsic Riemann curvature tensor of mtric γµν , defined at the

boundary, and ε = nan
a = ±1 is the norm of the normal vector to the boundary, whose

sign is positive in the case of timelike hypersurface and negative in the case of a spacelike
one —in the case ε = 1, the expression of the generalized GHY term (1.21) coincides with
the Chern form B2n−1 in eq. (1.19). Once we have the generalized GHY term, the action

I = 1
16πG

bD−1
2 c∑

n=0

(
αnL

2k−2
∫
B

dDx
√
−gX2n +

∫
∂B

dD−1x
√
−γ Qn

)
, (1.22)

yields the well posed Lovelock action.
Since Gauss-Bonnet and Lovelock gravities are free of ghost fields, evading any problem

with unitarity [101], they have been studied extensively and many solutions have been
found [102–107], along with pure Lovelock gravity [108–111]—which consists on the
addition only of the n-th order Euler density to the EH action. Moreover, as Lovelock
terms appear in String Theory, they have also attracted the interest in the context of
the AdS/CFT correspondence [51, 54, 112–114].

1.1.3 Generalized quasi-topological gravities

Let us now discuss an interesting family of higher-curvature theories of gravity identified
in recent years [84–90]. The Lagrangian of the so-called generalized quasi-topological
(GQT) gravities [87] can be written schematically as

LGQT = 1
16πGN

−2Λ +R+
∑
n=2

∑
in

L2(n−1)α
(n)
in

R
(n)
in

 , (1.23)
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where R
(n)
in

are densities constructed from n Riemann tensors and its contraction, the
α

(n)
in

are dimensionless couplings, and L is some length scale. The subindex in refers to
the number of independent GQT invariants at each order n.

The technical requirement which makes a generic Lagrangian belong to the GQT
class is the following. Let LN,f ≡ L

∣∣
N,f

be the effective Lagrangian which results from
evaluating √−gL in SSS ansatz5 (1.7), namely

LN,f (r, f,N, f ′, N ′, . . . ) = NrD−2L|N,f , (1.24)

up to an angular contribution that is irrelevant for the definition. Also, let Lf ≡ L1,f ,
i.e., the expression resulting from imposing N = 1 in LN,f .

Definition 1. We say that L(Rabcd) belongs to the GQT family if the Euler-Lagrange
equation of Lf vanishes identically, i.e., if

δLf
δf

= ∂Lf
∂f
− d

dr
∂Lf
∂f ′

+ d2

dr2
∂Lf
∂f ′′

− . . . = 0 , ∀ f . (1.25)

GQTs have by now been the subject of quite intensive investigation and many of the
interesting properties of these theories are now well-understood. Here we summarize
some particularly relevant ones:

1. When linearized around any maximally symmetric background, the equations of
motion of GQT theories become second-order i.e., they only propagate the usual
massless and traceless graviton characteristic of Einstein gravity on such backgrounds
[84–90].6

2. They have a continuous and well-defined Einstein gravity limit, which corresponds
to setting α(n)

in
→ 0 for all n and in.

3. They admit generalizations of the (asymptotically flat, de Sitter or Anti-de Sitter)
Schwarzschild-Tangherlini black hole (1.8) —i.e., solutions which reduce to it in
the Einstein gravity limit— characterized by a single function f [85–90]. For them,
N = 1 (or some other constant) in eq. (1.7) and gttgrr = −1.

4. The metric function f is determined from a differential equation of order ≤ 2. They
can be obtained from the Euler-Lagrange equation of N associated to the effective
Lagrangian LN,f defined in eq. (1.24), this is

δLN,f
δN

∣∣∣∣
N=1

= 0, (1.26)

as long as the action does not include covariant derivatives of the Riemann tensor7.
Schematically, E [r, f, f ′, f ′′;α(n)

in
] = 0. In that case, there are typically three

situations:
5The discussion below also applies to solutions in which the horizon is planar or hyperbolic instead of

spherical. The different cases are parametrized by a constant k taking values k = 1, 0,−1 for spherical,
planar and hyperbolic horizons respectively.

6Note that higher-curvature gravities satisfying property “1.” —and not necessarily the rest of properties
appearing in the list, nor condition (1.25)— have been studied in several other papers, e.g., [115–125].

7When it does, the differential equation would be of order ≤ 2m+2, where m is the number of covariant
derivatives of the term with the greatest number of them.
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• The corresponding density does not contribute at all to the equation and then
we call it “trivial”.

• The density contributes to the equation with an algebraic dependence on f
—namely, with terms involving powers of f . This is the case of quasi-topological
(QT) [58, 89, 126–128] and Lovelock [82, 83] terms. This kind of contributions
only exist for D ≥ 5.

• The density contributes to the equation with terms containing up to two
derivatives of f . This is the case e.g., of Einsteinian cubic gravity in D = 4
[84–86].

5. The thermodynamic properties of black holes can be computed analytically by
solving a system of algebraic equations without free parameters. At least in D = 4,
black holes typically become stable below certain mass, which substantially modifies
their evaporation process [90].

6. A (generally) different subset of four-dimensional GQT gravities also gives rise
to second-order equations for the scale factor when evaluated on a Friedmann-
Lemaître-Robertson-Walker ansatz, giving rise to a well-posed cosmological evolution
[129–134]. Remarkably, an inflationary period smoothly connected with late-time
standard ΛCDM evolution is naturally generated by the higher-curvature terms.

7. Densities belonging to the subclass QT have been identified for D ≥ 5, whereas
GQT densities exist as well in D = 4 [84]. Moreover, it can be show, using recurring
relations that the can be systematically constructed at all orders n in curvature
[135]. In ch. 2 we will argue that in D ≥ 5 there is only one GQT density at each
order n whereas we can find n− 2 “genuine” GQT densities —by genuine we mean
that they do not belong to the QT subclass.

8. Extensions away from pure metric theories, including scalars or vector fields, while
preserving the main properties are possible [136, 137]. In ch. 4 address this case in
three dimensions.

In addition to these more or less structural properties, GQT gravities have been con-
sidered in various contexts, and many interesting additional properties and applications
explored —see e.g., [64, 138–153]. We will explicitly mention some of them in the context
of black hole thermodynamics and its utility as toy models through the AdS/CFT
correspondence in due time.

Before concluding, let us present a concrete example of these theories. At cubic order
in curvature, the most general (nontrivial) GQT theory can be written as

L(3) = 1
16πGN

[
−2Λ +R+ L2α

(2)
1 X4 + L4

(
α

(3)
1 X6 + α

(3)
2 ZD + α

(3)
3 SD

)]
, (1.27)

where we used the notation of eq. (1.23) to denote the couplings. Here, ZD is the
so-called QT gravity density [58, 126]

ZD = +Ra
b
c
dRb

e
d
fRe

a
f
c + 1

(2D − 3)(D − 4)

[3(3D − 8)
8 RabcdR

abcdR
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−3(3D − 4)
2 Ra

cRc
aR− 3(D − 2)RacbdRacbeRde + 3DRacbdRabRcd (1.28)

+6(D − 2)RacRcbRba + 3D
8 R3

]
.

When the terms X4, X6 and ZD are included in addition to the usual Einstein-Hilbert
action, the equation satisfied by the metric function f is algebraic —which partially
explains why they were identified before the last term, SD. We also stress that for D ≥ 6,
ZD affects the equation of f in the same way as X6 does. For D = 5, X6 is trivial, and the
effect of Z5 is nontrivial —from this perspective, we could have just omitted X6 from (1.27).

When the density SD is included, the equation becomes differential of second order.
The explicitly form of this density can be chosen to be [87]

SD =14R c d
a b R

e f
c d R

a b
e f + 2RabcdRabceRde −

(38− 29D + 4D2)
4(D − 2)(2D − 1)RabcdR

abcdR

− 2(−30 + 9D + 4D2)
(D − 2)(2D − 1) RabcdR

acRbd − 4(66− 35D + 2D2))
3(D − 2)(2D − 1) RbaR

c
bR

a
c

+ (34− 21D + 4D2)
(D − 2)(2D − 1) RabR

abR− (30− 13D + 4D2)
12(D − 2)(2D − 1)R

3 .

(1.29)

The equation of f corresponding to eq. (1.27) can be found e.g., in ref. [87]. InD = 4, S4 is
usually rewritten in terms of the so-called Einsteinian cubic gravity density,8 defined as [84]

P = 12R c d
a b R

e f
c d R

a b
e f +RcdabR

ef
cdR

ab
ef − 12RabcdRacRbd + 8RbaRcbRac , (1.30)

which was in fact the first GQT gravity identified beyond the Lovelock and QT ones
[85, 86]. Both densities are connected through [87]

S4 −
1
4X6 + 4C = P , (1.31)

where C is an example of a trivial GQT, in the sense that it has no effect on the equation
of f , as its contribution to it vanishes identically. It is given by

C = 1
2R

b
aR

a
bR− 2RacRbdRabcd −

1
4RRabcdR

abcd +RdeRabcdR
abc

e . (1.32)

We will address the appropriate surface term for this type of theories in sec. 1.3.4.

1.1.4 Electromagnetic generalized quasi-topological gravities

Recently, an extension of GQT gravities, non-minimally coupled to Maxwell theory was
constructed [136, 137, 154, 155]. These theories share many of the properties stated
above with the previous theories without electromagnetism. Here, we succinctly review
its construction, as it will be relevant for us in sec. 5.2. Let us begin by expanding

8The original construction of Einsteinian cubic gravity in ref. [84] was based on the fact that it satisfies
properties “1.” and “2.” for general dimensions, and it does so in a way such that the relative coefficients
appearing in its definition in (1.30) are the same for general D —just like for Lovelock theories. It was
later realized that the four-dimensional version of the theory satisfies the rest of properties listed.
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1. Introduction

the symmetries of Lagrangian (1.9) to include a U(1) gauge field Aa, admiting an
expansion of the form

L(Rabcd, Fab) = R− F 2 + . . . , (1.33)

where the ellipsis denotes higher-derivative terms formed from monomials of the Riemann
tensor and the Field strength F = dA. On general grounds, the equation of motion
of the theory are given by

Eab = P cde
(a Rb)cde −

1
2gabL + 2∇c∇dP c d

(a b) − 2M c
(a Fb)c, with Mab ≡ ∂L

∂Fab
, (1.34)

Ea = ∇bMab, (1.35)

and Pabcd is given in eq. (1.12). However, we are again interested in theories that are at
most second order equations of motion when evaluated in a charged SSS solution. Before
continuing, let us mention that we can work equivalently with the dual (D − 2)-form
H = dB of F , with B being an auxiliary (D − 3)-form whose equations of motion are
given by the Bianchi identity dF = 0. The motivation for the dual frame is that a
magnetic ansatz allows for a much simpler expression than its electric counterpart —we
will see an example of this in sec. 5.2. Therefore, we consider SSS solutions given by
eq. (1.7) and a magnetic ansatz of the form

H = pωD−2, (1.36)

where p is a constant related to the magnetic charge and ωD−2 is the volume form of
SD−2. Following the discussion of previous section, we can define an effective Lagrangian
Lf,H ≡ L

∣∣
N=1,f,H as a result of evaluating √−gL in a magnetically charged SSS solution,

given by eqs. (1.7) and (1.36). Now, we are in conditions of making the formal
definition of these theories.

Definition 2. A theory of the type L(Rabcd, Fab) is said to be electromagnetic generalized
quasi-topological (EGQT) gravity if the Euler-Lagrange equation of the effective Lagrangian
evaluated in a magnetically charged SSS solution vanishes identically, i.e.,

δLf,H
δf

= 0. (1.37)

As in the case of GQT gravities, the equations of motion for EGQT gravities can be
found from the Euler-Lagrange equation of N associated to the effective Lagrangian LN,f,H .

We conclude the general discussion of these theories by saying some of its applications.
On the one hand, solutions of these theories have been found to be free of singularities,
describing a globally regular geometry [136, 155, 156]. On the other hand they represent
useful setups in the holographic context, providing new insights on phenomena that its
uncharged counterpart is agnostic about [137, 157].

11



1. Introduction

1.2 Black hole thermodynamics

In Einstein-Maxwell theory, black holes are completely characterized by their mass M ,
charge Q and angular momentum J [158–160]. This is often referred as the no-hair
theorem9 [161]. The conserved quantities (or conserved charges) satisfy the so-called
laws of black hole mechanics, which read [162]

Zeroth law For stationary black holes, the event horizon has constant surface gravity κ.

First law If a stationary black hole is perturbed, the mass of the system changes as

δM = κδA

8πGN
+ ΩδJ + ΦδQ, (1.38)

where A is the area of the black hole horizon, Ω its angular velocity and Φ its electric
potential10.

Second law As time evolves, the area A of a black hole does not decrease

∆A ≥ 0 (1.39)

Third law It is not possible to form a black hole with vanishing surface gravity.

The flagrant parallelism between the laws of black hole mechanics and the laws of
thermodynamics allowed to identify the area of the horizon with the black hole entropy,
this is what we call today the Bekenstein-Hawking formula (or simply area law) [166]

SBH = A

4GN
. (1.40)

Following this interpretation, the second law implied that the area of the event horizon
never decreases ∆SBH ≥ 0 . On the other hand, Hawking identified the surface gravity
with the temperature in one of the earliest realizations of quantum gravity. In his
derivation, he showed that black holes emit thermal radiation arising from the conversion
of quantum vacuum fluctuations into pairs of particles. Whereas one of them is trapped
inside the black hole horizon, the other escapes to infinity, reaching an observer that
measures is temperature as [167]

T = κ

2π . (1.41)

There are many different approaches to derive the temperature of the Hawking ra-
diation [168–170]. Here, we review the Euclidean action approach [171, 172], as we
will use it afterwards.

9Funnily, the proposition has not a rigorous proof and the hair is a metaphor, referring to the
resemblance of the black hole to a bald head.

10If additional variables are required to characterized the black hole, the first law is modified. This is
the case e.g., for hairy black holes [163–165]
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1. Introduction

1.2.1 Euclidean derivation of black hole temperature

Starting from the general SSS ansatz (1.7) and its horizon radius rh, we can perform a
Wick rotation on the time coordinate11 t→ −itE and study the near-horizon limit r → rh.
By doing so, the time and radial components of the metric read

ds2
E = N(rh)f ′(rh)(r − rh)dt2E + dr2

f ′(rh)(r − rh) + r2dΩ2
D−2. (1.42)

If we introduce in our metric the change of coordinates ρ ≡ 2
√

(r−rh)
f ′(rh) , with ρ� rh, we ar-

rive to

ds2
E ≈ dρ2 + ρ2

(
N(rh)f ′(rh)

2

)2
dt2E + r2

hdΩ2
D−2, (1.43)

which corresponds to the metric of R2×SD−2. The sector R2 is written in polar coordinates
and in order to avoid a conical singularity in the near-horizon geometry we must identify
tE ∼ tE + 4π

N(rh)f ′(rh) . In consequence, the time coordinate in Lorentzian signature is
periodic in the imaginary direction t ∼ t + 4πi

N(rh)f ′(rh) . With this in mind, we recall
that in quantum field theory, a state in thermal equilibrium satisfies the Kubo-Martin-
Schwinger condition [173–175], which imposes periodicity in the imaginary time for
the thermodynamic Green’s function

Gβ(t1,x1; t2,x2) = Gβ(t1 + iβ,x1; t2,x2), (1.44)

where β = T−1 is the inverse of the temperature. Quantum fields placed in a periodic
spacetime are also subject to the same condition [176] and hence, the SSS black hole
(1.7) has a temperature, given by

T = N(rh)f ′(rh)
4π = κ

2π . (1.45)

Once the temperature is found and the entropy fixed following the Bekenstein-
Hawking formula (1.40), we can define the rest of thermodynamic quantities using
the gravitational Euclidean path integral

Z =
∫

D[gab]e−IE[gab]. (1.46)

We can approximate the partition function by working around a classical saddle point,
i.e., a solution of the classical equations of motion IE[gab] = IE[gab]

∣∣∣
on-shell

+ . . ., where the
leading contribution is evaluated on-shell. In consequence, the partition function reads

Z ≈ e
−IE[gab]

∣∣∣
on-shell (1.47)

in the semiclassical regime. In this expression, we have to include the GHY term (1.4) so
that the variational problem is well posed. However, the story is not yet complete, as

11Conversely, when we work in setups in which the time coordinate did not undergo a Wick rotation,
we can refer them as real-time approach.
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1. Introduction

after evaluating the Euclidean on-shell action we will find a divergent quantity. Because
of this, we also need to add counterterms to renormalize it. We will address this problem
in next sec. 1.3.4 as it of relevance in the context of the AdS/CFT correspondence.

Based on these considerations, in the case of GR, the Euclidean action is given by12

IE = − 1
16πGN

∫
B

dDx√g (R− 2Λ)− 1
8πGN

∫
∂B

dD−1x
√
γK + Ict, (1.48)

where Ict indicates the presence of a counterterm to renormalize the on-shell action.
Once we have the partition function, from statistical mechanics, we know that the

Helmholtz free energy (or free energy for short) of the black hole is given by

F = − 1
β

logZ ≈ 1
β
IE[gab]

∣∣∣
on-shell

. (1.49)

With all these ingredients, we are able to find closed expressions for the thermodynamic
quantities

M = − ∂

∂β
logZ, S = βM + logZ, (1.50)

which satisfy the relation

F = M − TS, (1.51)

in the absence of chemical potential like the electric charge or angular momentum.
After giving some general notions of black hole thermodynamics in GR, we move to

solutions in higher-curvature gravity. However, let us mention before that there exists an
extended thermodynamics approach in which the the mass of the black hole is identified
with the enthalpy of spacetime and the cosmological constant Λ is regarded as the pressure
of the black hole, with the volume as its conjugate thermodynamic value [177–180]. This
interpretation holds in the case of hairy black holes [164, 165, 181].

1.2.2 Wald entropy

For higher-curvature gravities, the area law (1.40) is no longer true and corrections arise.
For a general diffeomorphism invariant theory with arbitrary higher-curvature terms L,
the black hole entropy is computed using the Wald’s formula [182–184], given by

SWald = −2π
∫
H

dD−2x
√

Hg P̃abcdεabεcd , (1.52)

where integration is taken over the binormal surface of the horizon H, Hg is determinant
of the induced metric and the tensor P̃abcd results from the variation of the Lagrangian
considering the Riemann tensor as an independent variable, this is

P̃ab
cd ≡ δL

δRabcd
= ∂L
∂Rabcd

−∇e
(

∂L
∂∇eRabcd

)
+ . . . (1.53)

12For now we will keep denoting IE as some Euclidean action that includes its appropriate counterterm.
However, later we will be interested in making explicit distinction whether it is renormalized. In that case
we denote it by Iren

E .
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Besides, εab is the binormal vector to the horizon H, normalized such that εabεab = −2.
For stationary black holes, H is a bifurcation surface, which is a fixed point locus
of the time translation symmetry.

Using the Wald entropy, it can be shown that the first law holds for theories of the
type L(Rabcd), using SW instead of SBH in eq. (1.40). As long as we restrict ourselves to
stationary black holes, the second law (1.39) will also hold. If this is not the case, the
suitable entropy for the generalized second law [185–187] coincides with the Camps-Dong
formula for entanglement entropy [188, 189]. We discuss further on this in sec. 1.5.3.

1.3 The AdS/CFT correspondence

One of the most famous predictions of String Theory is the holographic principle, which
conjectures the duality between a the propagating fields of quantum gravity living in a
(D = d + 1)-dimensional bulk and the observables of a theory defined in its boundary
[190–192], i.e., in one dimension lower. A concrete realization of this principle is provided
by the AdS/CFT correspondence [47–49], which has been subject of extensive research
since its inception. Among the many forms of the correspondence, the most famous
one is given by the duality between type IIB superstring theory on AdS5 × S5, with a
strongly coupled N = 4 supersymmetric Yang-Mills theory with gauge group SU(N)
in four dimensions, where N being the number of supercharges of the theory. The
realization of the correspondence becomes clear when the theory is compactified on the
sphere S5 and the effective five-dimensional gravity theory in AdS5 is considered, in
whose boundary lives the four-dimensional gauge theory.

The fundamental identity is the equality of the partition functions of both theories
is the Gubser-Klebanov-Polchinski-Witten (GKP-W) relation, namely [48, 49]

ZCFT = ZST ≈ e
−IE[gab]

∣∣∣
on-shell , (1.54)

where in the last equality, the saddle-point approximation (1.47) —contrary to the
expression before, IE[gab]

∣∣∣
on-shell

stands for some unspecified Euclidean gravity on-shell
action not necessarily evaluated at the SSS solution (1.7). From this expression, we are
able to compute the quantities in any of the theories and the set of relations between
them is known as holographic dictionary.

1.3.1 Anti-de Sitter spacetime

Before discussing anything regarding the holographic dictionary, we make a brief review of
AdS and CFT so that we acquire some vocabulary first. We have already discussed that
an ambient (d+2) flat spacetime with two timelike coordinates R2,d, defined by the metric

ds2 = −dy2
−1 − dy2

0 + δµνdyµdyν , (1.55)

allows AdSd+1 spacetime with radius L as an embedding hypersurface, which satisfies the
constraint

− y2
−1 − x2

0 + y2
1 +

d∑
i=1

dy2
i = −L2. (1.56)
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From this definition it is manifest that SO(2, d) is the isometry group of AdSd+1, as
stated above. We are particularly interested in two sets of coordinates that describe
this spacetime, namely, global coordinates and Poincaré coordinates. For the former,
we introduce the coordinate transformations

y−1 ≡ L cosh ρ sin t,
y0 ≡ L cosh ρ cos t, (1.57)
yi ≡ Lyi cosh ρ cos t,

where yi define a d-dimensional sphere, provided that they satisfy the relation ∑d
i=1 yi =

1. This already defines global coordinates but if we further perform the coordinate
transformation r ≡ sinh ρ we arrive to its popular expression

ds2 = −
(
r2

L2 + 1
)

dt2 + dr2

r2 + 1 + r2dΩ2
d−1. (1.58)

This coordinate patch cover the AdSd+1 spacetime entirely, whose boundary, given
by r → ∞, corresponds to R × Sd−1 spacetime. On the other hand, if starting from
metric (1.55) we change of coordinates

y−1 ≡
z

2 + 1
2z

(
L2 − t2 +

d−1∑
i=1

x2
i

)
,

y0 ≡
Lt

z
, (1.59)

yi ≡
Lxi
z
, yd ≡

1
2r + r

2

(
−L2 − t2 +

d−1∑
i=1

x2
i

)
,

we arrive to the Poincaré coordinates, given by

ds2 = L2

z2

(
dz2 + ηµνdxµdxν

)
, (1.60)

covering half of AdSd+1 spacetime and whose boundary at z = 0 is the Minkowski
space R1,d−1, denoted by ηµν .

Since AdS is a maximally symmetric negative constant curvature spacetime, we can
write the Riemann tensor as a symmetrized combination of metric tensors as

R cd
ab = − 1

L2 δ
cd
ab, (1.61)

and its contraction, the Ricci tensor and the Ricci scalar are given by R b
a = − d

L2 δ
b
a

and R = −d(d+1)
L2 , respectively.

In the Poincaré patch, the boundary of AdSd+1 is a flat spacetime with a second order
pole. However, the boundary metric can have a different geometry and still solve the
Einstein field equations (1.2). These spacetimes are known as asymptotically locally AdS
(AlAdS) and its metric can be written in terms of the Fefferman-Graham coordinates

ds2 = L2

z2

(
dz2 + γµν(z, xµ)dxµdxν

)
, (1.62)

16



1. Introduction

where γµν is regular in the spacetimes under consideration. By construction, γµν should
admit an expansion in non-negative powers of the holographic coordinate z, as

γµν(z, xµ) = γ̃(0)
µν + zγ̃(1)

µν + z2γ̃(2)
µν . . . , (1.63)

which is known as the Fefferman-Graham expansion. The terms of the expansion can
be computed order by order by plugging them into the Einstein field equations (1.2).
Recursion relations are available for odd and even terms, but the latter are more involved
as logarithmic coefficients appear at order O(zd) in the expansion. We will come back to
these construction when discussing holographic renormalization in the future.

Once we have discussed coordinates of AdSd+1 of our interest, we turn our attention to
CFTs.

1.3.2 Conformal field theory

Let us consider a general d-dimensional quantum field theory (QFTd). If the QFT is
invariant under the conformal transformation of the metric

γµν(x)→ Ω (x) γµν(x), (1.64)

with x = xµ being the spacetime coordinates, then we say it is a CFTd. The whole
group of symmetries, known as conformal group, is an extension of the Poincaré group,
including dilatations xµ → λxµ, for λ ∈ R a certain constant, and special conformal
transformations xµ = (xµ + bµx2)/(1 + 2bµxµ + b2x2) for a certain vector bµ [193].
Among other practicalities of CFT, we can mention that they are relevant in the study
of systems undergoing continuous phase transitions in condensed matter physics, as
they display scale invariance. Besides, we will discuss its applications in the context
of renormalization group flows in sec. 1.4.5.

In connection with our previous discussion, we mention that the boundary of Poincaré
patch of AdS is connected through a conformal transformation of the metric to Minkowski
spacetime. This argument can be extended to AlAdS spacetimes, as seen in the Fefferman-
Graham coordinates (1.62).

For now let us continue exploring features of CFTs. If we consider a general Euclidean
action IE, the variation of the action under the infinitesimal conformal transformation
δγµν = 2Ω γµν is given by

δIE =
∫

ddx√g T µ
µ δΩ, (1.65)

where T µ
µ is the trace of the stress-energy tensor, defined in eq. (1.2). If the theory is

conformally inviant, the variation of the action must vanish, which imposes T µ
µ = 0.

The traceless property at classical level is violated at quantum level in the case of even-
dimensional CFTs, giving rise to the trace anomalies. Its expression is given by [194–196]

〈T µ
µ 〉 = −2(−1)d/2AXd +

∑
i

BiIi +∇µJµ, (1.66)
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where Xd is the dimensionally extended Euler density as defined in eq. (1.17), Id are
a set of independent Weyl invariants, built from the Weyl tensor and related to the
Riemann tensor Rµνρσ of metric γµν as

Wµνρσ ≡ Rµνρσ −
2

(d− 1)
(
γµ[ρRσ]ν − γν[ρRσ]µ

)
+ 2
d(d− 1)Rγµ[ργσ]ν , (1.67)

and ∇aJa are total derivatives terms that depend on the renormalization scheme. The
coefficients A and Bi are referred as the type A and Bi central charges of the conformal
field theory. In sec. 1.4.5 we will see the relevance of these coefficients in the context
of renormalization group flows.

In the d = 2 case, the Euler density is given by X2 = R while there are no Weyl
invariants. Thus, the trace anomaly reads

〈T µ
µ 〉 = c

24πX2, (1.68)

where the type-A central charge is a rescaled as A = c
48π , following the standard convention

in CFT2. This quantity has a remarkable property in renormalization group flows, as
we will see below in sec. 1.4.5. On the other hand, in the next case, corresponding
to d = 4, the trace anomaly reads

〈T µ
µ 〉 = − a

16π2X4 + c

16π2I4, (1.69)

where a refers to the type A central charge, c to the type B and I4 = WabcdWabcd

is the Weyl-squared invariant. In general, both the value of the coefficients can be
constrained imposing physical requirements for the theories considered. One example
is, given a initial state, imposing positivity on the total energy flux measured at infinity
leads to the so-called conformal bounds [50]

3 ≥ c

a
≥ 18

31 , (1.70)

which hold for any unitary four-dimensional CFT [197].
Contrary to type A central charge, the number of type B charges grows as we consider

higher dimensions. For instance in six dimensions there are three Weyl invariants [194].
This is represented in eq. (1.66) by the sum term.

Another quantity of interest to the holographic dictionary is the stress-tensor two-
point correlation function. Remarkably, its form is heavily constrained by confor-
mal symmetry as [198]

〈Tµν(x)Tρσ(0)〉 = CT
x2d

(
Iµ(ρIσ)ν −

ηµνηρσ
d

)
(1.71)

where Iµν ≡ ηµν − 2xµxν
x2 and CT , referred as the coefficient of the two-point stress-tensor

function, is the only theory dependent quantity. In the gravity picture, the metric
perturbations around Minkowski ηµν → ηµν + hµν(x) with hµν � ηµν appearing in
the boundary of AdS in the Poincaré patch (1.60), allows to compute the two-point
correlation function, from the expression

〈Tµν(x)Tρσ(x′)〉 = − δIgravity
δhµν(x)δhρσ(x′)

∣∣∣∣
hµν=0

. (1.72)

Thus, we can read the coefficient CT for CFTs that are dual the gravity theory Igravity.
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1.3.3 Higher-curvature gravities in holography

Motivated by the success of the AdS/CFT correspondence in the original form, a natural
question is whether this framework allows to explore phenomena in more general strongly
correlated systems. In other words, if the AdS/CFT correspondence is a concrete
realization of a more general gauge/gravity duality. With this in mind, we can interpret
that Einstein-AdS gravity is the result of a truncation of a larger bulk theory. The enlarged
one may include higher-curvature corrections in the bulk, additional matter fields or other
additional features. In this perspective, theories including these additional degrees of
freedom allow us to define toy models of strongly coupled CFTs inequivalent to Einstein-
AdS gravity. Thus, higher-derivative theories provide a playground to study general results,
find universal features or counterexamples to previous conjectures in the literature.

To illustrate this we will mention some notable examples, but first let us discuss
that when higher-curvature densities are considered, the theory posses several maximally
symmetric solutions in general. The AdS vacua, whose bare radius L is modified in
terms of an effective one L? = L/

√
f∞, of any theory of the type (1.23) can be obtained

by solving the equation [115, 142]

h(f∞) ≡ 16πGNL
2

d(d− 1)

[
L(f∞)− 2f∞

d+ 1L
′(f∞)

]
= 0, (1.73)

where L′(f∞) ≡ dL(f∞)
df∞ and L(f∞) is the on-shell Lagrangian evaluated on pure AdSd+1

with the effective AdS radius. This amounts to evaluating all Riemann tensors appearing
in the Lagrangian (1.23) as eq. (1.61), with L/

√
f∞ instead of L. By doing so, the

“characteristic polynomial” h(f∞) or “embedding function”, reads [115, 142]

h(f∞) = 1− f∞ +
∑
n=2

∑
in

α
(n)
in

R
(n)
in
, (1.74)

where the coefficients α(n)
in

are conveniently rescaled. It is clear that in the case of Einstein
gravity f∞ = 1 and in consequence L = L?. A less obvious example is the case of
quadratic gravity (1.14), whose characteristic polynomial reads

h(f∞) = 1− f∞ + (d− 3)f2
∞

[
d(d+ 1)
d− 1 α

(2)
1 + d

d− 1α
(2)
2 + (d− 2)α(2)

3

]
. (1.75)

An explicit example of rescaling the coupling constant to make the polynomial look
like eq. (1.74) becomes evident when restricting ourselves to the Gauss-Bonnet term.
In this case α(2)

1 = α
(2)
2 = 0 and thus transforming α

(2)
3 → α

(2)
3 /[(d − 2)(d − 3)] we

obtain the well known relation

f∞ =
1±

√
1− 4α(2)

3

2α(2)
3

. (1.76)

The auxiliary function h(f∞) has other applications in the context of black hole ther-
modynamics, as we will see in chapter 2.

Taking the existence of an effective AdS radius into account, the first example of
inequivalent CFT we discuss pertains the computation of type A and type B central
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charges in d = 4 CFTs. In the case of field theories dual to five-dimensional Einstein-AdS
gravity the coefficients coincide [199–201]

a = c = πL3

8GN
, (1.77)

corresponding to a single value in the conformal bound (1.70). However, when a
higher-curvature correction is included in the action, the central charges no longer
coincide. Following the discussion before, in the case of theories dual to Gauss-Bonnet,
the charges read [59]

a = πL3
?

8GN

(
1− 6α(2)

3 f∞
)
, c = πL3

?

8GN

(
1− 2α(2)

3 f∞
)
, (1.78)

allowing to consider a wide range of dual CFTs, depending on the coupling constants.
From them, only certain values correspond to well-defined theories, following the con-
formal bounds (1.70). Central charges have been computed for a number of theories,
including Lovelock, GQT gravities given its interest in renormalization group flows as we
will see below [59, 65, 66, 202]. In this context, we will study the general quadratic
curvature case in ch. 7.

Another example of the relevance of higher-curvature gravities is provided in the
context of the study of the coefficient of higher-n point stress-tensor correlation function.
As we have seen before, the case n = 2 is controlled by the coefficient CT , which, for
theories dual to Einstein-AdS gravity is given by

CE
T = Γ(d+ 2)Ld−1

8π d+2
2 (d− 1)Γ(d/2)GN

. (1.79)

In the case of the n = 3 correlation function, two new characteristic coefficients, t2 and t4
for d ≥ 4 —in the case of d = 3, only t4 is present. As they vanish in the case of CFT
dual to Einstein-AdS gravity, we conclude that this theory provides a particular form
of the three-point function. The situations differs for higher-curvature gravity, and we
can gain access to t2 in the case of Lovelock gravities [51, 53, 112–114, 203] and t4 when
considering theories dual to GQT gravities [59, 142]. It should be noted that not all
coupling constants define well-behaved CFTs. As we argued above (1.70), positivity of the
CFT imposes bounds on the values of the central charges a and c. Similarly, causality and
unitarity constraint the value of the coefficients t2 and t4. In turn, this restricts the range
of the coupling constants of the higher-curvature Lagrangian under consideration. In the
case of Lovelock and GQT gravities, this situation has been studied in refs. [51, 112, 114].

Lastly, we mention an example on how higher-curvature gravities can provide coun-
terexamples to previous conjectures. A famous case involves the Kovtun-Son-Starinets
bound for the shear viscosity over entropy density ratio [204]. Even though the value
predicted by Einstein-AdS gravity is in accordance with the bound, when higher-curvature
terms are included in the picture, the bound is violated in some cases [72, 73, 75, 77, 205].

These succinct list of examples is intended to motivate the study of higher-curvature
terms in the context of the gauge/gravity duality. Throughout the rest of the thesis we
will mention some other particular cases that are relevant for our purposes
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1.3.4 Infrared renormalization of gravity

As we pointed out before, the Einstein-AdS on-shell action is a divergent quantity —which
can be inferred from the conformal factor 1/z2 in the Poincaré patch of AdS (1.60). In
the early days of the AdS/CFT correspondence, the renormalization of AdS gravity was
achieved by the addition of intrinsic counterterms, such that the Dirichlet boundary
condition was not spoiled [200, 206–211]. This prescription, valid in Einstein-AdS gravity
in its original formulation and generalized afterwards for GQT gravities when evaluated
in AdS spacetimes. It consist in the term [64–66, 201]

Ict = 2a∗

Ωd−1L
d−1
?

∫
∂B

ddx√γ
(
d− 1
L?

+ L?
2(d− 2)R + . . .

)
, (1.80)

where a∗, related to the entanglement entropy as we will discuss below, is given by the
evaluation of the graviational Lagrangian in AdS

a∗ = −π
d/2Ld+1

?

dΓ(d/2) L
∣∣
AdS. (1.81)

However, a Dirichlet condition on the boundary metric γµν does not make sense
in AlAdS spacetimes, as it was later pointed out in ref. [211]. As a consequence, the
only way to have a well-posed variational principle in AdS gravity is fixing (instead) the
metric γ(0)µν at the conformal boundary. This argument implies that the addition of
counterterms is required not only for canceling divergent terms in the variation of the
action, but also for the consistency of the variational problem on γ(0)µν .

A remarkable property of AdS is that the leading order in the asymptotic expansion
of the extrinsic curvature is (up to a numerical factor) the same as the one in γµν . Indeed,
in the Fefferman-Graham frame, Kµν = 1

L

γ̃(0)µν
z2 + ..., what has been recently emphasized

in ref.[212]. This simple observation means that one can express also variations of Kµν in
terms of variations of γ̃(0)µν . In turn, this implies that we can consider also surface terms
which depend on the extrinsic curvature and act as counterterms, in the sense that they
cancel divergent contributions in the AdS gravity action. So, even though they are plain
incompatible with a Dirichlet condition for the full boundary metric γµν , they can still
reproduce the correct holographic stress tensor varying with respect to γ(0)µν .

The above reasoning, which opens the possibility to look for an alternative sort of
counterterms, is justified by the lack of a closed expression for the series in arbitrary
dimensions. More than twenty years ago, evidence was provided on the fact that topological
terms were able to regulate the variation of the AdS gravity action in even dimensions
[213, 214], though based on the study of particular solutions. As for the Euclidean action,
the addition of the Euler term at the boundary of d = 2n dimensions, with n ∈ N, renders
it finite in AAdS solutions if the coupling is adequately chosen [215]. However, it was
not clear what this prescription to renormalize AdS gravity had to do with Holographic
Renormalization and the addition of standard counterterms.

A first step towards the understanding of this issue was given in ref. [215], where
topological terms in the bulk are equivalently written as the corresponding Chern form
B2n−1 at the boundary,

B2n−1 =− 2n
1∫

0

ds δµ1···µ2n−1
ν1···ν2n−1 K

ν1
µ1

(1
2R

ν2ν3
µ2µ3 − s

2Kν2
µ2K

ν3
µ3

)
× · · ·
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· · · ×
(1

2R
ν2n−2ν2n−1

µ2n−2µ2n−1 − s
2Kν2n−2

µ2n−2K
ν2n−1

µ2n−1

)
, (1.82)

For the first time, counterterms which depend on Kµν were proposed to deal with
the renormalization of AdS gravity.

A similar structure at the boundary of d + 1 = 2n + 1 dimensions was far more
involved to obtain. In particular, due to the fact that there is no equivalent form in the
bulk for such boundary term. The extensive use of field-theory tools in the context of
anomalies (Chern-Simons and transgression forms, homotopy operator, etc.) allows to
make a concrete proposal for that case. The resulting term, in essence, shares common
properties with the Chern form, as it is a given polynomial of the extrinsic and intrinsic
curvatures [216], but it did not exist in the mathematical literature before. Its specific
form is given by the following expression

B2n =
∫ 1

0
ds1

∫ s1

0
ds2δ

µ1···µ2n−1
ν1···ν2n−1 K

ν1
µ1

(
1
2R

ν2ν3
µ2µ3 − s

2
1K

ν2
µ2K

ν3
µ3 + s2

2
L2
?

δν2
µ2δ

ν3
µ3

)
× · · ·

· · · ×
(

1
2R

ν2n−2ν2n−1
µ2n−2µ2n−1 − s

2
1K

ν2n−2
µ2n−2K

ν2n−1
µ2n−1 + s2

2
L2
?

δν2n−2
µ2n−2δ

ν2n−1
µ2n−1

)
,

(1.83)

where L? is the effective AdS radius of the theory. We might think of this renormalization
scheme, dubbed Kounterterms, may lead to a variational principle which is at odds with
the holographic description of AdS gravity in terms of the boundary source γ(0)ab, as
it seems to require a different boundary condition on the extrinsic curvature. But the
analysis portrayed above gives a firmer ground to the addition of Kounterterms to the
gravitational action: the total action is consistent with a holographic description, as
its variation is both finite and given in terms of δγ̃(0)µν .

This simple reasoning suggests the resummation of the counterterm series as an
expression in terms of the extrinsic curvature. As a matter of fact, an asymptotic expansion
of the term Bd reproduces the counterterms, once the GHY term is correctly isolated [217,
218]13. In addition, earlier works in the mathematical literature [219, 220], indicate that
the Chern form is fundamental in defining the renormalized volume of an Einstein space.

The Kounterterm method has been used to deal with the construction of conserved
quantities and the thermodynamic description of black holes in Einstein-Gauss-Bonnet
AdS and, in general, Lovelock AdS gravity [221, 222]. Furthermore, it has also linked
the concept of Conformal Mass to the addition of boundary terms in Einstein-Hilbert
[223] and higher-curvature gravity [224–226]. Evidence has been given that Kounterterms
can provide finite conserved charges in QCG, as well [227–229].

In chapters 6 and 7 of this thesis, we will extensively use its properties to deal with
the problem of renormalization of holographic entanglement entropy dual to Einstein

13In ref. [218], it was shown that, in Einstein-AdS gravity, the Kounterterms are the resummation of
the counterterms for asymptotically conformally flat manifolds in arbitrary dimensions. For a generic
AlAdS space, there is a mismatch between counterterms and Kounterterms, consisting on terms which are
the dimensional continuation of conformal invariants at the boundary. At the lowest order, this difference
is a Weyl-squared term, which is identically vanishing for a conformally flat boundary. However, it may
be the case that this condition is relaxed by taking Weyl2 = 0 instead, what would be the analogue of
demanding local flatness (Riem = 0) vs a vanishing Kretschmann scalar for a given spacetime.
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gravity and QC gravity. This quantity corresponds to another entry of the holographic
dictionary so in next section we introduce it and contextualize its notable relevance in
recent times. Preliminary results on renormalized holographic entanglement entropy
using Kounterterms can be found in refs. [230–234].

1.4 Quantum entanglement

Entanglement is a fundamental phenomenon present in quantum physics. It refers to
the nonclassical correlations that can appear between two spacelike-separated quantum
systems. This counterintuitive behavior led Einstein, Podolsky, Rosen to argue that the
quantum description of reality was “incomplete” [235], famously describing entanglement
as a spooky action at a distance. They argued for the existence of “elements of reality”
that were not included in the quantum theory, speculating the possibility of constructing
theories containing them. These are the so-called hidden-variable theories. After years of
extensive research and with the great contribution of John Bell, whose results are known
as Bell’s theorem [236–238], it was elucidated that quantum correlations are incompatible
with local hidden variables14. This implies that indeed the quantum theory involves
nonlocal interactions in some sense. Since this seminal discovery there has been extensive
discussion by physicists and philosophers regarding its implications. The goals here are
more humble and we will study its relevance as a tool to understand discrete and continuum
systems, in the context of gauge/gravity duality and in renormalization group flows.

Let us first illustrate the phenomenon of entanglement considering a bipartite quantum
system —this is a system that is divided into a subset V and its complementary V̄ . In
what follows, we will denote the region V as the entangling region and its boundary
∂V as the entangling surface. In figure 1.1 we show two examples of discrete bipartite
systems. They are, respectively, two quantum bits (or qubits, for short) and a two-
dimensional square lattice with spacing δ.

The Hilbert space of these systems is given by the tensor product of each one of
the qubits individually

Htot = HV ⊗HV̄ . (1.84)

A general pure state15 |Ψ〉 ∈ Htot can be written in terms of the bases of each of the
Hilbert spaces {|i〉V } ∈ HV and {|j〉V̄ } ∈ HV̄ as |Ψ〉 = ∑

i,j ci,j |i〉V ⊗ |j〉V̄ , where the
coefficients ci must satisfy ∑i,j |ci,j |

2 = 1.
If the state |Ψ〉 can be written as a tensor product of the states of the subsystems,

i.e., |Ψ〉 = |Φ〉V ⊗ |Φ〉V̄ with |Φ〉V ∈ HV and |Φ〉V̄ ∈ HV̄ the state is said to be separable.
Otherwise, the state is known as non-separable, or entangled. In the case of the qubits
system examples of these states are

|Ψ1〉 ≡
1√
2

(|00〉+ |01〉) = 1√
2
|0〉V ⊗ (|0〉V̄ + |1〉V̄ ) separable, (1.85)

14However, Bell’s inequalities do not rule out the possibility of nonlocal hidden-variables. A prominent
example of this is the De Broglie-Bohm theory [239, 240].

15We require that the state are normalized, namely 〈Ψ|Ψ〉 = 1.
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∂V

V V̄

δ

∂V

V

V̄

Figure 1.1: Two bipartite systems, divided by ∂V in the region V and its complementary V̄ . Left: a
system consisting in two qubits. Right: a two-dimensional square lattice with spacing δ.

|Ψ2〉 ≡
1√
2

(|10〉+ |01〉) entangled, (1.86)

where we used the notation |ij〉 = |i〉V + |j〉V̄ . Needless to say, any state of the system
evolves temporally in the Schrödinger picture according to the Schrödinger equation
i d
dt |Ψi(t)〉 = H |Ψi(t)〉, where H is the Hamiltonian of the system.

1.4.1 Entanglement entropy

In order to give a measure of the degree of the entanglement of the system, we need to
define first the density matrix operator of a pure state, given by

%tot = |Ψ〉 〈Ψ| , (1.87)

which can be used to compute the expectation values of observables O, through the
relation tr(%O) = 〈Ψ|O |Ψ〉.

In the bipartite system, we can also define a reduced density matrix %V of the region
V by partially tracing over the complementary region V̄ , this is

%V ≡ trV̄ (%tot) =
∑
i
V̄ 〈i| %tot |i〉V̄ . (1.88)

In the case of a separable state —such as |Ψ1〉 above—, the tensor product of the reduced
density matrices of the two subsystems recovers the total density matrix %tot = %V ⊗ %V̄ .
However, when the state is entangled, this is no longer true.

Based on these considerations, we can introduce the first measure of the degree of
non-separability in a system. The entanglement entropy of the subsystem V by the von
Neumann entropy of the reduced density matrix %V

SEE(V ) = − trV (ρV log ρV ). (1.89)

Notice that the entanglement entropy of the total system vanishes for a pure ground
state, this is SEE(V ∪ V̄ ) = 0. On the other hand, following the example of the qubits
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system (1.86), we find that partially tracing |Ψ2〉 with respect to V̄ yields the maximal
entanglement entropy SEE(V ) = log 2 —by maximal we mean that the entanglement
entropy of any other state of the system must verify SEE(V ) ≤ log 2. Conversely, if
we partial trace V , we find the same result, i.e.,

SEE(V ) = SEE(V̄ ). (1.90)

This result is a fundamental property of pure ground states of every quantum system
and we will exploit it in the future (see section 8). Entanglement entropy has many
other useful properties —see [241] and references therein for more details —, but we
will only mention an additional one that will be relevant for our purposes. Let us
consider now a tripartite system, i.e., divided in three disjoint regions V1, V2 and V3.
The following relations [242, 243]

SEE(V1 ∪ V2 ∪ V3) + SEE(V2) ≤ SEE(V1 ∪ V2) + SEE(V2 ∪ V3), (1.91)
SEE(V1) + SEE(V3) ≤ SEE(V1 ∪ V2) + SEE(V2 ∪ V3), (1.92)

are known as the strong subadditivity property of entanglement entropy. This inequality
can be used to derive other interesting properties such as the subadditivity property for
bipartite systems SEE(V ∪W ) ≤ SEE(V ) + SEE(W ) (denoting V ≡ V1 and W ≡ V3).
This is achieved by choosing V2 as the empty set ∅. On the other hand, if V2 = V1 ∩ V3
we obtain the relation for intersecting regions

SEE(V ) + SEE(W ) ≥ SEE(V ∩W ) + SEE(V ∪W ), (1.93)

which will be used in ch. (8).
The strong subadditivity property of entanglement entropy is essential in the context

of renormalization group flows in QFT, as we will see below. Until now, we have discussed
only discrete systems but we will describe the situation in the continuum limit. Before
that, let us mention other entanglement measures that are relevant for us.

1.4.2 Other entanglement measures

Different measures of entanglement are useful depending on the area of interest. Here
we will only review two of them, namely, Rényi entropy, modular entropy and mutual
information, as we will be using afterwards. For reviews covering more entanglement
measures in a holographic context see ref. [244, 245].

A straightforward generalization of entanglement entropy (1.89) is given by considering
the moments of the reduced density matrix. This quantity is known as Rényi entropy
and it is defined as [246]

Sm(V ) ≡ 1
1−m log trV (%mV ), (1.94)

where n ∈ Z+ is known as the replica parameter. Even though m is integer, we may
analytically continue to reals, i.e., n ∈ R+ and retrieve entanglement entropy in the
limit m → 1 with the normalization trV (%V ) = 1,

SEE(V ) = lim
m→1

Sm(V ) = − lim
m→1

∂m log trV (%mV ). (1.95)
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This is known as the replica trick. In sec. 1.5 we will review its relevance in the holographic
derivation of entanglement entropy. Among other applications we can mention its
relation to thermodynamic quantities. This is achieved through the definition of the
modular Hamiltonian

HV ≡ −
1

2π log %V , (1.96)

and considering the partition function Z(β) ≡ trV (%nV ), yielding the inverse temperature
β = 2πm. This allows to define a modular entropy

S̃m(V ) = m2∂m

[
m− 1
n

Sm(V )
]
, (1.97)

together with other quantities such as the modular energy, modular capacity, modular
free energy, etc, that verify the usual thermodynamic relations [60, 247, 248].

Another measure of our interest is known as mutual information, which quantifies
the amount of correlation between the subsystems. Its definition in terms of the
entanglement entropy is given by16

IMI(V,W ) ≡ SEE(V ) + SEE(W )− SEE(V ∪W ). (1.98)

This quantity will be useful when studying entanglement entropy in QFT as it is free
from ultraviolet divergences —shortly we will see this is the case of entanglement entropy.
Moreover, from the subadditivity property of entanglement entropy we can check that
mutual information is positive definite IMI(V,W ) ≥ 0.

In ch. 8, we will be interested in yet another measure, defined for tripartite systems,
given by

I3 (V1, V2, V3) ≡ IMI (V1, V2) + IMI (V1, V3)− IMI (V1, V2 ∪ V3) , (1.99)

More concretely, we will work within a model, known as “Extensive Mutual Information”
(EMI) model, in which the tripartite information vanishes

I3 (V1, V2, V3) = 0. (1.100)

1.4.3 Entanglement in continuum systems

So far we have discussed the phenomenon of entanglement in arbitrary systems and we
have provided explicit examples in a discrete one, such as the two qubits. However, we
are ultimately interested in studying entanglement in continuum systems, i.e., systems
in which the lattice spacing becomes arbitrarily small δ → 0. In such theories, the
appropriate language is the one provided by QFT.

Extensive work has been carried out to provide a rigorous formulation of QFT. To
this end, the Wightman axioms are an attempt to formalize the notion of a quantum
field theory on Minkowski spacetime Rd−1,1 as a fixed background [250, 251]. The
number of axioms is not standardized and some of them appear combined in different
references. Here we present them as follows.

16Notice that mutual information can be defined without any reference to entanglement entropy. Another
definition involves relative entropy [242, 249], but we do not cover this measure here.
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Axiom 1 There is a Hilbert space H in which acts the Poincaré spinor group.

Axiom 2 There is a unique state |Ω〉 ∈ H of minimal energy denoted “vacuum state”.

Axiom 3 There is a collection of quantum field operators φ(x), which transform under
a unitary representation of the Poincaré spinor group.

However, formulation of QFT in terms of φ(x) can lead to singularities in certain situations
and thus, it is sometimes more convenient to work with the smeared field φ(fi) ≡∫

ddx fi(x)φ(x) for smooth functions with compact support, like Gaussian functions17.

Axiom 4 Any two fields φ(f1) and φ(f2) (anti-)commute under spacelike-separated
supports of f1(x) and f2(x). This is [φ(f1), φ(f2)]± = 0.

Axiom 5 There is a dynamical law that allows to compute fields at an arbitrary time in
terms of the fields in a Cauchy slice SCauchy = {x|ε > |x0 − t|}.

This axioms allows us to properly define a QFT. Moreover, an important result is
the Wightman’s theorem, which states that we are able to reconstruct the quantum
fields and the Hilbert space from the vacuum expectation value of product of fields,
i.e., the correlation functions,

{φ(x),Htot} ⇐⇒ 〈Ω|φ(x1) · · ·φ(xn) |Ω〉 . (1.101)

This means that we can write any state |Ψ〉 ∈ Htot as a linear combination |Ψ〉 =
L.C.[φ(x1) · · ·φ(xn) |Ω〉].

Based on these considerations, let us now consider some state satisfying the Schrödinger
equation is the eigenvector of the field operator |φ(x)〉 = |φ(t,x)〉. Besides, the wavefunc-
tion of a state |Ψ〉 corresponds to the wave functional Ψ [φ(x)]. These are the ingredients
needed to give a path integral description of the theory. In the Cauchy slice , we can
either have a pure state represented by the wavefunctional Ψ [φ(x)] or, more generally
a total density matrix %. In this setup, we are able to define a codimension-one region
V , whose complementary V̄ covers the entirety of the rest of SCauchy and with ∂V as
its boundary. This construction is represented in fig. 1.2.

A first difference between discrete and continuum systems is that the total Hilbert
space is no longer factorized in a product tensor of the subsystems as in eq. (1.84). It
is often argued in the literature that it is possible as long as the field theory does not
include gauge symmetries18 [244, 254, 255]. The argument is that elementary excitations
in gauge theories are associated with closed loops belonging to V and ∂V [256]. However,
factorization is not even possible even for free fields. The reason is that observables are
generally believed to be self-adjoint operators on a Hilbert space. However, rigorously
they are elements of a C∗-algebra. Instead of associating Hilbert spaces to regions, we

17During this thesis, we use mostly φ(x) instead of φ(f) as it is customary. However, we must take into
account that this is abuse of notation.

18The same situation applies in lattice systems, as the gauge symetries obstruct factorization of Hilbert
spaces of the subregions [252, 253]. To achieve it, the Hilbert space must be extended to include the states
of the electric strings crossing ∂V .
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∂V

V

V̄
SCauchy

δ → 0

Figure 1.2: The bipartite system V and V̄ in a Cauchy slice SCauchy of a continuum QFT. In the
inset, the infinite correlations between neighbors across the entangling surface ∂V are represented by
red arrows.

should be assigning algebras19. Algebras associated to spatial regions in QFT have an
ill-defined notion of trace —these are known as type-III von Neumann algebras. As a
consequence, Hilbert spaces cannot be factorized in any QFT, regardless its symmetries.
The interested reader in this subject should check refs. [258–260]

Physically, we can interpret the divergence appearing in entanglement entropy for
a spatial subregion of a QFT as the manifestation of infinite correlations between the
degrees of freedom living in both sides of the entangling region ∂V . This is shown
in the inset of fig. 1.2.

In order to characterize the divergence appearing in the entanglement entropy we
can start by considering a lattice with a finite δ, as the one appearing in fig. 1.1 and
compute the quantity explicitly. In this approach, δ acquires the role of a UV cutoff
and the result for any QFT takes the form [261]

SEE (V ) = Area (∂V )
δd−2 + . . . , (1.102)

where the ellipsis stand for subleading contributions. This universal result, is called the
area-law of entanglement entropy as it is remarkable that scales with the area of ∂V and
not with the volume of V . This should remind us the situation with the thermodynamic
entropy that we associated to the black holes in gravity. As we will see in next subsection,
entanglement entropy somewhat generalizes the concept of gravitational entropy.

19An axiomatic approach of QFT in terms of algebras of local operators, known as Haag–Kastler
formulation, is found in ref. [257, 258].
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Replica trick in quantum field theory

A popular approach to explicitly compute entanglement entropy in QFTs is exploiting
the replica trick (1.95) from Rényi entropy [262, 263]. Here, we sketch this prescription
and focus on the particularities that will be specially relevant in the context of the
holographic derivation of entanglement entropy.

Let us start by considering the wavefunctional of the ground state Ψ [φ0(x)] ≡
〈φ(t = 0,x)|Ψ〉 in the Euclidean path integral representation, given by

Ψ [φ0,x] =
∫ t=0, φ0

t→−∞
D[φ]e−IE[φ] =

x

t→ +∞

t = 0

t→ −∞

φ0−
, (1.103)

where the last equality represents pictorially the path integral, which is performed over
the colored region. On the same footing, the conjugate of the wavefunctional reads

Ψ∗[φ0(x)] =
∫ t→+∞

t=0, φ0
D[φ]e−IE[φ] =

x

t→ +∞

t = 0

t→ −∞

φ0
. (1.104)

This allows to define the Euclidean partition function at a certain time, which is computed
over the whole Euclidean space as

Z =
∫

D[φ0] 〈φ0|Ψ〉 〈Ψ|φ0〉 . (1.105)

In the bipartite system, partially tracing over V̄ amounts for integrating the total
density matrix over the fields with support only on x ∈ V̄ , which we denote as φV̄0 ≡
φ(t = 0,x ∈ V̄ ). Pictorially, this is equivalent to glue the two sheets along the boundary
∂V , and leaving a cut in the region V . Then, the reduced density matrix is given by
(%V )ab ≡ 〈φVa | %V |φVb 〉, where the indices a, b specify the boundary conditions on V at
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t = 0− and t = 0−, respectively, this is

(%V )ab = 1
Z

∫
D[φ]δVabe−IE =

x

t = 0+

t = 0−
1

Z
×

∂V∂V

φVb

φVa
. (1.106)

Here, the quantity δVab corresponds to a Dirac delta introduced to isolate the elements

of the matrix, whose explicit expression reads

δVab ≡
∏

x∈V
δ
[
φ0−(x)− φVa (x)

]
× δ

[
φ0+(x)− φVb (x)

]
(1.107)

Now that we have a reduced density matrix, its m-th power is obtained by gluing m

copies of the manifold M, resulting in the construction of a new cover, Mm, with

a cut along the region V .

During this process, in each copy we identified the fields φVa an φVb with the ones

belonging to the previous copy and the next one respectively. This includes identifying

field φV1 , which appears in both the first and the last copy. By doing so, we obtain a

partition function, that we denote Zm, of all the fields living on the background Mm.

The resulting cover presents a conical singularity with a deficit angle 2π(1 −m) along
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the codimension-two entangling surface Σ. This is

trV (%mV ) =

φV1

φV2

φV2

φV3

φVm

φV1

V

V

V

1

Zm
× = Zm

Zm
. (1.108)

Besides, the conical singularity, Mm, presents a Zm symmetry —this is, we observe that
we can define an angular coordinate, say τ , revolving around the entangling surface. As we
glue them copies, its range is 0 ≤ τ ≤ 2πm with the symmetry τ = τ+2π. We can combine
eqs. (1.108) with (1.94) to obtain the Rényi entropy associated to the region V , given by

Sm(V ) = 1
1−m log Zm

Zm
. (1.109)

From this expression, we can analytically continue the replica parameter m and retrieve
entanglement entropy (1.95), finding

SEE(V ) = − lim
m→1

∂m (logZm −m logZ) . (1.110)

This expression will be relevant for us when deriving entanglement entropy holographically
in sec. 1.5

Notice that this construction is also possible in the real-time approach and it is the
appropriate one for non-trivial time dependent states. In this case, one must make use
of the Schwinger-Keldysh formalism [264, 265] to characterize the time-dependence of
the density matrix %(t). See refs. [266, 267] for modern reviews and [244] for discussion
on the replica trick in time-dependent systems.

Let us discuss further on the geometry of Σ after this construction of Mm.
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Geometry of the entangling region

We mentioned above that the replica manifold Mm has a discrete Zm symmetry and a
conical singularity Cm along the entangling surface Σ ≡ ∂V . The conical singularity may
present a U(1) symmetry or not. In the former case, the geometry of Mm can be written as

ds2
Mm

= eσ
[
dr2 + r2dτ2 + Σγαβ(r, x)dxαdxβ

]
, (1.111)

where r > 0 describe the radius and τ the angle of the cone with singularity at r = 0. As
stated above, τ is an angular coordinate and should not be confused with the Euclidean
time. Instead, it is related to the modular time appearing in the modular Hamiltonian
(1.96). The coordinates xα, with (α = 1, . . . d − 2) represent the coordinates of the
entangling surface located at the singularity. The conformal factor σ = σ(r) allows the
expansion σ = σ1r

2 + σ2r
4 + . . . in the vicinity of r = 0.

As we approach the singularity, we can introduce the regulator δ that deforms the
tip of the geometry, defining a squashed conical manifold or a regularized space C̃m. By
doing so, the metric of the regularized singular part reads

ds2
C̃m = eσ(fδdr2 + r2dτ2), (1.112)

where fδ = fδ(r) is a smooth function that satisfies fδ(r → 0) = m2 and fδ(r > δ) = 1.
In two-dimensional spacetimes, the Riemann tensor has only one independent compo-

nent so it is equivalent to the Ricci scalar up to an overall constant, which reads

C̃mR = e−σ
(
∂rfδ
rf2
δ

− ∂2
rσ

fδ

)
. (1.113)

According to the behavior of the function fδ when δ → 0, one would naively expect
that the contribution coming from the first term in eq. (1.113) vanishes. Nonetheless,
it does contribute as a surface term

lim
δ→0

∫
C̃m

d2x
√
ς̃ C̃mR = 4π(1−m) +

∫
C

dx2√ς CR, (1.114)

where we denoted ς̃ and ς as the metrics of Cm and C respectively. The resulting integral
removes the origin C ≡ Cm \ Σ in the limit δ → 0. The final result does not depend
whatsoever on the regulator δ, so it is an universal contribution.

This computation can be generalized to an arbitrary higher-dimensional replica
manifold Mm, finding [268]

MmR = R + 4π(1−m)δΣ, (1.115)

MmRµν = Rµν + 2π(1−m)NµνδΣ, (1.116)

MmR ρσ
µν = Rµν

ρσ + 2π (1−m)Nµν
ρσ δΣ (1.117)

where Nµν
ρσ = 2n(ι)µn

(ι)
[ρn

(κ)νn
(j)
σ] and N

µν = n
(ι)
µ n

(ι)
ν are linear combinations of the i-th

normal vector to the surface Σ, n(ι)µ. The quantities R, Rµν and R ρσ
µν are evaluated at
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the singled-valued geometry M ≡Mm \ Σ, which is far away from the singularity and
δΣ as the (d− 1)-dimensional Dirac delta localized at the conical singularity, satisfying∫

Mm

ddx√γ δΣ =
∫

Σ
dd−2x

√
Σγ. (1.118)

Interestingly, combining expression (1.117), (1.17) and (1.19) modulo the boundary term,
we can check that the Euler density Xd self-replicates in codimension-two, that is [268]

MmXd = Xd + (1−m)ΣXd−2 + O
[
(1−m)2

]
, (1.119)

at leading order in the replica parameter.
So far we have discussed squashed conical manifolds with U(1) symmetry around the

entangling surface Σ. The metric of such object can be written as

ds2
M̃m

= fδdr2 + r2dτ2 +
[

Σγαβ(x) + 2rnc1−n
(
Kτ
αβ cos τ +Kr

αβ sin τ
)]
, (1.120)

where K(ι)
µν ≡ ΣγµρΣγνσ∇ρnσ(ι) is the extrinsic curvature normal the codimension-two

surface Σ, whose induced metric is given by Σγµν = γµν − n(ι)
µ n

(ι)
ν and c is some length

scale. In this expression we see that the geometry no longer exhibits U(1) symmetry
because of the angular dependence. Following the same procedure as before and after a
lengthy computation that is detailed in ref. [269] one finds the following relations∫

Mm

ddx√γR2 =
∫
M

ddx√γ R2 (1.121)

+ 8π(1−m)
∫

Σ
dd−2x

√
Σγ
(

ΣR + 2R(ι)(ι) −R(ι)(κ)(ι)(κ) − 2K(ι)µ
[µK

(ι)ν
ν]

)
+ . . .∫

Mm

ddx√γRµνRµν =
∫
M

ddx√γRµνRµν (1.122)

+ 4π(1−m)
∫

Σ
dd−2x

√
Σγ

(
R(ι)(ι) − 1

2K
(i)2
)

+ . . . ,∫
Mm

ddx√γRµνρσRµνρσ =
∫
M

ddx√γRµνρσRµνρσ (1.123)

+ 8π(1−m)
∫

Σ
dd−2x

√
Σγ
(
R(ι)(κ)(ι)(κ) −K(ι)2)+ . . . ,

where R(ι)(κ)(κ)(κ) = n
(ι)
µ n

(ι)
ν n

(κ)
ρ n

(ι)
σ Rµνρσ and R(ι)(ι) = n

(ι)
µ n

(ι)
ν Rµν are the induced

Riemann tensor and Ricci tensor, respectively, and the ellipsis denote subleading terms
depending on (1 − m)2. If desired, the final expression of the Ricci scalar squared
(1.121) can be rewritten as∫

Mm

ddx√γR2 =
∫
M

ddx√γ R2 + 8π(1−m)
∫

Σ
dd−2x

√
ΣγR + . . . , (1.124)

using the Gauss-Codazzi equations

R = ΣR + 2R(i)(i) −R(i)(j)(i)(j) − 2K(i)µ
[µK

(i)ν
ν]. (1.125)

These results allow to decompose the Euler characteristic of the manifold Mm as

χ [Mm] = χ [M] + (1−m)χ [Σ] + . . . (1.126)

We will discuss this relations again when addressing the generalized gravitational entropy.
Before that, we review the structure of entanglement entropy when considering CFTs.
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1.4.4 Structure of entanglement entropy in CFTs

Let us consider a d-dimensional CFT. The entanglement entropy associated to a smooth20
region V is given by —see e.g., [278, 279]

SEE(V ) = . . .+

b(1)
H
δ + (−1) d−1

2 suniv(V ) if odd d,

b(2)
H2

δ2 + (−1) d−2
2 suniv(V ) log H

δ + b(0) if even d,
(1.127)

where now the ellipsis include the area-law term (1.102) as well as other terms that are
regularized by different powers of the regulator δ, H is a characteristic length appearing
in the entangling region V , b(0) is a constant coefficients and suniv is some universal
contribution appearing in any CFT. The nature of each of the terms appearing in the
expansion is the following. Those that appear along with regulators, i.e., b(1), b(2) and
other b(d)’s included in the ellipsis, are scheme-dependent and thus physically irrelevant.
This can be seen from the fact that we can always reparametrize the regulator δ and
modify the corresponding term. Moreover, they have a local nature as they depend
on the shape of the entangling surface Σ. Regarding b(0), its nature is nonlocal, but it
can be polluted with local contributions. On the other hand, the finite quantity in odd
dimensions and the coefficient of the logarithmic divergence in even ones —both denoted
suniv— are universal, carrying important information of the CFT under consideration.
For the latter, it encodes information of the trace anomaly charges of the theory, as

suniv(V ) =
∑
i

Bi

(
∂m

∫
Mm

Ii
)∣∣∣∣∣
m→1

− 2(−1)
d
2Aχ(Σ) if even d. (1.128)

Following the examples in sec. 1.3.2, in a two-dimensional CFT, the entanglement entropy
associated to an interval V of length H is given by [263, 280]

S
(2)
EE(V ) = c

3 log H
δ

+ b0, (1.129)

where c is the Virasoro central charge of the two-dimensional CFT. In the case of
four-dimensional CFTs we find [281, 282]

S
(4)
EE(V ) =−

[
a

2π

∫
Σ

d2x
√

ΣγΣR + c

2π

∫
Σ

d2x
√

Σγ

(
K(ι)

µνK
(ι)µν − 1

2K
(ι)2
)]

log H
δ
,

+ b2
H2
δ2 + b0, (1.130)

where the last part is found by recalling that I4 = WµνρσWµνρσ, expressing it in
terms of the Riemann tensor and its contractions through (1.67) and employing re-
lations (1.121) to (1.121).

20When the entangling regions are not smooth and singularities are present, the structure of divergences
is modified. An example of this situation is the presence of a corner in three-dimensional CFT. In this case
a new logarithmic divergence appears, whose coefficient depends on the opening of the angle [270–273].
The very sharp and almost-smooth limits are controlled by universal coefficients, such as the corresponding
to the slab region k [69, 274] and the stress-energy tensor two-point function coefficient CT [68, 275],
respectively. The situation is different for conical singularities in d = 4. In this case, there appears a
squared logarithmic divergence whose coefficient depends on the central charge c [274, 276]. This structure
is preserved at higher-dimensional singular regions [277]
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Figure 1.3: We show three sets of entangling regions (left, middle and right plots, respectively). In
each set, all the different regions are related to each other through conformal transformations (the
same transformations are applied in each set), and therefore share the same F for a given CFT. Disks
are naturally unchanged, but notice for instance how an ellipse (innermost figure in middle plot) can
be deformed, without modifying F , into a disk with a small depression.

Remarkably, if in a certain d-dimensional CFT the entangling surface is a sphere
∂V = Sd−2 —which defines a (d − 1)-ball as entangling region V = Bd−1—, the type
A anomaly of the CFT is the only one that contributes to suniv. In contrast, if the
entangling region is a cylinder V = R× Bd−2, the type A part vanishes the contribution
is only given by the type B anomaly. Thus, in d = 4, by computing entanglement
entropy across a sphere of radius R and a cylinder of radius R and length L, we can
isolate charges a and c respectively as

suniv(B3) = −4a log R
δ
, suniv(R× B2) = − c2

L

R
log R

δ
. (1.131)

The situation in odd-dimensional CFTs differs as there are no anomaly terms. In
this case, the finite part represents the universal contribution suniv, with a non-local
character. The factor of (−1) d−1

2 is introduced to impose positivity of the quantity
regardless the dimensionality of the CFT [283].

In the particular example of three-dimensional CFTs, the entanglement entropy
of a smooth region takes the form

SEE(V ) = b1
Area(∂V )

δ
− F (V ), (1.132)

where we denoted F (V ) ≡ suniv(V ). Importantly, F (V ) is a conformal invariant quantity
—see fig. 1.3. As discussed above, the F depends on the theory under consideration.
When one of the dimensions of the entangling region becomes very thin compared to the
other, the universal contribution approaches the one corresponding to a strip —whose
boundary is defined by two parallel straight lines of length L and separated a distance
r � L. In that situation, F tends to diverge as

F (strip) ' k(3)L

r
+ . . . (1.133)

where k(3) is a positive coefficient characteristic of the CFT under consideration.
For arbitrarily high odd dimensions, it turns out that when the entangling region

is a sphere, the finite part of entanglement entropy is identified with the free energy of
the system. This remarkable result is known as the Casini-Huerta-Myers map [284] and
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consists in the following. First, start with the free energy Fm ≡ − logZm of the replica
manifold Mm, which is related to the Rényi entropy as

Sm(V ) = mF1 − Fm
1−m , (1.134)

using eq. (1.109). Now, consider a spherical entangling surface Sd−2 at {t, r} = {0, R} in
flat space

ds2
Rd = dt2 + dr2 + r2dΩ2

d−2. (1.135)

The conformal symmetry allows to connect this geometry with convenient ones, such
as hyperbolic S × Hd−1 and spherical Sd spacetimes. For the former, the change of
coordinates t = R sin τ

coshu+cosh τ and r = R sinhu
coshu+cos τ , with ranges 0 ≤ τ ≤ 2π and

0 ≤ u ≤ ∞, maps metric (1.135) to

ds2
Rd = R

cosh u+ cos τ
(
dτ2 + du2 + sinh2 udΩ2

d−2

)
, (1.136)

which is a hyperbolic spacetime S × Hd−1 up to a conformal factor. In the case of the
replica manifold Mm, this associates a temperature Tm = 1/(2πm) as extends the range
of the angular coordinate τ that we previously mentioned acts as modular time. Then,
we can relate the free energy Fm and the thermal free energy F (T ) at temperature Tm
on Hd−1 as Fm = F (Tm)/Tm. Exploiting that the thermal free energy is related to
thermal entropy through the Maxwell relation S(T ) = ∂F/∂T , we can relate the free
energy to Rényi entropy in eq. (1.109) as [60]

Sm = m

m− 1
1
T

∫ T

Tm
S(T ′)dT ′. (1.137)

Notice that in the limit m → 1, this relation implies that for spherical entangling
regions of odd-dimensional CFTs at finite temperature, the entanglement entropy is
identified with the thermal entropy

SEE = S(T ). (1.138)

is proportional to the trace anomaly, following the general expression

E = −
∫

dd−1x
√
γTµν (1.139)

On the other hand, starting from metric (1.136), the change of coordinates sinh u =
cot θ with 0 ≤ θ ≤ π/2 allows to visualize that flat spacetime and spherical one are
equivalent up to a conformal factor as

ds2
Rd = R

1 + sin θ cos τ
(
dθ2 + sin2 θdτ2 + cos2 θdΩ2

d−2

)
, (1.140)

indicating the equivalence of the replica manifold Mm on Rd and on the d-sphere Sdm
with the extended angular coordinate 0 ≤ τ ≤ 2πm.
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Now, we recall our recent equality between the thermal entropy and entangle-
ment entropy (1.138). The former is given in terms of the total energy of the system
and the free energy as

S(T ) = E(T )− F (T )
T

. (1.141)

In this expression, the total energy E is given by the expectation value of the operator
which generates the τ translations, which correspond to a Killing symmetry of the
spherical patch. In consequence, the energy is given by

E =
∫
V

dd−1x
√
γ〈Tµν〉ξµnν =

∫
V

dd−1x
√
γ〈Tττ 〉, (1.142)

where we used ξνnν = √gττ∂τ . As we discussed above, the trace anomaly for spherical
entangling regions is proportional to the type A trace anomaly so this term vanishes in
odd dimensions, implying E = 0 after renormalizing all divergences. In consequence, we
find that in odd-dimensional CFTs the finite piece of entanglement entropy is given by
the free energy when placing the theory on a spherical background, this is[284]

suniv(Bd−1) = (−1)
d−1

2 F0, (1.143)

where we denoted F0 ≡ logZ[Sd] for simplicity. This result is of extreme relevance in
the context of renormalization group flows.

1.4.5 Renormalization group flows and entanglement entropy

CFTs appear naturally in the context of renormalization group (RG) flows and we can
exploit the previous results on entanglement entropy to find interesting relations in
this field. Before addressing them, let us mention the most fundamental concept of
renormalization transformation. An interested reader should check ref. [245] for a more
comprehensive review with focus on the connections with entanglement entropy.

Consider two QFT theories Q1 and Q2 that can be represented as points in a theory
space T and whose coordinates are given by the coupling constants {gi} of each of the
theory. Following the Wilsonian perspective of QFT [285], we can assume that Q1 and Q2

have a different energy scale, i.e., the degrees of freedom that have been integrated out in
a coarse-graining process are different. A renormalization transformation Rt maps Q1 to
Q2 defining a trajectory in T parametrized by change in energy scale µs. We refer to such
trajectory as a RG flow. For convenience, we can parametrize the RG flow with the RG time
tRG = − log µE

δ , which is proportional to the number of times we coarse-grained a QFT.
When certain coordinates of our theory space are scale-independent, we refer to them

as fixed points and they correspond to CFTs. If we know what CFTs are defined in
the IR and UV limit, we can learn universal properties about the QFTs that flow to
these fixed points in both limits. Starting from the UV fixed point, as the RG time
progresses, we integrate out the high energy degrees of freedom until we arrive to the IR
limit. In order to characterize such process, it would be interesting to find a quantity
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C that depends on the coupling constants gi and the RG time tRG and whose values
in the fixed points defined in the limits satisfy [286]

CUV ≥ CIR. (1.144)

In that case, C is referred as a C-function in the weak version. In the stronger version,
C is monotonically decreasing along the RG flow, this is

dC
dtRG

≤ 0. (1.145)

Finally, we can define a strongest version if C defines a potential satisfying the relation

βi(g) = Gij(g) ∂C
∂gj

, (1.146)

where βi(g) ≡ dgi
dtRG

is the beta function of Callan-Symanzik [287].
The first example was found in two-dimensions field theories by Zamolodchikov and

constitutes what we call today the c-theorem [288]. Remarkably, the c-function c(gi, µs),
besides satisfying the monotonicity condition (1.145), takes the constant value of the
Virasoro central charge at the fixed points of the RG flow

c(gi, µs)
∣∣∣
fixed point

= c. (1.147)

From this observation, we already see the relevance of entanglement entropy in CFT
as in two dimensions the logarithmic divergence features the central charge (1.129).
In fact, one can alternatively show an entropic c-theorem constructing a C-function
from entanglement entropy of an interval S(R), which is known as “entropic c-function”
[289]. The idea to prove monotonicity of the entropic c-function is to exploit the strong
subadditivity property of this quantity (1.91).

The situation in three dimensions is different as there are no conformal anomalies.
Instead, the role of C-function is played by a quantity F = F(gi, µs) that coincides with
the sphere free energy of the CFT at the corresponding fixed point

F(gi, µs)
∣∣∣
fixed point

= −F0
∣∣∣
d=3

. (1.148)

This result, known as F-theorem was proven perturbatively [283, 290] in the weak version
(1.144) and shortly after non-perturbatively in the strong version (1.145) by Casini
and Huerta [291] using the CHM map [284] and again relying on strong subadditity
property (1.91). It is interesting to notice that this result was anticipated from holo-
graphic results considering CFTs dual to Einstein gravity, Gauss-Bonnet and quasi-
topological gravity [65, 66].

Shortly after the discovery of the c-theorem, it was conjectured that the type A anomaly
coefficient played the role of C-function in arbitrary high even dimension [292]. In the case
of four dimensions, it was soon proven perturbatively [293, 294]. The strong version of this
a-theorem was recently proven exploring the connection with the scattering amplitudes
of four dilaton fields that couple to the stress-energy tensor [295]. An alternative proof
can be found from entanglement entropy [296]. For higher even-dimensional QFTs, there
are no definitive proofs, with supporting evidence coming from holography [65, 66]. The
same situation applies for higher odd-dimensional field theories which was suggested in
ref. [65, 66] and remains without a general proof beyond the holographic case.
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Holographic renormalization group flows

The conjecture provided by Myers and Sinha [65, 66] is another example of how holographic
techniques can provide us new conjectures phenomena involving in strongly correlated
systems. Holographic RG flows is one of the first applications found in the AdS/CFT
correspondence [297]. The idea to study RG flows from the gravity side is the following.
First, suppose a solution of some (d+1)-dimensional gravity action, described by the metric

ds2 = dr2 +A(r)2(−dt2 + δijdxidxj). (1.149)

Supplementing the action with an appropriate stress-tensor, the metric can be made to
interpolate between two asymptotic AdS3 regions [297, 298] which, from the CFT point
of view would represent IR and UV fixed points. Intermediate values of the holographic
coordinate are then interpreted as representing the RG flow between both CFTs.

Following the previous discussion, the idea of a holographic c-theorem involves con-
structing a function Cholo = Cholo(r) which decreases monotonously along the holographic
coordinate, whose In the present holographic context, the fixed points can be chosen
to be rUV → ∞ and rIR → −∞, so a function satisfying

dCholo
dr ≥ 0, (1.150)

does the job. Now, the usual holographic c-theorem construction involves considering a
function Cholo such that its derivative is proportional to the combination of stress-tensor
components T t

t − T r
r . Then, imposing that the stress-tensor satisfies the null energy

condition, such combination has a sign, namely, [299]

T t
t − T r

r

NEC
≤ 0 . (1.151)

Therefore, any Cholo such that dCholo
dr ∝ −(T t

t − T r
r ), up to an overall positive-definite

constant, satisfies the requirement.
From a different perspective, given the relation between C-functions and entanglement

entropy from the entropic c-theorems, one can approach the study of renormalization
group flows from entanglement entropy.

1.5 Holographic entanglement entropy

The formula of entanglement entropy in a time-independent setup from holography
was first proposed in the celebrated Ryu-Takayanagi (RT) conjecture21 [301–303]. The
proposal was to consider a spatial slice of an AdS spacetime dual to the CFT under
consideration and relate the entanglement entropy of a region V with the minimal area of
a surface ΓV in the bulk that was cobordant to the entangling surface Σ and homologous
to V (see eq. (1.157) below). The setup is shown in fig. 1.4. In order to show the RT
formula, Lewkowycz and Maldacena in ref. [304] provided a derivation in which the
GKP-W relation (1.54) and the replica trick (1.95) are used.

21The prescription was extended to consider time-dependent states in ref. [300]
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ΓV

CFTd AdSd+1

Σ

V

V̄

t = const.

Figure 1.4: RT surface ΓV in the bulk theory AdSd+1 for an entangling region V in a t = const.
slice of a CFTd. Both the entangling region and the RT surface are cobordant ∂V = ∂ΓV = Σ.

1.5.1 Generalized gravitational entropy

Consider a Cauchy slice of a d-dimensional CFT defined on M and a codimension-two
entangling surface Σ separating the system into the spacial subregions V and ∂V . As
we saw in sec. 1.4.3, we can compute entanglement entropy from Rényi entropy using
the replica trick (1.110) defining an m-fold cover Mm. In the gravitational picture,
we consider a dual gravitational action on an (d + 1)-dimensional asymptotically AdS
spacetime B described by Einstein gravity, whose boundary is ∂B = M. The geometrical
setup is depicted in fig. 1.4. We further assume that there is bulk solution Bm such that
its boundary is the replica manifold of the CFT, ∂Bm = Mm. Following the GKP-W
relation (1.54), in the saddle-point approximation, we find that holographic entanglement
entropy is given in terms of the Euclidean gravity action as [304]

SEE(V ) = lim
m→1

∂m (IE[Bm]−mIE[B]) . (1.152)

As Mm is symmetric under Zm, we further assume that Bm is as well. The fixed locus
of Zm on Mm is the entangling surface Σ. A such, it extends to a codimension-two
surface Γ(m)

V of Bm. By rescaling the modular time ϑ ≡ τ/m, we make ϑ periodic in
the range 0 ≤ ϑ ≤ 2π. Now, we have to take into account that the bulk geometry Bm
is a smooth solution to Einstein gravity and, in consequence, there is no deficit angle
in the surface Γ(m)

V . Because of this, we define a replica orbifold

B̃m ≡ Bm \ Zm, (1.153)
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which has a deficit angle 2π(1 − 1
m) = 2π(1 − ϑ). It will be convenient to define the

quantity ĨE[B̃ϑ] ≡ ϑĨE[B̃ϑ], which can be interpreted as a bulk density per replica unit.
This allows to rewrite eq. (1.152) as

SEE(V ) = −∂ϑĨE[B̃ϑ]
∣∣∣
ϑ=1

. (1.154)

Notice that, following the discussion in sec. 1.4.3 the conical singularity of B̃ϑ provides
an additional contribution. In the case of Einstein gravity, the contribution comes
from the Ricci scalar and amounts for∫

B̃ϑ
dd+1x

√
g R =

∫
B

dd+1x
√
gR+ (4π − ϑ)

∫
ΓV

dd−2x
√

ΓV g (1.155)

where we adapted our results in the case of squashed cone and took into account that
the deficit angle of the orbifold B̃ϑ is 2π(1 − 1/m) = 2π(1 − ϑ). The second term in
eq. (1.155), is the area of the codimension-2 surface ΓV , which is often denoted as RT
surface. Taking this into account, we can decompose the orbifold as [305]

ĨE[Bϑ] = IE[Bϑ] + TϑArea (ΓV ) , (1.156)

where the coefficient Tϑ = 1−ϑ
8GN

represents a tension as the second term can be interpreted
as the action of the Einstein gravity coupled to a codimension-two cosmic brane. Finally,
inserting this result in eq. (1.154) we obtain

SEE(V ) = Area(ΓV )
4GN

. (1.157)

In this expression, it can be shown that in order to avoid singularities in the equations
of motion of the orbifold, one must impose the constraint [306, 307]

K(α) = 0 (1.158)

on the traces of the extrinsic curvatures along the transverse directions to ΓV . Expression
(1.157) together with the minimality condition is known as RT formula [301, 302].

Based on the equality of entanglement entropy and thermal entropy (1.138), for
solutions B with U(1) symmetry, the RT formula reduces to the Bekenstein-Hawking
one (1.40). In this sense, entanglement entropy can be regarded as a generalized
gravitational entropy [304].

1.5.2 Renormalization of holographic entanglement entropy

The presence of divergences in entanglement entropy in the CFT, described in sec. 1.4.4,
is manifest in the holographic picture by the fact that AAdS spacetimes have infinite
volume. In the Kounterterms scheme22, renormalized holographic entanglement entropy
for CFTs dual to Einstein-AdS gravity in arbitrary dimensions is obtained in the following

22Alternatively, one can renormalize holographic entanglement entropy using the counterterms scheme,
see refs. [308, 309]
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way. First, one adds the appropriate boundary term to the bare Euclidean bulk
action, namely [230–233]

IrenE = IE + cd
16πGN

∫
M
Bd, (1.159)

where Bd is given in eqs. (1.82) and (1.83) depending whether d is odd or even, re-
spectively, and cd is given by

cd =



(−1)
d+1

2 Ld−1(
d+1

2

)
Γ(d)

if d odd,

(−1)
d
2 Ld−2

2d−3dΓ(d/2)2 if d even.

(1.160)

Once we have the renormalized form of the Euclidean action IrenE , we evaluate it on
the orbifold B̃ in order to use eq. (1.154). A remarkable property of the Kountert-
erm Bd is that —when evaluated in the orbifold— the singular part self-replicates
in codimension-two [231, 232]∫

Mϑ

ddx√γBd =
∫
M

ddx√γBd + 4π
⌊(d+ 1)

2

⌋
(1− ϑ)

∫
Σ

ddx√ΣγBd−2, (1.161)

This can be seen in the case of odd d by relating the Chern form to the Euler-density
through the Chern-theorem (1.19) and recalling that the Euler density self-replicates in
codimension-two (1.119). Unlike the Chern form, Kounterterms for odd bulk dimensions
are not associated to the Euler density. Therefore, the previous analysis for orbifolds
cannot be repeated verbatim. However, even though Bd for d even and odd are different
geometrical objects, it can be shown that eq. (1.161) holds in presence of squashed conical
singularities regardless the dimensionality [233]. Their explicit expression is given by

Bd−2 =− (d− 1)
1∫

0

ds√Σγδ
α1···αd−2
β1···βd−2

K β1
α1

(1
2ΣR β2β3

α2α3 − s2K β2
α2 K β3

α3

)
× · · ·

· · · ×
(1

2ΣR βd−3βd−2
αd−3αd−2 − s2K βd−2

αd−3 K βd−2
αd−3

)
, (1.162)

for d odd and

Bd−2 =− (d− 2)
1∫

0

ds
s∫

0

dt√Σγδ
α1···αd−3
β1···βd−3

K β1
α1

(
1
2ΣR β2β3

α2α3
− s2K β2

α2
K β3
α3

+ t2

L2 δ
β2
α2
δβ3
α3

)
× · · ·

· · · ×
(

1
2ΣR βd−4βd−3

αd−4αd−3
− s2K βd−3

αd−4
K βd−3
αd−4

+ t2

L2 δ
βd−4
αd−4

δβd−3
αd−3

)
(1.163)

for d even, where K β
α denotes the codimension-one extrinsic curvature of Σ.

Finally, introducing the resulting expressions in eq. (1.154), we obtain the renormalized
holographic entanglement entropy [233]

Sren
EE (V ) = SEE(V ) + Skt(V ) =

{
suniv(V ) if odd d,
suniv(V ) log H

δ if even d,
(1.164)
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where the Kounterterm

Skt(V ) = cd
4GN

⌊(d+ 1)
2

⌋ ∫
Σ
Bd−2, (1.165)

cancels the divergences coming from the set of points anchoring the surface Σ to the
conformal boundary —leaving the logarithmic divergence untouched in even-dimensional
CFTs. From here, It has been shown that they correctly isolate the universal terms of the
entanglement and Rényi entropies for CFTs which are dual to Einstein gravity, one can
read off the universal contributions in each case [230–233]. In that situation, the relation
between entanglement entropy and the notion of renormalized area was made manifest.

1.5.3 Holographic entanglement entropy dual to higher-curvature grav-
ity

During the derivation of the RT formula (1.157), we have been completely general
regarding the dual gravity theory until eq. (1.154). If we are interested in studying CFTs
dual to higher-order gravity, then we need to modify the subsequent discussion. Similarly
to the case of the Bekenstein-Hawking entropy [166, 167], when the Wald entropy formula
gives the correct entropy functional when considering higher-curvature gravity [182, 184],
the holographic entanglement entropy functional acquires corrections as well. One might
expect that the Wald functional would suffice to render the correct result [310]. However,
this is not the case and additional contributions depending on extrinsic curvatures are
arise. In the case of theories of the type L(Rabcd)23, the holographic entanglement entropy
functional, known as Camps-Dong formula is given by [188, 189]

SCD(V ) = SWald(V ) + Sanomaly(V ), (1.166)

where the first term, corresponds to the usual Wald entropy (1.52). The second term,
known as anomaly term, is given by

Sanomaly =
∫

ΓV
dd−1x

√
ΓV g

∑
m

2
qm + 1

(
δ2L

δRa1b1c1d1δRa2b2c2d2

)
Ke1b1d1Ke2b2d2

× [(na1a2nc1c2 − εa1a2εc1c2)ne1e2 + (na1a2εc1c2 + εa1a2nc1c2) εe1e2 ] , (1.167)

where Kabc = n
(ι)
a K

(ι)
bc , εab = n

(ι)
a n

(κ)
a εικ is the unit binormal to ΓV . Notice that in the

case of Killing horizons —or equivalently, when there is a bifurcation surface—, the
extrinsic curvature vanishes, and we recover Wald’s formula.

Similarly to the case of Einstein gravity, the generalized RT surface ΓV must satisfy the
extremality condition [312]. However, contributions involving Riemann tensors coming
from the anomaly term must be split into a sum of pieces with different weights qm
according to some prescription. It turns out that this procedure depends on the regulation
scheme employed to deal with the conical singularities [311, 313–315]. This uncomfortable
situations is referred as the splitting problem. While it does not show up in the for f(R),

23The correct holographic entanglement entropy functional in the case of theories including covariant
derives of the Riemann tensor is given in ref. [311].
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quadratic and Lovelock24 gravities, it makes unclear how to compute the extremal surface
in a general higher-curvature gravity beyond quadratic order. A different approach to
avoid the splitting problem in the anomaly term is to consider the RT surface as the
extremal one. By doing so, one obtains the holographic entanglement entropy of the
higher-curvature gravity that is valid at perturbative order in the couplings. Following
this prescription, in ref. [202] results of universal terms for CFTs dual to f(R), f(Rµν),
cubic, quartic gravities are obtained.

1.6 Summary

Until now, we have merely discussed previous results which are available in the literature.
The rest of the thesis is based on works published as refs. [317–323], which provide new
insights on open questions. Some parts are transcribed from the published articles, while
others are written originally for this thesis. In both cases, the notations and conventions
have been adapted to provide an uniform and fluid presentation, as well as the figures.

The results have been segmented into two distinguishable parts. Part 1 entails original
work regarding several aspects of high-curvature gravity, both in three- and arbitrarily
high dimensions, with focus on GQT gravity theories. On the other hand, part 2 focus on
entanglement entropy for CFTs dual to Einstein-AdS gravity, higher-curvature gravity
and general CFTs. Throughout the introduction, we have stressed their interplay and
connections in the context of the gauge/gravity duality.

We now present summary of each of the chapters and mention the main original
results included in them.

Chapter 2 (Based on ref. [323])

In chapter 2, we demonstrate that, for dimensions D ≥ 5, there are exactly n− 1 different
Lagrangians of curvature n that can be identified as distinct —or inequivalent— classes
of GQT gravities. Furthermore, we show the uniqueness of a QT theory at each order.
These results do not apply for low dimensions. For instance, in the case of D = 4, there
seems to be a single unique GQT density at each order and no QT densities whatsoever.

Based on these results, we compute the thermodynamic charges of the most general
D-dimensional order-n GQTG. We verify that they satisfy the first law (1.38) and provide
evidence that they can be entirely written in terms of the embedding function (1.74).

Chapter 3 (Based on ref. [317])

In chapter 3 we show that any gravitational effective action involving higher-curvature
corrections of the type L(Rabcd) is equivalent, via metric redefinitions, to some GQT
gravity (1.23). We show that this is also the case for effective actions that include up
to eight derivatives of the metric as well as for terms involving arbitrary contractions
of two covariant derivatives of the Riemann tensor and any number of Riemann tensors.
Based on this, we conjecture that the equivalence also applies to theories involving an
arbitrary number of covariant derivatives.

24In the case of Lovelock gravity, the Dong-Camps functional becomes the Jacobson-Myers functional
[316], which was derived using a Hamiltonian approach
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This result can be exploited to study the physics generic higher-curvature gravity
black hole, which is captured by its GQT gravity counterpart, dramatically easier to
characterize and universal.

Chapter 4 (Based on refs. [320, 322])

In chapter 4, we turn our attention to three-dimensional gravities and present new results
involving general higher-curvature gravity theories. First, we provide a general formula
for the exact number of independent order-n densities, #(n), which satisfies the identity
#(n− 6) = #(n)− n. Then, we show that, linearized around a general Einstein solution,
a generic order-n ≥ 2 density can be written as a linear combination of three type of
densities which, individually, does not propagate either massive, scalar, or any mode at
all. Next, we find a recursive formula as well as a general closed expression for order-n
densities which non-trivially satisfy an holographic c-theorem, clarify their relation with
Born-Infeld gravities and prove that the scalar mode is always absent from their spectrum.
We show that, at each order n ≥ 6, there exist #(n − 6) densities which satisfy the
holographic c-theorem in a trivial way and that all of them are proportional to a single
sextic density Y(6) —see definition in eq. (4.83) below. Remarkably, Y(6) satisfies as
well the GQT condition (1.25) with trivial equations of motion. We also mention that
adding matter fields into the picture enables the existence of non-trivial EGQT theories,
which are constructed from positive powers (∂φ)2 and certain linear combinations of
Rab∂aφ∂bφ and (∂φ)2R. Finally, comment on the meaning of Y(6) and its relation to
the Segre classification of three-dimensional metrics.

Chapter 5 (Based on refs. [320, 322])

In chapter 5 we explore black holes in three dimensions. Based on the results of chapter 4
we study the thermodynamics, quasinormal modes and frequencies of the BTZ black hole
as a function of the masses of the graviton and scalar modes for a general theory.

When matter is included in the picture, we find a plethora of new analytic black
holes that are continuous generalization of the BTZ one, as well as globally regular
horizonless spacetimes. The solutions involve a single real scalar field φ which always
admits a magnetic-like expression proportional to the angular coordinate. The new
metrics solve EQT gravities.

Some of the solutions obtained describe black holes with one or several horizons. A
set of them possesses curvature singularities, while others have conical or BTZ-like ones.
Interestingly, in some cases the black holes have no singularity at all, being completely
regular. Some of the latter are achieved without any kind of fine tuning or constraint
between the action parameters and/or the physical charges of the solution. An additional
class of solutions describes globally regular and horizonless geometries.
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Chapter 6 (Based on ref. [318])

In chapter 6, we study the shape-dependence —in the absence of singular regions— of
holographic entanglement entropy of deformed entangling regions in three-dimensional
CFTs dual to Einstein-AdS gravity, using the Kounterterms renormalization scheme,
discussed in secs. 1.3.4 and 1.5.2. In this prescription, the contribution to the renormalized
entanglement entropy coming from the deformation of the entangling surface is encoded
purely in the curvature contribution. In turn, as the topological part is given by the
Euler characteristic of the RT surface, it remains shape-independent, manifesting its
non-local nature. Exploiting the covariant character of the Kounterterms, we apply
the renormalization scheme for the case of deformed entangling regions in AdS4/CFT3,
recovering the results found in the literature [324]. We observe when the entangling region
is a perfect disk, the geometrical part vanishes and entanglement entropy is maximized.

Finally, we provide a derivation of the relation between renormalized entanglement
entropy and Willmore energy —see definition below in eq. (6.40). Exploiting its well
known properties, we manage to give a relation between the degree of the deformation of
the Ryu-Takayanagi surface and the strong subadditivity property (1.91).

Chapter 7 (Based on ref. [319])

In chapter 7 we turn our attention to CFTs dual to QC gravity (1.14) and derive a
covariant expression for the renormalized holographic entanglement entropy in arbitrary
dimensions using the Kounterterms scheme 1.5.2. This expression is written as the sum
of the bare entanglement entropy functional —obtained using standard conical defect
techniques discussed in sec. 1.4.3— plus an appropriate Kounterterm.

As mentioned before, this renormalization method isolates the universal terms of the
holographic entanglement entropy functional. This allows us to compute the standard
C-function candidate for CFTs of arbitrary dimension, and the type-B anomaly coefficient
c in four-dimensional CFTs.

Chapter 8 (Based on ref. [321])

Finally, continuing with the studies of holographic shape-dependence in chapter 6, we
study the situation in general three-dimensional CFTs. In this context, we show the
finite part of entanglement entropy F (V ) of entanglement entropy is minimized when
the entangling region is a disk F0 ≡ F (B2) regardless the CFT under consideration.
The proof makes use of the strong subadditivity property (1.91) and the geometric fact
that one can always place an osculating circle within a given smooth entangling region.
For topologically non-trivial entangling regions with nB boundaries, the general bound
can be improved to F (V ) ≥ nBF0. Moreover, we provide accurate approximations to
F (V ) valid for general CFTs, when V is an elliptic region for arbitrary values of the
eccentricity which we check against lattice calculations for free fields. We also evaluate
F numerically for more general shapes in the so-called “Extensive Mutual Information
model” —see sec. 8.2 below—, verifying the general bound.
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Higher-curvature gravity
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2
(Generalized) quasi-topological gravities at each

order

As stated in sec. 1.1.3, we know there GQT densities exist at all orders in curvature for
D ≥ 4 [135]. In this chapter we study the number of different possible GQT densities
that give different equations of motion for f . To do so, we introduce the concept of
“inequivalent” GQT in order to distinguish the equations of two given Lagrangians and
prove that there exist exactly (n− 2) inequivalent genuine GQT densities and only one
inequivalent QT density at a given curvature order n in D ≥ 5. In D = 4 there are no QT
and we argue that our proof for the existence of (n−2) genuine GQT densities fails in that
case, illustrating the fact that a single genuine GQT density exists in D = 4 for n ≥ 3.

Furthermore, we study the thermodynamics of the most general D-dimensional order-
n GQT gravity, verify that they satisfy the first law and provide evidence that they
can be written in terms of the embedding function which determines the maximally
symmetric vacua of the theory

2.1 (In)equivalent GQT gravities

Consider a certain curvature invariant of order n, R(n), following the notation presented
in sec. 1.1.3. We can define an effective on-shell action IN,f with results from integrating
the effective Lagrangian LN,f , this is

IN,f ≡ ΩD−2

∫
dt
∫

drLN,f , where ΩD−2 = 2πD−1
2

Γ
(
D−1

2

) , (2.1)

with If ≡ I1,f . The fact that a certain density R(n) satisfies the GQT condition (1.25)
is tantamount to asking Lf to be a total derivative

Lf = T ′0, (2.2)
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for some function T0(r, f, f ′). As stated in the previous chapter, the equation satisfied by
f for a given GQT density can be obtained from the variation of LN,f with respect to
N . As long as eq. (2.2) holds, the effective Lagrangian LN,f takes the form [88]

LN,f = NT ′0 +N ′T1 +N ′′T2 + O(N ′2/N) , (2.3)
where T1, T2 are functions of f(r) and its derivatives, and O(N ′2/N) is a sum of terms
all of which are at least quadratic in derivatives of N . Integrating by parts, it follows that

IN,f = Ω(D−2)

∫
dt
∫

dr
[
N
(
T0 − T1 + T ′2

)′ + O(N ′2/N)
]
. (2.4)

So it is possible to write all terms involving one power of N or its derivatives as a product
of N and a total derivative which depends on f alone. Now, it follows straightforwardly
that condition (1.25) equates that total derivative to zero. If we integrate it once,
we are left with [88]

FR(n) ≡ T0 − T1 + T ′2 = C, (2.5)
where C is an integration constant related to the ADM mass of the solution [3–5, 325].
In particular, for spherical horizons, the precise relation reads

C = M

Ω(D−2)
. (2.6)

Hence, given some linear combination of GQT densities, obtaining the equation satisfied
by the metric function f amounts to evaluating LN,f as defined in eq. (1.24) and
then identifying the functions Ti=0,1,2 from eq. (2.3). The equation is then given
by expression (2.5)).1

Once we have discussed how to obtain the equations of motion of a GQT gravity,
a natural question arises. Given a fixed spacetime dimension D and a curvature
order n, are the integrated equations corresponding to different genuine GQT densities{
R

(n)
I , R

(n)
II , . . . , R

(n)
in

}
proportional to each other —i.e., are the functional dependence

on r, f , f ′ and f ′′ of the equations identical— for the various densities? If not, how many
inequivalent contributions to the equation of f are there at a given order in curvature?
Analogous questions can be asked fixing D and n for theories belonging to the quasi-
topological class. These questions motivate the definition of inequivalent GQT densities.
Definition 3. Given two GQT densities of order n, we say they are inequivalent if the
quotient of their integrated equations of motion when evaluated on SSS (1.7) is not a
constant,

R
(n)
I inequivalent from R

(n)
II ⇔

F
R

(n)
I

(r, f, f ′, f ′′)

F
R

(n)
II

(r, f, f ′, f ′′) 6= constant. (2.7)

If the quotient is constant, then two GQT densities are said to be equivalent.
We could define as well inequivalent QT densities of order n performing an analogous

definition. However, we will show in sec. 2.2.3 that, in fact, all QT densities of a given
order are equivalent. That will not be the case for genuine GQT densities, in whose case
we will prove that there exist (n − 2) inequivalent densities for D ≥ 5.2

1Sometimes we will refer to this equation as the “integrated equation” of f to emphasize the fact that
it follows from integrating once (on r) the only non-vanishing component of the actual equations of motion
of the theory evaluated on the single-function SSS ansatz.

2The existence of multiple types of GQT densities was first pointed out in ref. [326], where two
inequivalent quintic densities were explicitly constructed in D = 6.
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2.2 Number of inequivalent theories

2.2.1 At most (n + 1) order-n densities

Let us start our study by giving an upper bound on the possible number of inequivalent
GQT densities existing at a given curvature order n. As argued in ref. [327], when
these GQT densities are evaluated on a metric of the form (1.7) with N = 1, the
Riemann tensor can be written as

Rabcd

∣∣∣
f

= 2
(
−Aτ [a

[c τ
b]
d] + 2Bτ [a

[c σ
b]
d] + ψσ

[a
[cσ

b]
d]

)
, (2.8)

where σba and τ ba are projectors on the angular and (t, r) directions, respectively. These
projectors satisfy the algebra relations

τ baτ
c
b = τ ca, σbaσ

c
b = σca, σbaτ

c
b = 0, τaa = 2, σaa = (D − 2), δab = T ab + σab . (2.9)

On the other hand, the dependence on the radial coordinate appears exclusively through
the three functions A, B and ψ, which read

A ≡ f ′′

2 , B ≡ − f
′

2r , ψ ≡ k − f
r2 , (2.10)

where k = 1, 0,−1 for spherical, planar and hyperbolic horizons respectively.
Now, GQT densities are built from contractions of the metric and the Riemann tensor,

so any order-n density of that type will become some polynomial of these objects when
evaluated on the single function metric (1.7) , namely,

S∣∣
f

=
n∑
l=0

l∑
k=0

ck,lA
n−lBlψl−k , (2.11)

for some constants ck,l. The idea is now to determine the most general constants ck,l
consistent with the GQT requirement, which demands rD−2S |f to be a total derivative, i.e.,

rD−2S |f = T ′0(r) . (2.12)

Note that imposing this condition on the denstity (2.11) and finding the compatible values
of ck,l does not guarantee that the corresponding GQT theory actually exist, as this does
not provide an explicit construction of covariant curvature densities. Doing this does
impose, nonetheless, a necessary condition which all actual densities must satisfy. Given
a GQT density, S , it is useful to define the object T through the relation

T ≡ T0
rD−1 , so that S∣∣

f
= 1
rD−2

d
dr
[
rD−1T

]
. (2.13)

In a sense, T is the fundamental building block as long as on-shell GQT densities
are concerned. Observe that since∑

i

αiSi
∣∣
f

= 1
rD−2

d
dr

(
rD−1∑

i

αiT(i)

)
, (2.14)

linear combinations of the T(i) give rise to linear combinations of GQT densities in an obvi-
ous way.
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Now, imposing relation (2.12) on densities of the form (2.11), we find that there
are (n + 1) independent possible densities at a given order n. In terms of the T, the
possibilities turn out to be simply given by T = T(n,j), where we defined

T(n,j) ≡ ψn−jBj , where j = 0, 1, . . . , n . (2.15)

The corresponding putative on-shell densities read3

S(n,j) ≡
1

rD−2
d
dr
(
rD−1T

)
, j = 0, 1, . . . , n . (2.16)

Observe that S(n,j) is either linear in A or without dependence on it at all, which is
like restricting the sum in l appearing in eq. (2.11) to l = {n − 1, n}. It follows that
any GQT density in any number of dimensions and at any order in curvature must
necessarily be expressible as a linear combination of the above densities when evaluated
on the single-function SSS ansatz, namely

S |f = 1
rD−2

d
dr

rD−1
n∑
j=0

α(n,j)T(n,j)

 , (2.17)

for certain constants α(n,j).
Using the methods developed in ref. [135] —cf. section 5 of that work— it is possible

to compute the field equations for the putative theory (2.17) despite the fact that a
covariant form of the action is not known. The integrated equation for the metric function
f corresponding to a putative density S(n,j) is given, in the notation of (2.5), by4

F(n,j) = (−1)j+1

2j+1 rD−2+j−2n(k − f)n−j−1(f ′)j−2× (2.18)[
f ′
[
j(D − 1 + j − 2n)(k − f)f − (j − 1)r(k + (n− j − 1)f)f ′

]
+ j(j − 1)r(k − f)ff ′′

]
.

Observe that this simplifies considerably both for j = 0 and j = 1. In those cases the
dependence on f ′ and f ′′ disappears and one finds algebraic equations for f ,

F(n,0) = −r
D−1−2n

2 (k − f)n−1[k + (n− 1)f ], (2.19)

F(n,1) = (D − 2n)rD−1−2n

4 (k − f)n−1f . (2.20)

An obvious question at this point is: which of these possible densities actually corresponds
to the Einstein-Hilbert one, if any. In that case we have n = 1, and the two possible
densities and their integrated equations of motion read, respectively,

S(1,0) = − 1
r2
[
(D − 3)(f − k) + rf ′

]
, F(1,0) = −r

D−3k

2 , (2.21)

3Note that for the objects S(n,j) we omit the |f . By this we mean that we literally define S(n,j) to be
the expression that appears in the right-hand side. Actual densities evaluated on the single-function SSS
ansatz will reduce to linear combinations of the S(n,j).

4So, for a linear combination of densities, the equation would read
∑

j
α(n,j)F(j) = C where C is an

integration constant related to the mass of the solution.
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S(1,1) = − 1
2r2

[
(D − 2)rf ′ + r2f ′′

]
, F(1,1) = (D − 2)rD−3f

4 . (2.22)

Now, the corresponding expressions for the Einstein-Hilbert action (i.e., for a density
given by the Ricci scalar SEH ≡ R) read

SEH|f = − 1
r2

[
(D − 2)(D − 3)(f − k) + 2(D − 2)rf ′ + r2f ′′

]
, (2.23)

FEH = −(D − 2)(f − k)rD−3 . (2.24)

Hence, none of the putative densities coincides with the Einstein-Hilbert one. Rather,
it is a linear combination of the two which does, namely,

SEH|f = (D − 2)S(1,0) + 2S(1,1) . (2.25)

Even though our approach has selected two possible independent densities susceptible
of giving rise to GQT densities at linear order in curvature, there (obviously) exists a
unique possibility corresponding to an actual density, given by the Ricci scalar, which
therefore is given by a linear combination of the two. While the n = 1 case is somewhat
special, this already illustrates the fact that our upper bound of (n+ 1) densities at order
n is not tight and can be improved. For higher n, the only known examples of densities
which give rise to algebraic integrated equations for f are Lovelock and Quasi-topological
gravities. From our perspective, at a given order n in D dimensions, all available Lovelock
and Quasi-topological gravities for such n and D are “equivalent” as far as the equation
of f is concerned, which means that they should correspond to a fixed linear combination
of S(n,0) and S(n,1). In the next subsections we argue that, indeed, the bound of (n+ 1)
densities can be lowered to at most (n− 1) GQT densities of order n ≥ 2. While amongst
the (n+ 1) candidates identified here there are two which produce algebraic equations,
we will see that only a linear combination of the two survives, precisely corresponding to
the known Lovelock and Quasi-topological case. The additional putative (n− 2) densities
would give rise to distinct second-order differential equations for f .

2.2.2 At most (n − 1) order-n densities

In order to lower our upper bound on the number of available GQT densities existing
at a given order, we can impose some further conditions on our candidate on-shell
densities S(n,j). The first condition comes from imposing that the equations of motion
associated to them admit maximally symmetric solutions. When evaluated on such
backgrounds, the equations of motion of actual higher-curvature densities reduce to
an algebraic equation which involves the cosmological constant, the curvature scale
of the background (e.g., the AdS radius) as well as the higher-curvature couplings.
More precisely, consider a gravitational Lagrangian consisting of a linear combination
of generic higher-curvature densities of the form given in eq. (1.23). The result for the
equations of motion when evaluated for

f = r2

L2
?

+ k , (2.26)
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with k parametrizing the sphere, planar or hyperbolic horizon, corresponding to pure
AdSD with effective radius L?, given by

rD−1

16πGN

(D − 2)
L2 − (D − 2)

L2
?

+
∑
n=2

∑
in

L2(n−1)

L2n
?

α
(n)
in
a

(n)
in

 = 0 , (2.27)

for certain constants a(n)
in

. Interestingly, as we will see below, this same equation which
determines the vacua, also appears to play a key role in the thermodynamics of black
holes in the theory. Naturally, the solution for Einstein gravity is simply L2 = L2

?, which
relates the action scale to the AdS radius in the usual way.

Now, what happens when we consider the integrated equations of a linear combination
of candidate on-shell GQT densities, each contributing as in (2.18), on such a background?
It turns out that the result ∑j α(n,j)F(n,j) contains two different kinds of terms, one
which goes with a power of rD−1, and one which goes with a power of rD−3. As we
have seen, actual densities contribute with a single power of the type rD−1, so we must
impose that the second kind of term is absent for our putative densities. Removing
such a piece amounts to imposing the condition

n∑
j=0

α(n,j)(2n−Dj) = 0 . (2.28)

Hence, we learn that not all the candidate densities can be independent and we reduce
the number from (n + 1) to n.

There is another condition we can easily impose on our candidate densities. As
explained in the first section, GQT densities have second-order linearized equations
around general maximally symmetric backgrounds. This is in contradistinction to most
higher-curvature gravities, whose linearized equations involve up to four derivatives of
the metric —see e.g., [115] for general formulas. Suppose then that we consider a small
radial perturbation on AdS space such that the metric function becomes

f = r2

L2
?

+ k + εw , (2.29)

where ε� 1 and w = w(r) is some function of the radial coordinate. Now, observe that
in our general discussion, the integrated equation of motion for a GQT density, FSn ,
has been integrated once (on r) with respect to the actual equations of motion of the
corresponding density. Hence, the fact that the actual (linearized) equations of motion
for GQT densities are second order for any perturbation on a maximally symmetric
background implies that the integrated equations cannot contain terms involving w′′
(or more derivatives) at leading order in ε. If they did, the actual linearized equations
would involve terms of the form ∼ εw′′′, in contradiction with the linearized second-order
behavior. With this in mind, our strategy now is to insert (2.29) in a linear combination
of integrated equations for our candidate on-shell densities (2.18) and impose that no
terms involving w′′ appear at leading order in ε. By doing so, we find an additional
(remarkably simple) condition, which reads

n∑
j=0

α(n,j)j(j − 1) = 0 . (2.30)
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2. (Generalized) quasi-topological gravities at each order

Imposing it further reduces the number of independent densities from n to (n− 1). Hence,
we conclude that in D dimensions there exist at most (n− 1) inequivalent GQT theories
of order n. Later in sec. 2.2.4 we will prove that, in fact, there exist exactly (n − 1)
inequivalent densities for D ≥ 5. There are many possible ways to choose a basis of
on-shell densities so that eqs. (2.28) and (2.30) are implemented. For instance, we may
choose for the T functions defined in eq. (2.13)

T
QT
{n} ≡(2n−D)T(n,0) − 2nT(n,1) , (2.31)

T
GQT
{n,j} ≡(j + 1)(Dj − 4n)T(n,j+1) (2.32)

+
[
2D(1− j2)− 4n(1− 2j)

]
T(n,j) + j[D(j + 1)− 4n]T(n,j−1) ,

with j = 2, . . . , n − 1, where we isolated the QT class combination in the first line
—see next subsection.

Naturally, constructing actual covariant densities of each of the classes is a non-
trivial problem on its own. Explicit formulas for order-n GQT densities in arbitrary
dimensions D ≥ 4 as well as for order-n QT densities in D ≥ 5 were presented in
ref. [135]. However, these cases only exhausted two of the (n− 1) classes which we show
to exist for D ≥ 5 in the present paper (one of the GQT types and the Quasi-topological
one). In app. A we present explicit formulas for the (n − 2) different types of GQT
densities for n = 4, 5, 6 in D = 5 and D = 6.

2.2.3 Uniqueness of QT density at each order

As mentioned above, QT densities are a subclass of GQT ones characterized by having
an algebraic (as opposed to second-order differential) integrated equation of motion for
the metric function f [58, 89, 126–128]. Theories of that kind are required to satisfy
an additional condition besides (1.25), namely [135][

D − 2
r

∂

∂f ′′
+ d

dr
∂

∂f ′′
+ (D − 3)

2
∂

∂f ′
+ r

2
d
dr

∂

∂f ′
− r ∂

∂f

]
Z |f = 0 , (2.33)

which is equivalent to enforcing that the term ∇dPacdb in from the equations of motion
(1.12) vanishes on a SSS metric ansatz. Imposing this condition on a general linear
combination of our candidate densities (2.17) severely constrains the values of the αj ,
and we find that T

QT
{n} as defined in expression (2.31) is in fact the only possibility.

Hence, we learn that the only combination of putative densities compatible with the
QT condition is given by

Z(n)|f = 1
rD−2

d
dr
{
rD−1

[
(2n−D)T(n,0) − 2nT(n,1)

]}
. (2.34)

As anticipated in sec. 1.1.3, QT gravities with precisely this structure were shown to exist in
ref. [135] at all orders in n and for all D ≥ 5. Therefore, we conclude that the only possible
on-shell structure of a QT density is given by (2.34). There are no additional inequivalent
QT densities besides the known ones. In consequence, if a given higher-curvature density
possesses second-order linearized equations around maximally symmetric backgrounds and
admits black hole solutions satisfying gttgrr = −1, such that, the equation for f is algebraic,
then, the equation which determines such a function is uniquely determined to be

FZn = (D − 2n)
2 rD−2n−1(k − f)n . (2.35)

This naturally includes the subcases of Einstein and Lovelock gravities.
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2. (Generalized) quasi-topological gravities at each order

2.2.4 Exactly (n − 1) order-n densities

Let us finally proceed to prove that there exist exactly (n− 1) inequivalent GQT densities
of order n in dimensions higher than four.

Consider the following combination of “on-shell densities”

S(k)
p =

p∑
i=0

α
(k)
p,i S(p,i) , k = 1, . . . , kp ≡ max (1, p− 1) , (2.36)

where the S(p,i) are defined in (2.16) and where we assume the constants α(k)
p,i to satisfy

the constraints found in sec. 2.2.2, namely,
p∑
j=0

α
(k)
p,j (2p−Dj) = 0 ,

p∑
j=0

α
(k)
p,j j(j − 1) = 0 . (2.37)

At each curvature order p, there are kp linearly independent solutions and the index
k labels each of them.

Now, let us assume that for p = 1, 2, . . . , n we have proven that all of these on-
shell densities correspond to the evaluation of actual higher-curvature densities on the
single-function SSS ansatz. Namely, there exists a set of Lagrangians R(k)

p such that

R(k)
p

∣∣∣
f

= S(k)
p , p = 1, . . . n , k = 1, . . . , kp . (2.38)

With this in mind, let us now consider an order-(n + 1) density built from a general
linear combination of products of all these lower-order densities, i.e.,

R̃n+1 =
n∑

m=1

km∑
k=1

kn+1−m∑
k′=1

Cm,k,k′R(k)
m R(k′)

n+1−m , (2.39)

where we introduced the constants Cm,k,k′ .
We can ask now: is it possible to generate n inequivalent GQT densities of order (n+1)

in this way? In order to answer this question, let us evaluate R̃n+1 on the single-function
SSS ansatz and try to obtain all the possible on-shell GQT structures. The evaluation yields

R̃n+1
∣∣∣
f

=
n∑

m=1

km∑
k=1

kn+1−m∑
k′=1

m∑
i=0

n+1−m∑
j=0

α
(k)
m,iα

(k′)
n+1−m,jCm,k,k′S(m,i)S(n+1−m,j) (2.40)

=
n∑

m=1

m∑
i=0

n+1−m∑
j=0

C̃m,i,jS(m,i)S(n+1−m,j) , (2.41)

where we defined

C̃m,i,j ≡
km∑
k=1

kn+1−m∑
k′=1

α
(k)
m,iα

(k′)
n+1−m,jCm,k,k′ . (2.42)

Now, since we are summing over all the α(k)
n,j satisfying (2.37) and Cm,k,k′ is an arbitrary

tensor, note that this equality is equivalent to demanding that C̃m,i,j is an arbitrary
tensor satisfying the following constraints

n+1−m∑
j=0

C̃m,i,j [2(n+ 1−m)−Dj] = 0 ,
n+1−m∑
j=0

C̃m,i,jj(j − 1) = 0 , (2.43)
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m∑
i=0

C̃m,i,j(2m−Di) = 0 ,
m∑
i=0

C̃m,i,ji(i− 1) = 0 . (2.44)

In this way, we do not need to make reference to the α(k)
n,j anymore.

Next, it is convenient to rearrange the sum in the following form, in terms of
the index l ≡ i + j,

R̃n+1
∣∣∣
f

=
n∑

m=1

n+1∑
l=0

min(l,n+1−m)∑
j=max(l−m,0)

C̃m,l−j,jS(m,l−j)S(n+1−m,j) (2.45)

=
n+1∑
l=0

n∑
m=1

n+1−m∑
j=0

θ(l − j)θ(j +m− l)C̃m,l−j,jS(m,l−j)S(n+1−m,j) , (2.46)

where θ(x) is the Heaviside step function, verifying θ(x) = 1 if x ≥ 0 and θ(x) = 0
if x < 0. Observe that the effect of this function is to enforce that i ≥ 0 and i ≤ m,
respectively, which in eq. (2.41) is explicit from the i sum. Expanding the product
S(m,l−j)S(n+1−m,j) we get the following expression,

R̃n+1
∣∣∣
f

=
n+1∑
l=0

n∑
m=1

n+1−m∑
j=0

θ(l − j)θ(j +m− l)C̃m,l−j,j (2.47)

×
[
αl,m,jB

2+lψn−1−l + βl,m,jB
1+lψn−l + γl,m,jB

lψ1−l+n

+ σl,m,jrB
′Blψn−l + ζl,m,jrB

′Bl−1ψ1−l+n + ωl,m,jr
2 (B′)2Bl−2ψ1−l+n

]
,

where

αl,m,j ≡− 4(j − l +m)(−1 + j +m− n) , (2.48)
βl,m,j ≡− 2

[
1− 4j2 − 5l + 4m+D(−1 + l − n) + 4(l −m)(m− n) + n

+ 4j(1 + l − 2m+ n)
]
, (2.49)

γl,m,j ≡+ (−1 +D − 2j + 2l − 2m)(−3 +D + 2j + 2m− 2n) , (2.50)

σl,m,j ≡+ 2
[
2j2 − j(1 + 2l − 2m+ n) + l(1−m+ n)

]
, (2.51)

ζl,m,j ≡−
[
4j2 − l(−3 +D + 2m− 2n)− 2j(1 + 2l − 2m+ n)

]
, (2.52)

ωl,m,j ≡− j(j − l) . (2.53)

Finally, this can be recast as follows,

R̃n+1
∣∣∣
f

=
n+1∑
l=0

[
ΓlBlψ1−l+n + ΥlrB

′Bl−1ψ1−l+n + Ωlr
2 (B′)2Bl−2ψ1−l+n

]
, (2.54)

where

Γl ≡
n∑

m=1

n+1−m∑
j=0

[
θ(l − 2− j)θ(j +m− l + 2)C̃m,l−2−j,jαl−2,m,j (2.55)
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+ θ(l − 1− j)θ(j +m− l + 1)C̃m,l−1−j,jβl−1,m,j + θ(l − j)θ(j +m− l)C̃m,l−j,jγl,m,j
]
,

(2.56)

Υl ≡
n∑

m=1

n+1−m∑
j=0

[
θ(l − 1− j)θ(j +m− l + 1)C̃m,l−1−j,jσl−1,m,j

+ θ(l − j)θ(j +m− l)C̃m,l−j,jζl,m,j
]
, (2.57)

Ωl ≡
n∑

m=1

n+1−m∑
j=0

θ(l − j)θ(j +m− l)C̃m,l−j,jωl,m,j .

Now, in order for this to be a GQT gravity we must have

R̃n+1
∣∣∣
f

= S(k)
n+1 =

n+1∑
l=0

α
(k)
n+1,lS(n+1,l) (2.58)

=
n+1∑
l=0

α
(k)
n+1,lB

l−1ψn−l
(
lrψB′ +Bψ(D + 2l − 2n− 3)− 2B2(l − n− 1)

)
(2.59)

=
n+1∑
l=0

[
Blψn−l+1

(
α

(k)
n+1,l(D + 2l − 2n− 3)− α(k)

n+1,l−12(l − n− 2)
)

(2.60)

+ α
(k)
n+1,llrB

′Bl−1ψn−l+1
]
, (2.61)

for some coefficients α(k)
n+1,l. Therefore, we have the equations

Γl =α(k)
n+1,l(D + 2l − 2n− 3)− α(k)

n+1,l−12(l − n− 2) , (2.62)

Υl =lα(k)
n+1,l , (2.63)

Ωl =0 , (2.64)

for l = 0, . . . , n+ 1. In addition, the coefficients α(k)
n+1,l should satisfy the constraints

n+1∑
l=0

α
(k)
n+1,l(2n+ 2−Dl) = 0 ,

n+1∑
l=0

α
(k)
n+1,ll(l − 1) = 0 , (2.65)

but note that these must arise as consistency conditions in order for the system of
equations to have solutions. Then, the question is whether the system of equations for
the tensor C̃m,i,j given by eqs. (2.43), (2.44), (2.62), (2.63), (2.64) has solutions for any
value of the α(k)

n+1,l satisfying the constraints (2.65). If that is the case, then we have
proven the existence of n different GQT densities at order n+ 1 which, as we saw earlier,
is the maximum possible number of GQT densities at that order.

The number of equations to be solved for fixed n —namely, the number of equations
required for establishing the existence of n densities of order (n+ 1)— and the number
of unknowns (C̃m,i,j) read, respectively

# equations = 12 + n(11 + 3n)
2 , # unknowns = n(n+ 2)(n+ 7)

6 . (2.66)
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2. (Generalized) quasi-topological gravities at each order

The former is greater than the latter as long as n < 5.10421 and smaller for greater values
of n. Observe that while the number of equations grows as ∼ n2, the number of unknowns
grows as ∼ n3. Here, the number of unknowns is the number of constants available to be
fixed in order for the GQT conditions to be satisfied, and so having more unknowns than
equations means that we have more than enough freedom to impose all the conditions.
Hence, as long as we are able to show that the (n− 1) different classes of GQT exist for
n ≤ 6 using other methods, this result shows that they will generally exist for n > 6. In
practice, solving this system of equations explicitly for any n ≥ 6 and D is challenging,
Nevertheless, the resolution for explicit values of n and D is straightforward with the
help of a computer algebra system. Doing this, we have checked that there is a solution
for any consistent value of the α(k)

n+1,l in any D as long as n ≥ 6.5
In sum, our results here imply that, if (n− 1) inequivalent GQT gravities exist for

n = 1, . . . , 6, then, (n − 1) inequivalent densities will exist for every order n ≥ 6. In
app. A we have provided explicit examples of all the inequivalent classes of GQT gravities
up to n = 6 for D = 5, 6, so this proves that there are (n− 1) inequivalent GQT gravities
at every order n ≥ 2 in those cases. The construction of explicit n ≤ 6 densities of all
the different classes for other values of D can be analogously performed (although it
requires some non-trivial computational effort in each case) so we are highly confident
that our results apply for general D ≥ 7 as well.

On the other hand, note that our argument here does not work in D = 4. Indeed, we
have found no evidence for the existence of additional inequivalent GQT densities (besides
the one known prior to this paper [85, 86, 90, 135]) up to order 6 in that case. This
strongly suggests that in D = 4 there is a single type of GQT gravity at every curvature
order although a rigorous proof of this fact would require some additional work.

2.3 Generalities of black holes thermodynamics

In this section we study thermodynamic aspects of GQT gravities in an as general as
possible fashion. First we show that the first law of black hole mechanics is satisfied by the
black hole solutions of general GQT gravities. Then, we will show that thermodynamic
magnitudes of at least one class of genuine GQT gravities can be, similarly to the Lovelock
and QT cases, expressed in terms of the characteristic polynomial which embeds maximally
symmetric backgrounds in the theory and the on-shell Lagrangian.

2.3.1 The first law for GQT gravities

Here we wish to understand the first law of thermodynamics for all possible GQT densities.
We will begin by working directly with eq. (2.18), without imposing the constraints on
the couplings given in eqs. (2.28) and (2.30) at this time. The integrated field equations
of the putative theory can be written in the form

nmax∑
n=0

n∑
j=0

αn,jF(n,j) = −8πGNM

ΩD−2
, (2.67)

5In practice, we have checked this explicitly for n = 6 and general D and for n = 7, . . . , 20 in D = 5, 6, 7.
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2. (Generalized) quasi-topological gravities at each order

where the parameter M is the black hole mass [3–5, 325]. At a black hole horizon, where
f(rh) = 0, the above equation can be expanded to yield the following constraints:

M = ΩD−2
16πGN

nmax∑
n=0

n∑
j=0

αn,j(j − 1)kn−jrD−2n−1
h (−2πrhT )j , (2.68)

0 =
nmax∑
n=0

n∑
j=0

αn,j(D − 2n+ j − 1)kn−j(−2πrhT )jrD−2n−2
h . (2.69)

where the temperature satisfies T = f ′(rh)/(4π). The first equation gives the black
hole mass in terms of the temperature T and the horizon radius rh, while the second
provides a relationship between T and rh.

The other ingredient we need is the black hole entropy, computed with the Wald’s
formula given in eq. (1.52). Using the technology introduced in ref. [135], this can be
computed without knowledge of the covariant form of the Lagrangian. The key insight
is that the tensor Pabcd in eq. (1.53) can be computed from the on-shell Lagrangian
and must take the form

P ab
cd

∣∣∣
f

= P1T
[a
[c T

b]
d] + P2T

[a
[c σ

b]
d] + P3σ

[a
[cσ

b]
d] , (2.70)

where

P1 ≡ −
∂R(n)|f
∂f ′′

, P2 ≡ −
r

D − 2
∂R(n)|f
∂f ′

, P3 ≡ −
r2

(D − 2)(D − 3)
∂R(n)|f
∂f

. (2.71)

For the case of the static and spherically symmetric black holes considered here, the
horizon binormal is given by εab = 2r[atb] with ra and tb the unit spacelike and timelike
normal vectors. A calculation then gives

S = −4πΩD−2r
D−2
h

∂L
∂f ′′

∣∣∣∣
r=rh

= ΩD−2
8GN

nmax∑
n=0

n∑
j=0

αn,jjk
n−j(−2πrhT )j−1rD−2n

h . (2.72)

It is then straight-forward to show that the first law of thermodynamics

dM = TdS, (2.73)

holds independent of any conditions placed on the couplings αn,j . This fact is somewhat
surprising because, as discussed earlier, it is only when certain constraints are obeyed
by the couplings that a genuine, covariant construction for the Lagrangian can be built
based on curvature invariants. However, these same constraints are unnecessary to
obtain a valid first law.

Despite the fact that the coupling constraints are not necessary to obtain a valid
first law, it is still possible to understand them from a thermodynamic perspective. For
this, the natural starting point is the free energy, which reads

F = ΩD−2
16πGN

∑
n,j

αn,jk
n−j(−2πT )jrD−1−2n+j

h . (2.74)
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From the free energy, the equation that relates the temperature and horizon radius
can be obtained according to

∂F

∂rh
= 0 , (2.75)

while the mass and entropy can then be verified to follow in the usual way. The constraints
on the couplings enforce the following conditions on the free energy:

F − T ∂F
∂T
− rh
D − 1

∂F

∂rh

∣∣∣∣∣
2πTrh=−k

= 0 , (2.76)

∂2F

∂T 2

∣∣∣∣∣
2πTrh=−k

= 0 , (2.77)

where it is to be noted that the derivatives here are to be computed without assuming
any relationship between rh and T .

These expressions above, phrasing the coupling constraints in as properties of the
free energy, can be reinterpreted as statements about massless hyperbolic black holes.
The static black hole with metric function

f = −1 + r2

L2
?

(2.78)

is pure AdS space in a particular slicing. In terms of the parameters we have been
using, this corresponds to k = −1, rh = L? and T = 1/(2πL?), therefore satisfying
the condition 2πTrh = −k. In this language, as we will see explicitly below, the first
of the two constraints on the free energy actually ensures that the mass of this black
hole vanishes. The second constraint on the free energy does not have as direct of an
interpretation in terms of the thermodynamic properties of this black hole, but one
could imagine it is a statement about fluctuations.

2.3.2 A unified picture of the thermodynamics?

Lovelock and quasi-topological gravities are, by comparison to alternatives, rather simple
extensions of general relativity, especially in the context of static, spherically symmetric
black holes. Within our parameterization, the coupling constants αn,j to achieve the on-
shell Lagrangian for Lovelock and quasi-topological theories amounts to the choice (2.31).
For these theories, as has long been known in the case of Lovelock [102, 103, 328], the
field equations for a SSS black hole take the form

M = (D − 2)ΩD−2r
D−1

16πGL2 h(y) , y ≡ (f − k)L2

r2 . (2.79)

The function h(y) appearing here is the same function that determines the vacua of the
theory (1.73), i.e., the field equations for the maximally symmetric solutions of the theory.
The fact that the field equations can be written in terms of the embedding function
naturally leads to some simple and universal expressions for black hole thermodynamics:

M = (D − 2)ΩD−2r
D−1
h

16πGL2 h(yh) , yh ≡ −
kL2

r2
h
,

60



2. (Generalized) quasi-topological gravities at each order

S = −4πΩD−2L
2rD−2

h
D(D − 1) L′(yh) . (2.80)

These relationships are expressed here in their simplest possible forms, but of course can
be massaged using the identity (1.73) and its derivatives, along with the constraint

0 = (D − 1)kh(yh)− 2yh(2πrhT + k)h′(yh) , (2.81)

which can be used to isolate for the temperature, if desired.
It is natural to wonder whether similar relationships hold for the more complicated

generalized quasi-topological theories, or whether this result for Lovelock and quasi-
topological theories was an artefact of their simplicity. Here we will provide evidence
that this is indeed possible, though the situation is more involved than the Lovelock
and quasi-topological cases.

Consider the family of theories identified according to the following choices of couplings:

αn,n−j = (D − 4)j−1n! [(n− j − 2)D − 4(n− 2)]
22j j! (n− j)! (n− 2) αn,n . (2.82)

In general dimensions, this corresponds to the family of theories for which an explicit
covariant formulation was identified in [135]. These couplings satisfy the necessary
constraints (2.28) and (2.30), and in addition define a family of GQT theories for which
the free energy can be written as,

F = −(D − 2)ΩD−2r
D−1
h

16πGNL2 h(xh)− 4L2rD−3
h

D2(D − 1) [(D − 2)k + (D − 4)πrhT ]L′(xh) (2.83)

where
xh ≡

8πTL2

rhD
− (D − 4)kL2

r2
hD

. (2.84)

From this form of the free energy, the full thermodynamic properties for this class of
theories can be derived. We obtain for the mass and relationship between the temperature
and horizon radius the following two results:

M = (D − 2)ΩD−2r
D−1
h

16πGNL2 h(xh)− (D − 2)ΩD−2r
D−3
h

4πGND
(2πrhT + k)h′(xhor)

+ (D − 4)ΩD−2L
4rD−5

h
D3(D − 1) (2πrhT + k)2L′′(xh) , (2.85)

0 = (D − 1)(D − 2)h(xh)− 2(D − 2)2L2

r2
hD

(2πrhT + k)h′(xh)

− 8(D − 4)L6

D3(D − 1)r4
h

(2πrhT + k)2 [16πGL′′(xh)
]
, (2.86)

while the entropy can be simply obtained from the above according to S = (M − F )/T .
It is a bit interesting that the thermodynamic properties of black holes can be encoded

in terms of the embedding function h(x) and the Lagrangian of the theory L(x) evaluated
on an auxiliary maximally symmetric vacuum spacetime with curvature given by xh/L

2.
There is one case where this result is somewhat natural, and this is the case of massless
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hyperbolic black holes where f = −1 + r2/L2
?. Of course, this choice of metric function

amounts to a pure AdS space in a particular slicing. One has k = −1, T = 1/(2πL?), and
xh = L2/L2

?. In this case, the only non-trivial field equation demands that h(xh) = 0,
which in turn demands that M = 0.

Next, note that considerable simplification occurs in D = 4. In this case, the situation
reduces to that first studied in [90]. In that case, the couplings are given by

αn,n−1 = − n

n− 2αn,n , α2,j = 0 ∀j , and αn,j = 0 ∀j 6= n, n− 1 ,∀n ≥ 3 . (2.87)

The thermodynamic relations in this case simplify to

M = ΩD−2r
3
h

8πGNL2h(xh)− ΩD−2rh
8πGN

(2πrhT + k)h′(xh) , (2.88)

S = ΩD−2krhL
2

6T L′(xh)− ΩD−2rh
8πGNT

(2πrhT + k)h′(xh) , (2.89)

and the constraint that determines the temperature in terms of the horizon radius reads

0 = −3r2
h

L2 h(xh) + [2πrhT + k]h′(xh) . (2.90)

It seems likely that the thermodynamics of each family of GQT gravity can be obtained
in this way, though we will leave that full analysis for future work. Nonetheless, we can
make a few general remarks, based on the connection with massless hyperbolic black
holes. For any given family of GQT theories, the mass must have a term proportional to
h(x) followed by a series of terms with powers that vanish for the massless hyperbolic
black hole. For example, the simplest possibility would be (2πrhT + k) raised to various
powers, multiplying derivatives of h and L. Similarly, the entropy must have a term
proportional to L′(x), followed by a series of terms that vanish for the massless hyperbolic
black hole, just as above. Lastly, the argument x must be a function of rh, T and k that
limits to L2/L2

? for the massless hyperbolic black hole. For example, allowing for a linear
dependence on the parameters, the most general option is the one-parameter family

xh = 2πTL2β

rh
+ (υ − 1)kL2

r2
h

. (2.91)

This linear relationship recovers the result for Lovelock/quasi-topological gravity (with
υ = 0) and the GQT family we have presented above (with υ = 4/D). Preliminary
calculations have suggested that other GQT families may require a more complicated
dependence than this.

2.4 Discussion

In this chapter, we carried out a structural analysis of GQT gravities, proving that at
order n in curvature there exist n− 1 distinct GQT gravities provided D > 4. In the case
of D = 4, our results strongly suggest that there is a single (unique up to addition of
trivial densities) GQT family corresponding to that identified in [90]. To achieve this,
we first derived an upper bound, based on the fact that an on-shell GQT density must
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be a polynomial in the three independent terms appearing in the Riemann curvature
for a SSS background. This upper bound, which holds independent of any knowledge
of the covariant form of the densities, was then refined by demanding of the putative
theories additional properties that must hold for a true covariant density. Finally, we
proved the refined estimate to be exact using arguments based on recurrence formulas,
like those introduced in [135]. In order for our argument to hold, it is required that
n− 1 densities exist for n = 2, 3, 4, 5, 6, which then implies existence for all n > 6. Such
n− 1 densities for the lowest curvature orders can be constructed explicitly for D ≥ 5
but not for D = 4, in which case we have verified that there is always a unique density
for every n = 2, . . . , 6. The argument for higher n then fails for D = 4. While it could
in principle be possible that additional inequivalent densities exist in D = 4 for higher
orders —and our construction involving products of lower-order densities was not general
enough to capture them— we find this possibility highly unlikely.

In addition, we have provided a basic analysis of the thermodynamic properties of
black holes in all possible theories, confirming that the first law is satisfied. Perhaps the
most interesting result in this direction is the strong evidence that the thermodynamics
of black holes in any GQT gravity may be expressible in terms of the same function
that determines the vacua of the theory, just like in Lovelock and QT gravities. Why
the thermodynamics of black holes in these theories is encoded in the curvature of some
axillary maximally symmetric space remains mysterious to us, and may be worth further
investigation. More pragmatically, such closed-form and universal expressions provide a
simple means by which the thermodynamics could be studied when an infinite number
of higher-curvature corrections are simultaneously included.

As a by-product, our work has identified (n− 2) hitherto unknown families of GQT
gravities in D > 4. Going forward, it would be interesting to understand how the
properties of black hole solutions differ between these different families, or whether there
exist universal features, such as occurs in D = 4 [90]. Moreover, the methods we have used
to upper bound the number of distinct theories may generalize to allow for a similar analysis
to be carried out when there is non-minimal coupling between gravity and matter fields.
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3
Field redefinitions and effective field theory

In this chapter we explore some of the effects resulting from redefining the metric
tensor on higher-curvature gravities. In sec. 3.1.1, we make some technical comments
regarding metric redefinitions involving derivatives of the metric itself and explain
how on-shell actions evaluated on solutions related by metric redefinitions agree with
each other. Then, in sec. 3.1.2, we explain how higher-curvature densities involving
Ricci curvatures —or, more generally, densities which become a total derivative when
evaluated on Ricc-flat metrics— can be removed from the gravitational effective action
by convenient metric redefinitions.

3.1 Field redefinitions in higher-curvature gravity

3.1.1 On-shell action invariance

We are interested in determining how the general higher-curvature action (1.9) transforms
under a redefinition of the metric tensor gab of the form

gab = g̃ab + Q̃ab , (3.1)

where Q̃ab is a symmetric tensor constructed from the new metric g̃ab. Ideally, we would
like the field redefinition to be algebraic, so that the relation between gab and g̃ab is
functional. However, the most general tensor we can build using the metric without
introducing higher derivatives is proportional to the metric itself. Hence, Q̃ab generically
involves curvature tensors, and eq. (3.1) is a differential relation. The action Ĩ for the
new metric g̃ab is simply obtained by substituting eq. (3.1) in the original action, namely

Ĩ[g̃ab] = I[g̃ab + Q̃ab] . (3.2)

Observe that since eq. (3.1) involves derivatives of the metric, extremizing the action with
respect to g̃ab is, in general, inequivalent from extremizing it with respect to gab. Whenever
gsol
ab is a solution of the original theory, the relation (3.1) always produces a solution g̃sol

ab
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3. Field redefinitions and effective field theory

of the transformed theory when we invert it. However, the converse is not true: there
exist solutions of the equations of motion obtained from the variation with respect to
g̃ab which do not produce a solution of the original theory when we apply the map (3.1).
The reason behind this is the presence of extra derivatives in the field redefinition. This
increases the number of derivatives in the equations of motion derived from Ĩ, which
introduces spurious solutions that need be discarded. This issue is further discussed in
app. B. Provided it is taken into account, both theories, I and Ĩ, are equivalent.

Note that when we keep only the meaningful solutions —i.e., those which are related
by eq. (3.1)— the corresponding on-shell actions match,

Ĩ
[
g̃sol
ab

]
= I

[
gsol
ab

]
. (3.3)

Since, e.g., black hole thermodynamics can be determined —in the Euclidean path-integral
approach [171]— by evaluating the on-shell action, this simple observation proves that
black hole thermodynamics can be equivalently computed in both frames. The same
conclusion can be reached [183] using Wald’s formula [182] —see refs. [329–333] for
additional discussions regarding this issue.1

We are particularly interested in situations in which both gsol
ab and g̃sol

ab represent static
and spherically symmetric black holes. As argued in ref. [183], field redefinitions given
by eq. (3.1) preserve both the asymptotic and horizon structures of gsol

ab , so they map
black holes into black holes. Particularizing even more, from the following section on, we
will consider higher-derivative theories controlled by small parameters and perturbative
field redefinitions weighted by them. Ultimately, one of the reasons for considering
redefinitions mapping generic higher-derivative theories to GQT terms is the fact that the
equations of motion of the latter on static and spherically symmetric configurations become
particularly simple and universal. In this particular setup, eq. (3.3) will relate the on-shell
action corresponding to a certain generalization of the Schwarzschild-(A)dS black hole
(continuously connected to it) for a given higher-derivative theory at leading order in the
corresponding coupling to the on-shell action of the black hole solution corresponding to the
transformed GQT. An explicit example of this match between on-shell actions in ref. [317].

3.1.2 Ricci curvatures and reducible densities

Let us now determine how the redefinition (3.1) changes the action (1.9). For that, we
assume the redefinition to be perturbative, i.e., we treat Q̃ab as a perturbation and we
work at linear order. This is enough for our purposes, since, following the EFT approach,
we will also expand the action in a perturbative series of higher-derivative terms. Observe
that in this case the relation (3.1) can be inverted as

g̃ab = gab −Qab + O(Q2) , (3.4)

where Qab has the same expression as Q̃ab but replacing g̃ab → gab. Let us introduce
the equations of motion of the original theory as

Eab = 1√
−g

δI

δgab
. (3.5)

1In order to prove this statement rigorously, it is necessary to assume some mild conditions on Q̃ab,
namely, its fall-off at infinity should be fast enough. All redefinitions we will consider are well-behaved in
this sense.
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Then, at linear order in Q̃ab, the transformed action reads

Ĩ =
∫

dDx
√
−g̃

[
L̃ − ẼabQ̃ab + O(Q2)

]
. (3.6)

where the tildes denote evaluation on g̃ab. Thus, the redefinition introduces a term
in the action proportional to the equations of motion of the original theory . Let us
be more explicit about the form of the Lagrangian by expanding it as a sum over
all possible higher-derivative terms

I = 1
16πGN

∫
dDx
√
−g

[
R+

∑
n=2

L2(n−1)L(n)
]
, (3.7)

where L(n) represents the most general Lagrangian of order n, i.e., involving 2n derivatives
of the metric. The explicit form of the invariants at orders n = 2 and n = 3 can be found
below in eqs. (1.10) and (1.11) respectively. The number of terms grows very rapidly,
and the n = 4 Lagrangian already contains 92 terms [334].2

Let Q̃(k)
ab be a symmetric tensor containing 2k derivatives of the metric. Performing

the field redefinition

gab = g̃ab + L2kQ̃
(k)
ab , (3.8)

the transformed action (3.6) reads

Ĩ = 1
16πGN

∫
dDx

√
−g̃

[
R̃+

k∑
n=2

L2(n−1)L̃(n) + L2k
(
L̃(k+1) − R̃abQ̂(k)

ab

)

+
∑

n=k+2
L2(n−1)L̃′(n)

 , (3.9)

where all quantities are evaluated on g̃ab, and3

Q̂
(k)
ab = Q̃

(k)
ab −

1
2 g̃abQ̃

(k) , Q̃(k) = g̃abQ̃
(k)
ab . (3.10)

Hence, all terms containing up to 2k derivatives of the metric remain unaffected, while
those with 2(k+1) derivatives receive a correction of the form −R̃abQ̂(k)

ab . The higher-order
terms also get corrections which depend in a more complicated way on Q̃(k)

ab . If the starting
action already contained all possible terms, the net effect of these corrections is just to
change the couplings in the Lagrangian. We denote these modified terms as L̃′(n).

From this, it is clear that performing this type of field redefinitions order by order,
starting at k = 1, we can remove all terms in the action which involve contractions of
the Ricci tensor —except, of course, the Einstein-Hilbert term. At each order, it suffices

2Ref. [334] provides the number of linearly independent invariants, but many of them differ by total
derivative terms, which are irrelevant for the action. The number of relevant terms is, in general, much
smaller —yet quite large. For instance, besides the 3 quadratic densities and the 10 cubic densities which
we include in eqs. (1.10) and (1.11), [334] adds ∇a∇aR to the former list, and 7 more terms of the form:
∇a∇a∇b∇bR, R∇a∇aR, ∇a∇bRRab, Rab∇c∇cRab, ∇a∇bRcdRcadb, ∇aRbc∇cRba, ∇aRbcde∇aRbcde to
the latter. All these terms are either total derivatives or can be written in terms of the others plus total
derivatives, so they can be discarded —see e.g., [58, 335].

3We have EabQ̃(k)
ab = (Rab − 1

2g
abR)Q̃(k)

ab = RabQ̂
(k)
ab .
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to choose Q̃(k)
ab in eq. (3.8) such that Q̂(k)

ab equals the tensorial structure which appears
contracted with Rab in the corresponding density. In other words, any term containing
Ricci curvatures is meaningless from the EFT point of view, and we are free to add or
remove terms of that type. From a different perspective, it has been argued —e.g., in
ref. [336]— that if some higher-curvature correction controlled by L2k involves operators
which vanish on the equations of motion produced by the lower-order action, the relevant
physics is not affected at O(L2k), and we can just ignore it. For the gravitational effective
action, this is equivalent to the possibility of removing all terms involving Ricci curvatures.

Observe that in eq. (3.7) we did not include a cosmological constant. When we
add it, the effect of the redefinition (3.8) is

Ĩ =
∫ dDx

√
−g̃

16πGN

[
−2Λ + R̃+

k−1∑
n=2

L2(n−1)L̃(n) + L2(k−1)
(
L̃(k) + 2(ΛL2)

(D − 2)Q̂
(k)
)

+L2k
(
L̃(k+1) − R̃abQ̂(k)

ab

)
+

∑
n=k+2

L2nL̃′(n)

 . (3.11)

Namely, not only the terms involving 2(k+ 1) derivatives of the metric get modified, those
involving 2k derivatives also receive a correction. This is a complication with respect to
the case without cosmological constant. If we remove terms involving Ricci curvatures at
a given order, the field redefinition of the following order will introduce a correction of
the form 2(ΛL2)

(D−2) Q̂
(k) which will generically include again terms involving Ricci curvatures.

Hence, the process cannot be carried out order-by-order because all steps are coupled. If
one wants to remove all the terms with Ricci curvature up to order 2k, it is necessary to
consider the most general field redefinition up to that order, i.e., including all the terms
Q̃

(m)
ab of order m ≤ k at the same time. Nevertheless, we stress that this is just a technical

complication: finding the precise field redefinition that removes the corresponding Ricci
curvature terms is more involved, but it can certainly be done.

Motivated by the above analysis, let us close this section with a definition which
will be useful in the remainder of the paper.

Definition 4. A curvature invariant is said to be “reducible” if it is a total derivative
when evaluated on any Ricci-flat metric. The rest of them are said to be “irreducible”.

Note that this trivially contains the case in which the invariant vanishes on Ricci-
flat metrics. Intuitively, the irreducible terms correspond to those formed purely from
contractions of the Riemann tensor, without explicit factors of Ricci curvature. As
we have explained, all reducible terms can be removed or introduced by using field
redefinitions, whereas the irreducible ones cannot. Therefore, the most general higher-
derivative gravitational effective action is obtained by including all possible irreducible
terms. Then, we are free to add as many reducible terms as we wish: these would
simply correspond to different frame choices.
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3.2 L(Rabcd) theories as GQT gravities

In the absence of cosmological constant, the gravitational effective action can be written
as a series of operators with an increasing number of derivatives of the metric, namely,

I =
∫ dDx√−g

16πGN

(
R+

∞∑
n=2

L2n−2L(n)
)
, (3.12)

where L(n) is the most general Lagrangian involving curvature invariants of order n. Let
us first focus on the four- and six-derivative actions (1.10) and (1.11), respectively. In
the case of the four-derivative action, the Riemann-squared term can be traded by the
Gauss-Bonnet density (1.13) so that the most general action reads4

L(2) = α1R
2 + α2RabR

ab + α3X4 . (3.13)

Similarly to the quadratic case, we can trade two of the cubic invariants involving
contractions of the Riemann tensor alone by the cubic Lovelock density X6, defined
in eq. (1.18), and one of the cubic Generalized QT densities, SD, defined in eq. (1.29).
Therefore, L(3) can be alternatively written as

L(3) =β1X6 + β2SD + β3RabcdR
abc

eR
de + β4RabcdR

abcdR+ β5RabcdR
acRbd

+ β6R
b
a R

c
b R

a
c + β7RabR

abR+ β8R
3 + β9∇dRab∇dRab + β10∇aR∇aR . (3.14)

Note that in D ≥ 5, we can alternatively replace either SD or X6 by the cubic quasi-
topological term ZD defined in eq. (1.28). Also, in D = 4 we can replace S4 by the
Einsteinian cubic gravity density (1.30) using eq. (1.31). Regardless of these choices, we
observe that in addition to the first two terms, belonging to the GQT family, we are
left with a series of reducible terms which, as we have argued in the previous section,
can be removed by convenient field redefinitions of the metric.

The explicit redefinition which removes all terms but X4, X6 and SD goes as follows.
First, in order to remove the R2 and RabR

ab terms, we perform

gab = g̃ab + α2L
2R̃ab −

L2R̃

D − 2 g̃ab(2α1 + α2) . (3.15)

Then, the Lagrangian of transforms to

L(2) → L̃(2) = α3X̃4 . (3.16)

Now, this redefinition also affects the higher-order terms, but since we are starting from the
most general theory, the only effect is to change the coefficients of these terms. In particular,
for the six-derivative ones: βi → β̃i. Then, the following redefinition of the metric

g̃ab = ˜̃gab + L4
[
β̃3

˜̃Raecd ˜̃R ecd
b + β̃5

˜̃Ref ˜̃Raebf + β̃6
˜̃R e
a

˜̃Rbe + β̃7
˜̃R ˜̃Rab − β̃9

˜̃∇2 ˜̃Rab (3.17)

−
˜̃gab

D − 2
( ˜̃Refcd ˜̃Refcd(β̃3 + 2β̃4) + ˜̃Ref ˜̃Ref (β̃5 + β̃6) + ˜̃R2(β̃7 + 2β̃8)− ˜̃∇2 ˜̃R(β̃9 − 2β̃10)

)]
,

4The coefficients αi are not the same as in eq. (1.10), but we prefer not to introduce additional
unnecessary notation whenever possible.
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leaves the four-derivative terms unaffected, while canceling all six-derivative terms that
contain Ricci curvatures,

L(3) → ˜̃L(3) = β̃1
˜̃X6 + β̃2

˜̃SD. (3.18)

Hence, the most general action can be written, after all, as

˜̃I = 1
16πGN

∫
dDx

√
−˜̃g

[ ˜̃R+ L2α3
˜̃X4 + L4

(
β̃1

˜̃X6 + β̃2
˜̃SD
)

+ O(L6)
]
, (3.19)

which only contains GQT terms, as anticipated —compare with eq. (1.27). In D = 4,
the cubic Lovelock density vanishes identically and the Gauss-Bonnet term is topological,
which leaves us with

I = 1
16πGN

∫
d4x
√
−g

[
R+ βL4P + O(L6)

]
, (3.20)

where we traded S4 by the ECG density P using expression (1.31) and we renamed the
gravitational coupling. Hence, Einsteinian cubic gravity [84] is (up to field redefinitions)
the most general four-dimensional gravitational effective action we can write including
up to six derivatives of the metric.5

Let us now move on to a more general case, namely, general higher-curvature gravities
constructed from arbitrary contractions of the metric and the Riemann tensor. In
addition to the notion of “reducible” densities introduced in Section 3.1, it is convenient
to define here another concept:

Definition 5. We say that a curvature invariant L is completable to a Generalized
quasi-topological density” (or just “completable” for short), if there exists a GQT density
Q such that L −Q is reducible.

In other words, L is completable if by adding reducible terms to it, we are able to
obtain a GQT term. Note that reducible terms are trivially completable to 0. Then,
the question whether any higher-derivative gravity can be expressed as a sum of GQT
terms is equivalent to the following question: Are all irreducible densities completable to a
GQT? We have just found that the answer is positive at least up to six-derivative terms.
The reason is that there exist more independent GQT densities than irreducible terms,
which allowed us to “complete” all of them. In the case of the four-derivative terms, the
only irreducible density is the Riemann-squared term, and this can be completed to the
Gauss-Bonnet density. For the six-derivative terms, we saw that all terms containing
derivatives of the Riemann tensor are reducible, and that the only irreducible terms
are the two Riemann-cube contributions respectively controlled by β1 and β2 in (1.11).
In general dimensions D there are three GQT involving different combinations of these
cubic terms, so they can always be completed.

Observe that the problem of completing irreducible invariants depends on the number
of spacetime dimensions. In lower dimensions, many of the densities are not linearly
independent, so the number of irreducible densities is significantly smaller, and this

5This is consistent with the result in ref. [336], where P appears traded by the density ∼ RcdabRabefR
ef
cd .

That is also the kind of term which appears in the two-loop effective action of perturbative quantum
gravity [337, 338].
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simplifies the problem of completing them to GQTs. As a consequence, on general grounds
we expect that if all irreducible invariants are completable for high enough D, they will
also be completable for smaller D. For instance, going back to the six-derivative example,
we find that the two cubic densities are independent when D ≥ 6. In D = 4, 5 only
one of them is linearly independent, and in D < 4 there is only Ricci curvature so all
theories are reducible to Einstein gravity. On the other hand, the number of independent
GQTs in D = 4 is four, whereas in D > 4 there are only three of them. Therefore, in
lower dimensions there are less irreducible terms and more ways to complete them to
a GQT theory. The lower the dimension, the easier the task.

As we will see in a moment, the problem of completing all invariants constructed
from an arbitrary contraction of metrics and n Riemann tensors —a number which grows
very rapidly with n— can be drastically simplified. In order to formulate this result,
we will need the following somewhat surprising result:

Theorem 1 (Deser, Ryzhov, 2005 [327]). When evaluated on a general static and
spherically symmetric ansatz (1.7), all possible contractions of n Weyl tensors (1.67) are
proportional to each other. More precisely, let (Wn)i be one of the possible independent
ways of contracting n Weyl tensors, then for all i

(Wn)i|SSS = F (r)nci , (3.21)

where ci is some constant which depends on the particular contraction, and F (r) is an
i-independent function of r given in terms of the functions appearing in the SSS ansatz
(1.7). In other words, the ratio [(Wn)1/(Wn)2]|SSS for any pair of contractions of n Weyl
tensors is a constant which does not depend on the radial coordinate r.

Proof. The Weyl tensor, when evaluated on the SSS ansatz (1.7), reads

W ab
cd

∣∣∣
SSS

= −2χ(r)(D − 3)
(D − 1)w

ab
cd , (3.22)

where

χ = χ(r) ≡ (−2 + 2f − 2rf ′ + r2f ′′)
2r2 + N ′

2rN (−2f + 3rf ′) + fN ′′

N
(3.23)

is a function which contains the full dependence on the radial coordinate. On the other
hand, wabcd is a r-independent tensorial structure which can be written as [327]

wabcd = 2τ [a
[c τ

b]
d] −

2
(D − 2)τ

[a
[c σ

b]
d] + 2

(D − 2)(D − 3)σ
[a
[cσ

b]
d] , (3.24)

where τ and σ are orthogonal projectors defined in section 2.2, satisfying relations
(2.9). Any possible invariant (Wn)i constructed from the contraction of n Weyl ten-
sors will be given by

(Wn)i|SSS =
(
−2χ(D − 3)

(D − 1)

)n
(wn)i , (3.25)

where (wn)i stands for the constant resulting from the contraction induced on the w
tensors, which we can identify with ci in (3.21). Therefore, (Wn)i|SSS takes the form
(3.21) with F (r) given by the function between brackets. �

Now, we are ready to formulate one of the main results of the paper:
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Theorem 2. Let us consider the set of all irreducible curvature invariants of a given
order which do not involve covariant derivatives of the curvature. If one of these invariants
is completable to a GQT and it does not vanish when evaluated on a static and spherically
symmetric ansatz (1.7), then all the invariants are completable.

Proof. Let the order of these invariants be 2n in derivatives of the metric, i.e., n in
curvature. Since they are irreducible and they do not contain derivatives of the curvature,
they are formed from contractions of a product of n Riemann tensors. We can write
schematically Li = (Riemn)i, where the subscript i denotes again a specific way of
contracting the indices. We can consider an alternative basis by replacing the Riemann
tensor by the Weyl tensor in the expressions of these densities. Both ways of expressing
these invariants are equivalent since they differ by terms containing Ricci curvatures,
which are reducible. We denote the densities resulting from replacing Rabcd → Wabcd

everywhere in the Li by L̃i = (Wn)i. Next, let us use the hypothesis of Theorem 2, which
consists in assuming that one of the densities, which we denote L̃i0 , is completable to a
GQT. As we explained in Section 4.5, the condition that determines if a given density
belongs to the GQT class exclusively depends on the evaluation of the density on the
general (SSS) metric ansatz (1.7), i.e., on the way the corresponding density depends
on the radial coordinate r. But from Theorem 1 we know that all order-n invariants
constructed from contractions of the Weyl tensor are proportional to each other when
evaluated on (1.7), in the sense that the dependence on the radial coordinate is identical
for all i, and given by a fixed function —which we called F (r)n in (3.21). Then, since
by assumption L̃i0

∣∣
SSS 6= 0, all invariants L̃i are proportional to L̃i0 when evaluated on

SSS metrics. As a consequence, the fact that L̃i0
∣∣
SSS is completable implies that all the

rest of densities of order n are, which concludes the proof. �
The result can be reformulated as follows:

Corollary 1. Any higher-derivative gravity Lagrangian of the type L(Rabcd) can be mapped,
order by order, to a sum of GQT terms through a metric redefinition gab = g̃ab + Q̃ab is a
symmetric tensor constructed from g̃ab and its derivatives.

Recall that “irreducible” means that the density does not vanish on Ricci-flat metrics
up to total derivatives whereas “non-trivial” means that it does not vanish for SSS
metrics. As shown in ref. [135], GQT gravities exist at every order n in curvature and
for all D. Before the recipe for the systematic constructions of n-th order QT and GQT
densities, examples were constructed in a case-to-case basis, contained for some order or
dimensionality. For instance, in D = 4 examples of GQT have been constructed explicitly
up to n = 10 in ref. [90, 131], where the general form of the equation satisfied by the
metric function f in the SSS ansatz (1.7) was shown to have a simple dependence on the
curvature order n. Besides, in that case, the n > 3 terms were constructed from products
of a few n = 2 and n = 3 densities, and they already sufficed to produce examples of
GQT densities. Many more GQTs could have been constructed had we not restricted
the analysis to those building blocks (or even with different combinations of the same
densities). Additional examples of GQTs in D > 4 and various curvature orders have
also appeared in various papers [87, 89, 127, 128] —e.g., cubic and quartic densities up
to D = 19 have been explicitly verified to exist in refs. [87] and [89].
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3. Field redefinitions and effective field theory

Let us also note that the result above shows the existence of a field redefinition that
takes the Lagrangian L(gab, Rabcd) to a sum of GQTs, but it does not guarantee unicity.
Indeed, if at a given order one has several types of non-trivial GQTs —namely, QT and
proper GQT— it is possible to map the Lagrangian to a sum of terms whose equations
for SSS metrics match the ones of the chosen theory (again, QT or proper GQT). More
generally, the Lagrangian can be mapped to a combination of those terms. Note that
this implies that QT and GQT gravities are related by field redefinitions.6

Before closing this section, let us mention that our conclusions also hold if one includes
parity-breaking terms in the effective action, i.e., those that involve the Levi-Civita
symbol εa1...aD . In fact, all such terms vanish for spherically symmetric configurations,
hence all of them trivially belong to the GQT family.

3.3 Lagrangians including covariant derivatives of the Rie-
mann tensor

In the previous section, we showed that all L(Rabcd) gravities can be either removed from
the action or written as GQT gravities using field redefinitions. Let us now see what
happens with higher-curvature terms involving covariant derivatives of the Riemann tensor.
As they have not been used to systematically construct GQT gravities so far, its role is
less clear. On the other hand, as we saw in Section 3.2, up to six-order in derivatives all
these terms are actually reducible. However,this is no longer the case at quartic order in
curvature. In order to gain some insight about the general behavior of this kind of terms, let
us study this order in detail. There exist twenty six independent quartic invariants which
do not involve covariant derivatives of the Riemann tensor, namely —see e.g., [89, 115, 334],

L(8) =γ1R
abcdR e f

a c R
g h
e b Rfgdh + γ2R

abcdR e f
a c R

g h
e f Rbgch (3.26)

+ γ3R
abcdR ef

ab R g h
c e Rdgfh + γ4R

abcdR ef
ab R gh

ce Rdfgh + γ5R
abcdR ef

ab R gh
ef Rcdgh

+ γ6R
abcdR e

abc RfghdR
fgh

e + γ7(RabcdRabcd)2 + γ8R
abRcdefR g

c eaRdgfb

+ γ9R
abRcdefR g

cd aRefgb + γ10R
abR c d

a b RefgcR
efg

d + γ11RR
c d
a b R

e f
c d R

a b
e f

+ γ12RR
cd
abR

ef
cdR

ab
ef + γ13R

abRcdRe f
a cRebfd + γ14R

abRcdRe f
a bRecfd

+ γ15R
abRcdRefacRefbd + γ16R

abRcbR
def

aRdefc + γ17RefR
efRabcdR

abcd

+ γ18RRabcdR
abc

eR
de + γ19R

2RabcdR
abcd + γ20R

abRacbdR
ecRde

+ γ21RRabcdR
acRbd + γ22R

b
aR

c
bR

d
cR

a
d + γ23

(
RabR

ab
)2

+ γ24RR
b
aR

c
bR

a
c

+ γ25R
2RabR

ab + γ26R
4 .

6Imagine, for instance, that we start with a QT density Z and a GQT density S of certain order.
Replacing all Riemann tensors by Weyl tensors gives rise to new densities Z̃ = Z +RCZ and S̃ = S +RCS
where RCS,Z are certain reducible densities involving Ricci curvatures. Now, from Theorem 1 we know
that Z̃ |SSS = cS̃ |SSS, for some constant c. Then, it follows that Z = c(S + RCS)− RCZ + T , where T is
a trivial GQT density, i.e., one such that T |SSS = 0. Naturally, S ′ ≡ cS + T is another GQT density. It
follows that QT densities can be mapped to GQT densities of the same order —and viceversa— via field
redefinitions, the mapping generically involving trivial GQT densities (which play no role as far as the
equations of SSS metrics are concerned).
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3. Field redefinitions and effective field theory

Of these, at most the first seven are irreducible —this happens for D > 7. Now, in
ref. [89] several non-trivial and irreducible GQT theories were constructed using those
invariants. Since by virtue of corollary 1 we only need one, this immediately implies
that the twenty six invariants can always be written as a sum of GQTs using field
redefinitions. Hence, just like in the quadratic and cubic cases, all quartic gravities of
the form L(Rabcd) can be written as GQT densities.

Let us now focus on the terms including covariant derivatves. According to ref. [334],
we find five apparently irreducible terms of that kind, namely

L1 = Rabcd∇bRefga∇dRefgc , (3.27)
L2 = Rabcd∇cRefga∇dRefgb , (3.28)
L3 = Rabcd∇gRe f

a c∇gRebfd , (3.29)
L4 = RabcdR efg

a ∇d∇gRbecf , (3.30)
L5 = ∇e∇fRabcd∇e∇fRabcd . (3.31)

However, a careful analysis —using commutation of covariant derivatives, the sym-
metries of the Riemann tensor and the Bianchi identities7— reveals that all of them
can be decomposed as a sum of total derivative terms plus quartic curvature terms
(without covariant derivatives) plus terms with Ricci curvature (hence reducible). This
is, they can be expressed as

Li = ∇aJ a
(i) + Q(i) +RabT ab

(i) , (3.32)

for certain tensors J a
(i) and T ab

(i) and some quartic density Q(i). In order to illustrate this,
let us show how L1 is reduced to an expression of the form (3.32). First, we have

L1 = Rabcd∇bRefga∇dRefgc = 1
4R

abcd∇gRefab∇gRefcd (3.33)

= 1
4∇g

(
Rabcd∇gRefabRefcd

)
− 1

4R
abcd∇2RefabRefcd −

1
4∇gR

abcd∇gRefabRefcd ,

where in the first equality we applied the differential Bianchi identity twice, and in
the second we integrated by parts. Now we note that the last term in the second
line is actually −L1, so we get

L1 = 1
8∇g

(
Rabcd∇gRefabRefcd

)
− 1

8R
abcd∇g∇gRefabRefcd . (3.34)

Then we are done, because the Laplacian of the Riemann tensor decomposes as [339]

∇e∇eRabcd = + 2∇[a|∇cR|b]d + 2∇[b|∇dR|a]c − 4
(
Rp q

a bRp[c|q|d] +Rp q
a [c|Rpbq|d]

)
(3.35)

+ gpq (RqbcdRpa +RaqcdRpb) ,

so we can indeed express L1 as in eq. (3.32). Proceeding similarly with the rest of
terms we arrive at the same conclusion.

Since total derivatives are irrelevant for the action, and since we can remove all terms
containing Ricci curvatures by means of field redefinitions, the terms with covariant

7Recall that these read: Rabcd +Racdb +Radbc = 0 and ∇eRabcd +∇cRabde +∇dRabec = 0 respectively.
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3. Field redefinitions and effective field theory

derivatives of the Riemann tensor only change the coefficients of the quartic terms,
which are already present in the action. Hence, from the point of view of effective
field theory, these densities are meaningless and can be removed. In addition, we
conclude that all eight-derivative terms can be recast as a sum of GQT densities by
implementing field redefinitions.

Let us now extend our argument to a general case. Any higher-derivative gravity can be
written as the span of all monomials formed from contractions of ∇a, Wabcd and Rab. Such
a set can be written schematically as A = ∪q,n,r∈NAq,n,r where Aq,n,r = {∇q×Wn×Ricr}.
Out of these subsets, the only ones susceptible of containing irreducible terms are Aq,n,0,
so the ultimate goal would be to prove that all elements in

Jq =
⋃
n∈N

Aq,n,0 (3.36)

are completable to a GQT density. First, let us note that these sets can be split according
to the partitions of the number of covariant derivatives, q,

Jq =
p(q)⋃
k=1

J Pk(q)
q , (3.37)

where p(q) is the the number of partitions of q and Pk(q) denotes the k-th partition
of q (we assume partitions to be ordered in some way). For instance, the first few
cases are: J0, which is the set of monomials formed from general contractions of Weyl
tensors; J2, which is the set of monomials formed from Weyl tensors and two covariant
derivatives —this can be in turn split as the union of J

{1,1}
2 and J

{2}
2 : in the former

set the two covariant derivatives act on two different Weyl tensors, while in the second
the two derivatives act on the same Weyl; J4, which contains terms with four covariant
derivatives and an arbitrary number of Weyl tensors —this can be decomposed as
J4 = J

{1,1,1,1}
2 ∪J

{2,1,1}
2 ∪J

{2,2}
2 ∪J

{3,1}
2 ∪J

{4}
2 . Observe that not all subsets are

independent. For example, we see that any term belonging to J
{2}
2 can be written as

a sum of terms in J
{1,1}
2 upon integration by parts. For the same reason, for q = 4 it

is enough to keep the subsets J
{1,1,1,1}
2 , J

{2,1,1}
2 and J

{2,2}
2 .

We know that all terms in J0 can be completed to GQTs, and the purpose of the
remainder of this section is to show explicitly that all terms in J2 satisfy the same
property. We expect the trend to go on for all sets Jq but a general proof seems quite
challenging —not so much a case-by-case partial proof for the following Jq≥4.

As we have said, the only subset of J2 which needs to be considered is J
{1,1}
2 . Any

term belonging to this subset can be written schematically as

J
{1,1}
2 3 R

{1,1}
2 = Wn∇W∇W , (3.38)

for some value of n. We saw in eq. (3.22) that, when evaluated on a SSS metric the Weyl
tensor has a very simple structure so that any scalar formed from it is proportional to the
same quantity. In app. B we show that any term of the form (3.38) can be written in turn as

R
{1,1}
2

∣∣∣
SSS

= fχn
(
c1(χ′)2 + c2

χχ′

r
+ c3

χ2

r2

)
, (3.39)
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where χ′ = dχ/dr and c1,2,3 are constants. Thus, there are at most three linearly
independent terms in J

{1,1}
2 when one considers SSS metrics. Hence, if we are able to

find three independent terms in J
{1,1}
2 which are completable to a GQT, that will imply

that all densities in J
{1,1}
2 are completable. Three possible terms of that type are

W
{1,1}

1 =
n∑
k=0
∇bW a3a4

a1a2 (Wn−k) a5a6
a3a4 ∇bW a7a8

a5a6 (Wn) a1a2
a7a8 , (3.40)

W
{1,1}

2 =∇bW bcd
a1∇cW

a3a4
da2

W a5a6
a3a4 . . .W a1a2

a2n+1a2n+2 , (3.41)

W
{1,1}

3 =∇bW bcde∇fW f
cdeW

a3a4
a1a2 . . .W a1a2

a2n−1a2n , (3.42)

where (Wn) df
bc denotes a n-Weyl product of the form W a1a2

bc W a3a4
a1a2 . . .W df

a2na2n+1 .
We can check that when evaluated on a SSS metric the previous terms are linearly
independent. For instance, in D = 4 we obtain the expressions

W
{1,1}

1 =
3−n−24f

[
(−1)n + 2n+1] (−χ)n

(
(n+ 1)r2 (χ′)2 + 6χ2

)
r2 , (3.43)

W
{1,1}

2 =3−n−1f (2n − (−1)n) (−χ)n
[
χ′χ

r
+ 3χ

2

r2

]
, (3.44)

W
{1,1}

3 =f
(
χ′ + 3χ

r

)2
(−χ)n (2− (−1)n−122−n)

3 , (3.45)

which are linearly independent for any integer value of n. Hence, any term of the form
(3.39) can be expressed a sum of these three combinations (the same conclusion holds for
arbitrary D). Therefore all invariants in J

{1,1}
2 can be expressed as a linear combination

of these terms when evaluated on SSS metrics. This can be alternatively written as

R
{1,1}
2 = C1W

{1,1}
1 + C2W

{1,1}
2 + C3W

{1,1}
3 + . . . , (3.46)

where the ellipsis denote terms that vanish on SSS metrics —which are trivially completable
to a GQT. Now, it is easy to check that, by means of field redefinitions, the densities
W
{1,1}

1,2,3 are completable. Actually, both W
{1,1}

2 and W
{1,1}

3 are reducible because they are
proportional to the divergence of Weyl tensor, which depends only on Ricci curvatures.
On the other hand, W

{1,1}
1 can be written as

W
{1,1}

1 = ∇b
(
∇bW a3a4

a1a2 W a5a6
a3a4 W a7a8

a5a6 . . .W a1a2
a2n+3a2n+4

)
−∇2W a3a4

a1a2 W a5a6
a3a4 W a7a8

a5a6 . . .W a1a2
a2n+3a2n+4 .

(3.47)

Since the Laplacian of the Weyl tensor can be expressed as ∇2Weyl = ∇∇Ricci + Riem2,
we conclude that, by means of field redefinitions, W

{1,1}
1 can be reduced to a sum of

terms without covariant derivatives. We know that those terms are completable, so
the densities W

{1,1}
1,2,3 and any other R

{1,1}
2 are also completable. The result is actually

stronger than that: since the densities W
{1,1}

1,2,3 can be completed to a GQT without
covariant derivatives of the Riemann tensor, this implies that any other R

{1,1}
2 can be

completed to a GQT density which, when evaluated on a SSS metric, is equivalent to
a GQT density without covariant derivatives.

75



3. Field redefinitions and effective field theory

In sum, we have shown that, at least for densities including eight (or less) derivatives
of the metric as well as for densities constructed from an arbitrary number of Riemann
tensors and two covariant derivatives, all densities can be mapped to GQT gravities. In
all cases, those GQT densities become equivalent to GQT densities which do not involve
covariant derivatives when evaluated on SSS metrics.

3.4 Discussion

Our main result is Theorem 2 and corollary 1, which essentially tells us that densities
of the type L(Rabcd)are completable to a GQT theory.

On the other hand we have seen that, interestingly, densities containing explicit
covariant derivatives of the Riemann tensor do not seem to play any role. In fact, we have
checked that, up to eighth order, all terms involving derivatives of the Riemann tensor are
irrelevant —they can always be mapped to other terms which already appear in the action.
More generally, we have been able to prove that any term with two covariant derivatives
can be completed to a GQT density which is equivalent to a GQT gravity of the form
L(Rabcd) when evaluated on a SSS metric. Note that the last claim is slightly different from
stating that the original term can be completed to a GQT theory of the form L(Rabcd). It
means that the GQT density to which the original density is completed may, in principle,
contain covariant derivatives of the curvature, but it is guaranteed that those terms vanish
for a SSS metric. We argued that corollary 1 may, very likely, extend to densities with an
arbitrary number of covariant derivatives, which suggests a stronger conjecture:

Conjecture 1. Any higher-derivative gravity Lagrangian can be mapped, order by order,
to a sum of GQT terms which, when evaluated on a SSS metric, are equivalent to GQT
gravities of the L(Rabcd) type.

If true, the second statement in this conjecture implies that we can study SSS black
holes of the most general higher-derivative gravity effective action by analyzing only
the solutions of the GQT gravity of the form L(Rabcd). A concrete example of this
analysis was performed in the gravitational sector of the Type II-B String Theory effective
action on AdS5 × S5 truncated at subleading order in the string tension α′ [340, 341].
We compared the black hole solutions at leading order in the higher-curvature coupling
in both frames and show that their thermodynamic properties match [317]. While, in
general, the profile of the solutions will be different in every frame, recall that black
hole thermodynamics is invariant under the change of frame.

The conclusion is that theories of the GQT class are not just toy models with
interesting properties. According to our results, they capture, at the very least, a very
large part of all possible effective theories of gravity, and very likely —if conjecture 1
is true— they capture all of them. From this point of view, we could think of GQT
gravities as the most general EFT expressed in a frame in which the study of SSS black
holes is particularly simple and universal.
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Higher-curvature gravity in three dimensions

So far we have studied gravity in either four or arbitrary higher dimensions. However, the
situation becomes special when we move to three dimensions. Firstly, the Weyl tensor
vanishes identically, implying that all curvatures are Ricci curvatures. This means that
all solutions of three-dimensional Einstein gravity are locally equivalent to maximally
symmetric backgrounds and that no gravitational waves propagate. In spite of this,
global differences between spacetimes do appear and prevent the theory from being
“trivial”, even at the classical level. In particular, in the presence of a cosmological
constant, the theory admits black hole solutions [342, 343], known as Bañados-Teitelboim-
Zanelli (BTZ) black hole. Despite important differences with their higher-dimensional
counterparts , they share many of their properties —including the existence of event
and Cauchy horizons, thermodynamic properties, holographic interpretation, etc. See
refs. [344–346] for reviews on the subject.

The local equivalence of all classical solutions allows for a characterization of the phase
space of the theory [347]. In addition —up to non-negligible details— three-dimensional
Einstein gravity is classically equivalent to a Chern-Simons gauge theory [348]. From
an holographic point of view [47–49], these qualitative changes with respect to higher
dimensions are manifest in the distinct nature of conformal field theories in two dimensions.
In fact, while the observation that the symmetry algebra of AdS3 spaces is generated by
two copies of the conformal algebra in two dimensions [349] is often considered to be a
precursor of AdS/CFT, the nature of the putative holographic theory —or ensemble of
theories— dual to pure Einstein gravity is still subject of debate [350–355].

The above simplifications also affect higher-curvature modifications of Einstein gravity.
In particular, all theories can be constructed exclusively from contractions of the Ricci
tensor, which reduces the number of independent densities drastically. Similarly, the usual
arguments for considering higher-curvature corrections —which involve their appearance
in the form of infinite towers of terms coming from stringy corrections— do not make
much sense in three-dimensions. This is because all non-Riemann curvatures can be
removed via field redefinitions, and hence one is left again with Einstein gravity —plus

77



4. Higher-curvature gravity in three dimensions

cosmological constant and a possible gravitational Chern-Simons term [356]. However,
there is a different reason to consider higher-curvature gravities with non-perturbative
couplings in three dimensions. This is the fact that, as opposed to Einstein gravity,
they can give rise to non-trivial local dynamics. This appears in the form of a massive
graviton and/or a scalar mode —see e.g., [357].

By far, the best known higher-curvature modification of Einstein gravity in three
dimensions is the so-called “New Massive Gravity” (NMG) [358].1 At the linearized level,
the theory describes a massive graviton with the same dynamics of a Fierz-Pauli theory. In
addition, the theory is distinguished by possessing second-order traced equations [335], by
admitting an holographic c-theorem [360] and by admitting a Chern-Simons description
[361]. Unfortunately, demanding unitarity of the bulk theory spoils the unitarity of the
boundary theory and viceversa [362], a problem which has been argued to be unavoidable
for general higher-curvature theories sharing the spectrum of NMG [363].

Moving from quadratic to higher orders, one can use some of the above criteria to
select special theories. One possibility is to demand that the corresponding theories
admit an holographic c-theorem [360, 364]. Alternatively, one can look for additional
theories which admit a Chern-Simons description [365–367]. A different route involves
considering special D → 3 limits of higher-dimensional theories with special properties
[368]. Often, the densities resulting from these different approaches coincide with each
other. Alternative routes are described in refs. [369–375].

While higher-curvature modifications of three-dimensional Einstein gravity have been
studied extensively by now, most of the results are only valid for the lowest curvature
orders or for particular theories —see e.g., [364, 376, 377] for exceptions. In this chapter,
we present a collection of new results for general-order higher-curvature theories.

First, we obtain a formula for the exact number of independent order-n densities,
#(n), satisfying the interesting recursive relation #(n− 6) = #(n)− n, which says that
the number of order-n densities minus n equals the number of densities of six orders less.
Then, we present the equations of motion for a general higher-curvature gravity and the
algebraic equations these reduce to when evaluated for Einstein metrics. Furthermore, we
obtain the linearized equations of a general higher-curvature gravity around an Einstein
spacetime as a function of the effective Newton constantand the masses of the new spin-2
and spin-0 modes generically propagated. After that, we study which theories satisfy
an holographic c-theorem and its relation to Born-Infeld gravity Lagrangian of [378].
Finally, we discuss the existence of GQT gravities in three dimensions. We show that
there exist #(n)−n theories of that kind, and that all of them are “trivial” —in the sense
of making no contribution to the equation of the black hole metric function— and again
proportional to the a sextic density that appears in the study of the theories that admit
holographic c-theorem as well. We also provide some comments of the sextic density
and the Segre classification of three-dimensional spacetimes.

1Interestingly, the NMG quadratic density constructed in [358] had been identified in the mathematical
literature [359] years before the seminal paper appeared. We thank Bayram Tekin for pointing this out to
us.
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4.1 Counting higher-curvature densities

In this section, we compute the exact number of independent densities of order n
constructed from arbitrary contractions of the Riemann tensor and the metric. The
vanishing of the Weyl tensor in three dimensions reduces the analysis to theories
constructed from contractions of the Ricci tensor and the metric, L (gab, Rab). Let
us denote the possible contraction of n Ricci tensors as

(Rn)ba ≡ R
b
i1 · · ·R

in−1
a , and (Rn) ≡ (Rn)aa . (4.1)

The “Schouten identities” drastically reduce the number of independent densities of a
given order. These identities take the form [364]

δa1...an
b1...bn

Rb1a1R
b2
a2 · · ·R

bn
an = 0 , for n > 3 , (4.2)

and rely on the fact that totally antisymmetric tensors with ranks higher than 3 vanish
identically in D = 3. From eq. (4.2), it follows that the cyclic contraction of n > 3
Riccis can be written in terms of lower-order densities, and hence the generality of
eq. (4.6). One finds, for instance
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(4.5)

The existence of these Schouten identities, namely implies that the most general higher-
curvature action can be written as [364, 376]

I(R) = 1
16πGN

∫
d3x
√
−gL(R) , L(R) ≡

2
L2 +R+ F (R,R2,R3) , (4.6)

where we chose a negative cosmological constant. Often we will assume F (R,R2,R3)
to be either an analytic function of its arguments, or a series of the form

F (R,R2,R3) =
∑
i,j,k

L2(i+2j+3k−1) αijkR
iRj

2R
k
3 , (4.7)

for some dimensionless coefficients αijk.
It is often convenient to use a basis of invariants involving the traceless part of the Ricci

tensor,
R〈ab〉 ≡ Rab −

1
3gabR . (4.8)

Then, we can define

S2 ≡ R b〉
〈a R

a〉
〈b = R2 −

1
3R

2 , S3 ≡ R b〉
〈a R

c〉
〈b R

a〉
〈c = R3 −RR2 + 2

9R
3 , (4.9)

79



4. Higher-curvature gravity in three dimensions

and alternatively write the most general theory replacing F (R,R2,R3) by G (R,S2,S3)
in eq. (4.6) [376], namely

I(S ) = 1
16πGN

∫
d3x
√
−gL(S ) , L(S ) ≡

2
L2 +R+ G (R,S2,S3) . (4.10)

We will write the polynomial version of G as

G(R,S2,S3) =
∑
i,j,k

L2(i+2j+3k−1) βijkR
iS j

2 S k
3 . (4.11)

While eq. (4.6) feels like a more natural choice from a higher-dimensional perspective,
it turns out that many formulas simplify considerably when expressed in terms of R̃ab
instead. We will try to present most of our results in both bases.

Let us consider the case in which the theory is a power series of the building blocks
R,R2,R3 (or, alternatively, R,S2,S3). The order n of a certain combination of scalar
invariants is related to the powers of the individual components through n = i+ 2j + 3k.
One finds the following possible invariants at the first orders,

R , for n = 1 , (4.12)
R2 , R2 , for n = 2 , (4.13)

R3 , RR2 , R3 , for n = 3 , (4.14)
R4 , R2R2 , RR3 , R2

2 , for n = 4 , (4.15)
R5 , R3R2 , R2R3 , RR2

2 , R2R3 , for n = 5 , (4.16)
R6 , R4R2 , R3R3 , R2R2

2 , RR2R3 , R3
2 , R2

3 , for n = 6 , (4.17)

and so on. Then, the function #(n) counting the number of invariants of order n takes
the values #(1) = 1, #(2) = 2, #(3) = 3, #(4) = 4, #(5) = 5, #(6) = 7.

In order to find the explicit form of #(n) as a function of n, we can proceed as follows.
If we understand the number of elements constructed from powers of R alone up to order
n as the coefficients of a power series, we can define the generating function f (R)(x) as

f (R)(x) ≡ 1
1− x ∼ 1 + x+ x2 + x3 + . . . , (4.18)

i.e., such that the right hand side, which is the Maclaurin series of the left hand side,
has coefficient 1 for all powers. This is because at every order n there is a single density
we can construct with R alone, namely, Rn. Now, if we want to do the same for R2,
we need to take into account that the corresponding coefficients should be 1 when n

is even, and 0 otherwise. We define then

f (R2)(x) ≡ 1
1− x2 ∼ 1 + x2 + x4 + x6 + . . . (4.19)

Following the same reasoning for R3, we define

f (R3)(x) ≡ 1
1− x3 ∼ 1 + x3 + x6 + x9 + . . . (4.20)
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4. Higher-curvature gravity in three dimensions

Now, we can obtain #(n) as the coefficient of the Maclaurin series corresponding to the
generating function which results from the product of the three generating functions
previously defined, namely

f (R)(x)f (R2)(x)f (R3)(x) = 1
(1− x)(1− x2)(1− x3) ∼

∑
n

#(n)xn . (4.21)

The result can be written explicitly as

#(n) = 1
72

[
47 + (−1)n9 + 6n(6 + n) + 16 cos

(2nπ
3

)]
. (4.22)

This gives the exact number of independent three-dimensional order n densities. It is
easy to verify that this yields the same values obtained above for the first n’s. Note that
#(n) is not an analytic function, but it is still easy to see that it goes as

#(n) ∼ n

2

(
n

6 + 1
)
, (4.23)

for n� 1. The fact that #(n) scales with ∼ n2 for large n had been previously observed
in ref. [364]. It can be shown that #(n) can be alternatively written exactly (for
integer n, which is the relevant case) as

#(n) =
⌈n

2

(
n

6 + 1
)

+ ε
⌉
, (4.24)

where dxe ≡ min {k ∈ Z | k ≥ x} is the usual ceiling function and ε is any positive number
such that ε� 1. For instance, at order n = 1729, one has #(1729) = 249985 independent
densities, as one can easily verify both from eqs. (4.22) or (4.24).

The function #(n) satisfies several relations which connect its values at different
orders. A particularly suggestive one is the recursive relation

#(n− 6) = #(n)− n , (4.25)

which connects the number of densities of a given order with the number of densities
of six orders less. This follows straightforwardly from the general expression of #(n) in
eqref. (4.24). We will use this relation in secs. 4.4 and 4.5 to prove a couple of results
concerning the general form of densities which trivially satisfy an holographic c-theorem
and of densities which belong to the GQT class.

4.2 Equations of motion and Einstein solutions

The equations of motion of a general higher-curvature theory are simpler than in eq.
(1.12). In this case we only have to consider arbitrary contractions of the Ricci tensor
and the metric. In consequence, they can be written as [79]

Eab ≡ P caRbc −
1
2gabL −∇(a∇cP cb) + 1

2 Pab + 1
2gab∇c∇dP

cd = 0, (4.26)

81



4. Higher-curvature gravity in three dimensions

with P ab ≡ ∂L
∂Rab

∣∣∣
gcd

. In the case of Lagragians of the type (4.6), the explicit form
of these equations reads

E (R)
ab ≡+Rab(1 + FR)− 1

2gab
(
R+ 2

L2 + F
)

+ (gab −∇a∇b)FR

+ 2FR2R
c
aRcb + 3FR3R

c
aRcdR

d
b + gab∇c∇d

(
FR2R

cd + 3
2FR3R

cfRdf

)
+

(
FR2Rab + 3

2FR3R
c
aRcb

)
− 2∇c∇(a

(
Rcb)FR2 + 3

2R
d
b)R

c
dFR3

)
= 0 ,

(4.27)

In the R,S2,S3 basis, the equations of motion read instead [376]

E (S )
ab ≡+

(
R̃ab + 1

3gabR
)
− 1

2gab
(
R+ 2

L2 + G
)

+ 2GS2R̃
c
aR̃cb + 3GS3R̃

c
aR̃cdR̃

d
b

+
(
gab −∇a∇b + R̃ab + 1

3gabR
)

(GR − GS3S2) + gab∇c∇d
(
GS2S

cd + 3
2GS3S

cf R̃df

)
+
(

+2
3R
)(

GS2R̃ab + 3
2GS3R̃

c
aR̃cb

)
− 2∇c∇(a

(
R̃cb)GS2 + 3

2R̃
d
b)R̃

c
dGS3

)
= 0 .
(4.28)

Solutions of Einstein gravity plus cosmological constant can be easily embedded in the
general higher-curvature theory (4.6) or (4.10). These include, for instance, pure AdS3
and the BTZ black hole. Indeed, consider Einstein metrics of the form

R̄ab = − 2
L2
?

ḡab . (4.29)

In that case, one has

R̄ = − 6
L2
?

, R̄2 = 12
L4
?

, R̄3 = − 24
L6
?

, S̄2 = 0 , S̄3 = 0 . (4.30)

Hence, eq. (4.29) satisfies the equations of motion (4.27) provided

6
L2 −

6
L2
?

(
1− 2F̄R + 8

L2
?

F̄R2 −
24
L4
?

F̄R3

)
+ 3F̄ = 0 , (4.31)

is satisfied. In the alternative formulation in terms of traceless Ricci tensors, the analogous
equation is considerably simpler and reads [376]

6
L2 −

6
L2
?

[
1− 2ḠR

]
+ 3Ḡ = 0 . (4.32)

For Einstein gravity, this simply reduces to L2 = L2
?, which just says that the AdS3 radius

coincides with the cosmological constant scale. In general, expressions (4.31) and (4.32)
are equations for f∞. If the series form (4.7) is assumed, eq. (4.31) takes the form

1− f∞ +
∑
n

anf
n
∞ = 0 , where an ≡ (−1)n6n−1(3− 2n)

∑
j,k

αn−2j−3k,j,k
3j+2k . (4.33)

Similarly, eq. (4.32) takes the form

1− f∞ +
∑
n

bnf
n
∞ = 0 , where bn ≡ (−1)n6n−1(3− 2n)βn00 , (4.34)
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where observe that terms involving S2 and S3 make no contribution to the equation.
On general grounds, the above polynomial equations will possibly have several positive

solutions for χ0, so the corresponding theories will possess several AdS3 vacua. Finding
higher-curvature theories with a single vacuum in three and higher dimensions has been
subject of study of numerous papers —see e.g., [118, 379, 380] and references therein. In
the present case, a complete analysis of the conditions which lead to a single vacuum can be
easily performed in a case-by-case basis, but not so much for a completely general theory,
so we will not pursue it here. Let us nonetheless make a couple of comments. First, observe
that all extensions of Einstein gravity with terms involving either S2 and/or S3 will have a
single vacuum, since for those the Einstein gravity solution f∞ = 1 will be the only one. A
different possibility for single-vacuum theories would correspond to an order-n degeneration
of the solutions of the above polynomial equations, i.e., to the cases in which these become(

1− f∞
n

)n
= 0 . (4.35)

Observe that this involves n− 1 conditions for a theory containing densities of order n
and lower and these will necessarily mix couplings of different orders. In particular, for a
theory written in the {R,S2,S3} basis involving densities of order up to n, these read

βi00 =
(
n

i

)
1

ni6i−1(3− 2i) , i = 2, . . . , n . (4.36)

Hence, a Lagrangian of the form

Ls.v.
(n) = 2

L2 +R+
n∑
i=2

(
n

i

)
L2(i−1)

ni6i−1(3− 2i)R
i + S2h2(R,S2,S3) + S3h3(R,S2,S3) , (4.37)

where h2,3 are any analytic functions of their arguments will have a single AdS3 vacuum.

4.3 Linearized equations

The linearized equations of motion around maximally symmetric backgrounds of higher-
curvature gravities involving general contractions of the Riemann tensor and the metric
were obtained in refs. [90, 115] —see also refs. [116, 117]. The resulting expression was
expressed in terms of four parameters, a, b, c and e, and a simple method for computing
such coefficients for a given theory was also provided, along with the connection between
them and the relevant physical parameters —namely, the effective Newton constant
and the masses of the additional modes. In this section we apply this method to a
general higher-curvature theory in three dimensions and classify theories according to
the content of their linearized spectrum.

Let gab = ḡab + hab where the background metric is an Einstein spacetime satisfying
eq. (4.29) and hab � 1, ∀a, b = 0, 1, 2. Then, restricted to a general three-dimensional
higher-curvature gravity of the form (4.6), the equations of motion of the theory read,
at leading order in the perturbation [115]

1
32πGN

EL
ab ≡

[
e+ c

(
¯ + 2

L2
?

)]
GL
ab + (2b+ c)

(
ḡab ¯ − ∇̄a∇̄b

)
RL
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− 1
L2
?

(4b+ c) ḡabRL = 1
4T

L
ab , (4.38)

where we included a putative matter stress-tensor for clarity purposes and where the
linearized Einstein and Ricci tensors, and Ricci scalar read

GL
ab= RL

ab −
1
2 ḡabR

L + 2
L2
?

hab , (4.39)

RL
ab= ∇̄(a|∇̄chc|b) −

1
2

¯hab −
1
2∇̄a∇̄bh−

3
L2
?

hab + 1
L2
?

hḡab , (4.40)

RL = ∇̄a∇̄bhab − ¯h+ 2
L2
?

h . (4.41)

In higher dimensions there is an additional parameter —denoted “a” in ref. [115]—
appearing in the linearized equations. However, this turns out to be nonzero only for
densities which involve Riemann curvatures, and so we have a = 0 for all three-dimensional
theories. For a generic higher-curvature theory in that case, eq. (4.38) describes three
propagating degrees of freedom corresponding to a massive ghost-like spin-2 mode plus a
spin-0 mode. The parameters e, c and b above can be related to the effective Newton
constant Geff

N and the masses (squared) of such modes, which we denote m2
g and m2

s, as

Geff
N = 1

32πe , m2
g = −e

c
, m2

s =
e+ 8

L2
?
(3b+ c)

3c+ 8b . (4.42)

In subsection 4.3.3 we explain how to compute these parameters for a general higher-
curvature theory and do this explicitly in our three-dimensional context.

In terms of the physical quantities, the linearized equations read

Geff
N
GN

m2
g · EL

ab ≡+
(
m2
g −

2
L2
?

− ¯
)
GL
ab −

1
L2
?

m2
g +m2

s − 2
L2
?

2(m2
s − 3

L2
?
)

 ḡabRL

+

m2
g −m2

s + 4
L2
?

4(m2
s − 3

L2
?
)

 (ḡab ¯ − ∇̄a∇̄b)RL = `eff
P m2

g · TL
ab .

(4.43)

4.3.1 Physical modes

From what we have said so far, it is not obvious that eq. (4.43) describes the aforementioned
modes of masses ms, mg. In order to see this, it is convenient to decompose the
metric perturbation as

hab = ĥab +
∇̄〈a∇̄b〉h(
m2
s − 3

L2
?

) + 1
3 ḡabh , (4.44)

where 〈ab〉 denotes the traceless part, and ĥab satisfies

ḡabĥab = 0 , ∇̄aĥab = 0 , (4.45)

where the second condition is imposed using gauge freedom. Let us note that this
decomposition fails in the special case m2

s = 3
L2
?
. In that situation, it is not possible

to decouple the trace and traceless parts of hab. However, from eq. (4.42), it follows
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that in this case m2
g = −1/L2

?, so the spin-2 mode is a tachyon. Hence, we will assume
that m2

s 6= 3
L2
?
to avoid this problematic situation.

Then, the trace and the traceless part of the linearized equations become, respectively,
[115]

1
L2
?

(
1 + 1

m2
gL

2
?

)
(
m2
s − 3

L2
?

) ( ¯ −m2
s)h = 4πGeff

N T
L , (4.46)

1
2m2

g

(
¯ + 2

L2
?

)(
¯ + 2

L2
?

−m2
g

)
ĥab = 8πGeff

N T
L,eff
〈ab〉 , (4.47)

where TL ≡ ḡabTLab and

TL,eff
〈ab〉 ≡ T

L
〈ab〉 −

L2
?

2

(
¯ + 1

L2
?
−m2

g

)
(
m2
g + 1

L2
?

) ∇̄〈a∇̄b〉TL . (4.48)

Eq. (4.46) describes a spin-0 mode corresponding to the trace of the perturbation. On
the other hand, eq. (4.47) can be further rewritten by defining ĥab ≡ ĥ(m)

ab + ĥ
(M)
ab , where

ĥ
(m)
ab ≡ −

1
m2
g

[
¯ + 2

L2
?

−m2
g

]
ĥab , ĥ

(M)
ab ≡

1
m2
g

[
¯ + 2

L2
?

]
ĥab , (4.49)

as

−
(

¯ + 2
L2
?

)
ĥ

(m)
ab = 8πGeff

N T
L,eff
〈ab〉 , (4.50)(

¯ + 2
L2
?

−m2
g

)
ĥ

(M)
ab = 8πGeff

N T
L,eff
〈ab〉 . (4.51)

These describe two traceless spin-2 modes which couple to matter with opposite signs.
However, as opposed to higher dimensions, only the massive one is propagating in D = 3.
The would-be massless spin-2 mode is pure gauge (whenever TLab = 0) in this number of
dimensions —see e.g., [381–384].2 Hence, the relevant equations are (4.46) and (4.51)
which describe a maximum of three degrees of freedom —one from the scalar mode and
two from the spin-2 one— propagated around Einstein solutions by higher-curvature
gravities in the most general case.

When Geff
N > 0, the massive graviton is a ghost and the scalar mode has positive

energy, but since there is no massless graviton, one could also consider Geff
N < 0, so

that the massive graviton has positive energy and the scalar is a ghost. As we will see
below, there are theories that only propagate either the scalar mode or the massive spin-2
mode, and these can be made unitary by taking Geff

N > 0 or Geff
N < 0, respectively. An

example of the latter is NMG as introduced in [358], in which the Ricci scalar appears
with the “wrong” sign, hence implying Geff

N < 0.

2Massless and massive gravitons in D dimensions propagate D(D−3)
2 and (D+1)(D−2)

2 degrees of freedom,
respectively, which means 0 and 2 degrees of freedom respectively for D = 3.
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4.3.2 Identification of physical parameters

Given a higher-curvature theory, one can linearize its equations and deduce the values
of the parameters b, c, e (and consequently Geff

N ,m
2
g,m

2
s) by comparing them with the

above general expressions. A much faster way of performing this identification was
proposed in ref. [115], which we adapt here to our three-dimensional setup. One starts
by replacing all Ricci tensors in the Lagrangian by

Raux
ab = − 2

L2
?

gab + α(x− 1)kab , (4.52)

where x is an arbitrary integer constant and the symmetric tensor kab is defined such
that kaa ≡ x and kbak

c
b = kca. Then, the parameters can be unambiguously extracted

from the general formulas [115]

∂L(Raux
ab )

∂α

∣∣∣∣
α=0

= 2e x(x− 1) , ∂2L(Raux
ab )

∂α2

∣∣∣∣∣
α=0

= 4x(x− 1)2(c+ bx) . (4.53)

It is straightforward to do this for our general three-dimensional actions. When the
theory is expressed in terms of the traceless Ricci tensor as in eq. (4.10), the resulting
parameters take a particularly simple form

e = 1
32πGN

(1 + ḠR) , b = 1
32πGN

(1
2 ḠR,R −

1
3 ḠS2

)
, c = 1

32πGN
ḠS2 , (4.54)

where GX ≡ ∂G/∂X, GX,X ≡ ∂2G/∂X2 and the bar means that we are evaluating
the resulting expressions on the background geometry, which is implemented through
expression (4.30). If we assume that the Lagrangian allows for a polynomial expansion,
it is useful to decompose G in the following way,

G(R,S2,S3) = f(R) + S2g(R) + Gtriv , (4.55)

where Gtriv ≡ S 2
2 h(R,S2) + S3l(R,S2,S3) includes all terms which do not contribute

to the linearized equations around any constant curvature solution. That is the case
of any density involving any power of S2 greater or equal than two and any power of
S3 (different from zero). With the Lagrangian expressed in this way, the background
equation (4.32), reduces to

6
L2 −

6
L2
?

(1− 2f̄R) + 3f̄ = 0 , (4.56)

and using eq. (4.42) we find the physical quantities of the linearized spectrum,

Geff
N = GN

1 + f̄R
, m2

g = −1 + f̄R
ḡ

, m2
s =

1 + f̄R + 12
L2
?
f̄R,R

4f̄R,R + 1
3 ḡ

. (4.57)

When expressed explicitly in terms of the gravitational couplings in an expansion of
the form (4.11) these read

Geff
N = GN

1 +∑
i βi00i(−6χ0)i−1 , m2

g = −1 +∑
i βi00i(−6χ0)i−1

L2
?

∑
i βi10(−6)i

m2
s = 1−∑i βi00i(2i− 3)(−6χ0)n−1

4L2
?

∑
i(−6χ0)i−2[(i− 1)iβi00 + 3βi10] .

(4.58)
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Using expressions above, it is easy to classify the different theories according to
the presence or absence of the massive graviton and scalar modes in their spectrum.
Before doing so, let us present in passing the expressions analogous to eq. (4.57) when
the analysis is performed for a theory expressed in the {R,R2,R3} basis instead. In
that case, the equations become more involved and a decomposition of the form (4.55)
is not available. We have

Geff
N = GNL

4
?

L4
?(1 + F̄R)− 4L2

?F̄R2 + 12F̄R3

, m2
g = L4

?(1 + F̄R)− 4L2
?F̄R2 + 12F̄R3

6L2
?F̄R3 − L4

?F̄R2

, (4.59)

m2
s = 3

L2
?

+
[
L8
?

(
1 + F̄R

)
− 5L6

?F̄R2 − 18L4
?F̄R3

]
/
(
3L8

?F̄R2 − 18L6
?F̄R3 + 4L8

?F̄R,R

−32L6
?F̄R,R2 + 96L4

?F̄R,R3 − 384L2
?F̄R2,R3 + 4L8

?F̄R,R + 64L4
?F̄R2,R2 + 576F̄R3,R3

)
.

The polynomial form is straightforward to obtain from these expressions (and as ugly
as one may anticipate).

4.3.3 Classification of theories

Expressions (4.55) and (4.57) allow for a simple classification of all theories depending on
the mode content of their linearized spectrum. The three sets of theories we consider here
are: theories which are equivalent to Einstein gravity at the linearized level, theories which
do not propagate the massive graviton, and theories which do propagate the scalar mode.

Einstein-like theories

A first group of densities are those for which m2
g,m

2
s → ∞, namely, densities in whose

spectrum both the massive graviton and the scalar mode are absent. These are theories
which, at the level of the linearized equations, are identical to Einstein gravity —up to,
at most, a change in the effective Newton constant. As we mentioned earlier, a large set
of densities do not contribute whatsoever to the linearized equations. These are given by

G|trivial linearized equations = S 2
2 h(R,S2) + S3l(R,S2,S3) . (4.60)

It is not difficult to see that there are #(n)− 2 densities of this kind at order n. Namely,
all order-n densities but those of the forms Rn and S2R

n−2 contribute trivially to the
linearized equations. While there are no “trivial” densities for n = 1, 2, they start to
proliferate for n ≥ 3, becoming the vast majority for higher orders. As it turns out, these
“trivial densities” are the only Einstein-like theories which exist beyond Einstein gravity
itself. The reason is that removing both the massive graviton and the scalar from the
spectrum amounts at imposing c = b = 0, which implies ḡ = f̄R,R = 0. These are on-shell
conditions, but if we want to avoid relations between densities of different orders, we must
force them to hold for any value of R̄. Hence, the conditions become g(R) = fR,R(R) ≡ 0,
whose only non-trivial solution besides (4.60) is Einstein gravity plus a cosmological
constant. Hence, most higher-curvature densities have in fact trivial linearized equations.

It is a remarkable —and exclusively three-dimensional— fact that Einstein gravity
is unique in this sense. Observe that starting in four dimensions and for higher D
there are generally several Einstein-like densities with non-trivial linearized equations
at each curvature order. Examples are Lovelock [82, 83] and some f(Lovelock) densities
[119], Einsteinian cubic gravity [84], QT [58, 126–128] and GQT gravities [87, 88, 90,
135], among others [118, 121, 122].
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Theories without massive graviton

Theories for which m2
g → ∞ do not propagate the massive graviton. In terms of our

parameters e, b and c, this condition is given by c = 0.
From eq. (4.57) it is clear that this set of theories are those with ḡ ≡ g(R̄) = 0.

Again, in order to impose this condition at each curvature order we must demand
g(R) ≡ 0. Hence, the most general (polynomial) density which makes a non-trivial
contribution to the linearized equations and which does not propagate the massive
graviton in three-dimensions is f(R) gravity

G|no massive graviton = f(R) , (4.61)

Obviously, at order n there is 1 such density, corresponding to Rn. Of course, one can
obtain more complicated densities satisfying the m2

g →∞ condition by combining some of
the trivial Einstein-like densities with the f(R) ones. Hence, there are actually #(n)− 1
independent densities which do not propagate the massive graviton at order n.

For comparison, observe that in D ≥ 4 there is a large set of higher-curvature theories
which do not have the massive graviton in their spectrum. This is the case, in particular,
of all f(Lovelock) theories [119] —the set also includes all the Einstein-like theories
mentioned in the last paragraph of the previous subsubsection.

Theories without scalar mode

The condition for the scalar mode to be absent from the spectrum, m2
s → ∞, reads

instead 3c+ 8b = 0, which is satisfied by theories for which 12f̄R,R + ḡ = 0. From this
we learn that the most general class theories of this kind contributing non-trivially
to the linearized equations reads

G|no scalar mode = f(R)− 12fR,R(R)S2 , (fR,R(R) 6= 0) (4.62)

Again, there is a single order-n density of this kind, corresponding to

G(n)|no scalar mode = Rn − 12n(n− 1)Rn−2S2 , (4.63)
= [1 + 4n(n− 1)]Rn − 12n(n− 1)Rn−2R2 . (4.64)

For n = 2, the above density is nothing but the New Massive Gravity one [358]. Once
again, we can combine the above order-n densities with the #(n)− 2 “trivial” densities
to obtain additional densities which do not propagate the scalar mode. There are then
#(n) − 1 densities which do not propagate the scalar mode at each order.

In higher dimensions, a prototypical example of a theory which satisfies this condition is
conformal gravity [115, 385], which can be thought of as a natural D-dimensional extension
of NMG.

In sum, in D = 3, at any order n ≥ 2 we can always decompose the most general
linear combination of higher-curvature densities as a sum of a term which by itself would
not propagate the massive graviton, plus a term which by itself would not propagate the
scalar mode, plus #(n)− 2 densities which do not contribute to the masses of any of them.
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4.4 Theories satisfying an holographic c-theorem

Interesting extensions of Einstein and NMG to higher orders can be obtained by demanding
that the corresponding densities satisfy a simple holographic c-theorem [360, 364]. This
set of theories is defined by the property that they yield second-order equations when
evaluated on the ansatz (1.149), together with the considerations described in sec. 1.4.5.

For theories of the type considered above, it is straightforward to construct an
appropriate c-function such that [65, 66, 297]

c′(r) = − A2

8GNA′2
(T tt − T rr ), (4.65)

where A′ = dA
dr . This can be obtained from the Wald-like [182] formula [65, 360]

c(r) ≡ πA

2A′
∂L

∂Rtr tr
, (4.66)

where the Lagrangian derivative components are evaluated on (1.149). By construction,
c(r) coincides with the Virasoro central charges of the fixed-point theories.

As argued in ref. [364], demanding second-order equations for the ansatz (1.149) for a
set of order-n densities amounts at imposing n− 1 conditions. The idea is to consider the
on-shell evaluation of the corresponding Lagrangian densities and impose that neither
terms involving derivatives of a(ρ) higher than two, nor powers of a′′(ρ) higher than one
appear in the resulting expression. This enforces the corresponding equations of motion
to be second-order and that a simple c-function can be defined from the above formulas.

As we have shown, there are #(n) independent densities at order n, which means that
there are #(n)− (n− 1) independent order-n densities which satisfy a simple holographic
c-theorem. Hence, for n = 1, . . . , 5, there is a single such density at each order, but
degeneracies start to appear at order six. As observed in ref. [364], it is always possible
to write the corresponding linear combination of order-n densities satisfying a simple
holographic c-theorem as a single density which has a non-trivial on-shell action when
evaluated on metric (1.149), plus densities which simply vanish when evaluated on such
ansatz. Hence, we learn that there are #(n) − n independent order-n densities which
are trivial on the ansatz (1.149). Remarkably, as we show below, all such densities of
arbitrary orders turn out to be proportional to a single sextic density which identically
vanishes on the metric (1.149). As for the densities which contribute non-trivially to the
holographic c-function we find a new recursive formula which allows for the construction
of the corresponding order-n density from the order-(n−1), the order-(n−2), the Einstein
gravity and the NMG densities. The recurrence can be solved explicitly, and so we are
able to provide an explicit formula for a general order density which non-trivially satisfies
the holographic c-theorem. Finally, we explore the relation between such general order
density and the one resulting from the expansion of previously proposed Born-Infeld
gravities which also satisfy the holographic c-theorem. Naturally, the relation always
involves densities trivially satisfying the holographic c-theorem.
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4.4.1 Recursive formula

As we have mentioned, at each order there is a single possible functional dependence on
a(ρ) of the on-shell action of theories satisfying the holographic c-theorem. Then, up to
terms which do not contribute when evaluated on ansatz (1.149), there is a unique such
density at each curvature order. The on-shell expressions for R,S2,S3 read

R|a = −2(a′2 + 2aa′′)
a2 , S2|a = 2(a′2 − aa′′)2

3a4 , S3|a = 2(a′2 − aa′′)3

9a6 . (4.67)

As observed in ref. [364], the on-shell Lagrangian of densities satisfying the holographic
c-theorem in a non-trivial fashion follows the simple pattern

C(n)

∣∣∣
a

=
(
a′

a

)2(n−1) [a′′
a

+ 3− 2n
2n

(
a′

a

)2]
. (4.68)

With this choice of normalization, the first three densities read

C(1) = −1
4R , (4.69)

C(2) = +3R2

16 −
R2
2 (4.70)

= +R2

48 −
S2
2 , (4.71)

C(3) = −17R3

48 + 3RR2
2 − 4R3

3 (4.72)

= − R
3

432 + RS2
6 − 4S3

3 . (4.73)

Now, an easy way to prove that instances of non-trivial densities actually exist at arbitrarily
high orders is by finding a recursive relation. Since, essentially, these densities are defined
by the form of their on-shell Lagrangian on the RG-flow metric (1.149), we can try to derive
such recursive relations by using eq. (4.68). We find the particularly simple relation,

C(n) = 4(n− 1)(n− 2)
3n(n− 3)

(
C(n−1)C(1) − C(n−2)C(2)

)
. (4.74)

This expression allows us to generate holographic c-theorem satisfying densities of
arbitrary orders once we know C(1), C(2) and C(3), which are given above. Since C(4)
and C(5) are unique, this formula should give precisely those densities. This is indeed
the case, and one finds

C(4) = +41R4

384 −
3R2R2

8 + 2RR3
3 − R2

2
2 (4.75)

= + R4

3456 −
R2S2

24 + 2RS3
3 − S 2

2
2 , (4.76)

and

C(5) = +61R5

960 −
7R3R2

12 + 2R2R3
15 + 7RR2

2
5 − 16R2R3

15 (4.77)

= − R5

25920 + R3S2
108 − 2R2S3

9 + RS 2
2

3 − 16S2S3
15 , (4.78)
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which agree with the results previously reported in refs. [360, 364]. On the other hand, for
n ≥ 6 the recursion produces a single representative non-trivial density. For example, for
n = 6 —which is the order at which degeneracies start to appear due to the existence of
densities trivially satisfying the holographic c-theorem— we find from the recursive formula

C(6) = −1103R6

20736 + 115R4R2
288 − 19R3R3

81 − 71R2R2
2

108 + 8RR2R3
9 − 10R3

2
27 (4.79)

= + R6

186624 −
5R4S2
2592 + 5R3S3

81 − 5R2S 2
2

36 + 8RS2S3
9 − 10S 3

2
27 . (4.80)

4.4.2 General formula for order-n densities

Interestingly, it is possible to solve the two-term recurrence relation (4.74) analytically
and obtain an explicit expression for the order-n density non-trivially satisfying the
holographic c-theorem. The result which, once again, takes a simpler form in terms
of the {R,S2,S3} set, reads,

C(n) = 3(−1)n
4 · 6nn

{(
R+

√
24S2

)n−1 (
R− (n− 1)

√
24S2

)(
1−
√

6 S3

S
3/2
2

)

+
(
R−

√
24S2

)n−1 (
R+ (n− 1)

√
24S2

)(
1 +
√

6 S3

S
3/2
2

)}
.

(4.81)

Even though this expression may look odd because it depends in a non-polynomial way
on the densities, it does reduce to a polynomial expression when we evaluate it for any
integer n ≥ 1. One can check this by expanding the

(
R±
√

24S2
)n−1 terms using the

binomial coefficients. In particular, note that this formula is even under the exchange
S

1/2
2 → −S

1/2
2 , and therefore S

1/2
2 always appears with even powers —i.e., , there are

no square roots—. Explicitly, the result of this expansion reads

C(n) = 3(−1)n
2 · 6nn

{ bn2 c∑
k=0

(24S2)kRn−2k
[(
n− 1

2k

)
− (n− 1)

(
n− 1
2k − 1

)]

− 288S3

bn−3
2 c∑

k=0
(24S2)kRn−3−2k

[(
n− 1
2k + 3

)
− (n− 1)

(
n− 1
2k + 2

)]}
,

(4.82)
which is valid whenever n ∈ N.

Interestingly, the density (4.81) can also be applied for non-integer n, since it always
yields the result (4.68) when evaluated on the metric (1.149), and therefore it yields second-
order equations for the RG-flow metric. Hence, these Lagrangians provide a generalization
of the holographic c-theorem-satisfying densities for arbitrary real values of n.

4.4.3 All densities with a trivial c-function emanate from a single sex-
tic density

For the first five curvature orders, there exists a single density which satisfies the
holographic c-theorem condition. Now, for n = 6, there exists an additional density,

Y(6) ≡ 6S 2
3 −S 3

2 (4.83)
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= 1
3
[
R6 − 9R4R2 + 8R3R3 + 21R2R2

2 − 36RR2R3 − 3R3
2 + 18R2

3

]
, (4.84)

with the property of being identically vanishing when evaluated on the c-theorem ansatz
(1.149) and which therefore does not contribute to the equations of motion for that ansatz.

An immediate consequence is that any product of Y(6) with any other density also
satisfies trivially the holographic c-theorem. Therefore, for n ≥ 6 we have, at least, the
following set of densities which satisfy the holographic c-theorem

Lc−theorem
(n) = αnC(n) + Y(6) · Lgeneral

(n−6) , (4.85)

where Lgeneral
(n−6) is the general Lagrangian of order n − 6 in the curvature. Remarkably,

these are all the densities of this type that exist.
This can be proven as follows. First, observe that there exist #(n−6) densities of order

n− 6. Hence, there exists the same number of order-n densities in the set Y(6) · Lgeneral
(n−6) .

Now, as observed earlier, there exist #(n)− (n− 1) independent order-n densities which
satisfy the holographic c-theorem, one of which does so in a non-trivial fashion. The
latter can be chosen to be C(n) and we are left with #(n)−n independent densities which
trivially satisfy the holographic c-theorem. Now, invoking the result in eq. (4.25), we
observe that this number exactly matches the number of densities in the set Y(6) ·Lgeneral

(n−6) .
In sum, Lc−theorem

(n) as defined above is the most general higher-curvature order-n
density satisfying the holographic c-theorem and all densities satisfying it in a trivial
fashion emanate from the sextic density Y(6). This is a rather intriguing result which
suggests that there may be something more fundamentally special about this density. As
a matter of fact, this will not be the last time we encounter it.

4.4.4 Absence of scalar mode in the spectrum

An immediate consequence of decomposition (4.85) is that none of the densities trivially
satisfying the holographic c-theorem contributes to the linearized equations around an
Einstein metric. This is because all densities involved take the form Y(6) · Lgeneral

(n−6) and
therefore belong to the set G|trivial linearized equations as defined in eq. (4.60). On the other
hand, we can use our previous results to prove that densities which satisfy the holographic
c-theorem in a non-trivial fashion do not incorporate the scalar mode in their spectrum.
This latter property seems to have been observed in certain particular cases [365] but
we have found no general proof in the literature.

We saw in section 4.3 that the condition for the absence of the scalar mode in the
linearized spectrum, m2

s → ∞, was satisfied by theories of the form

G(R,S2,S3) = f(R) + S2g(R) + Gtriv (4.86)

for which

12f̄R,R + ḡ = 0. (4.87)

For theories where G(R,S2,S3) is a polynomial, as the ones we are considering, this
cancellation must occur order by order. At any given order n the only possible forms of
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f and g are f(n)(R) = λ(n)R
n and g(n)(R) = µ(n)R

n−2 for some constants λ(n) and µ(n),
and so 12f̄R,R + ḡ =

[
12n(n− 1)λ(n) + µ(n)

]
R̄n−2, and so condition (4.87) becomes

12n(n− 1)λ(n) + µ(n) = 0, (4.88)

where λ(n) = βn00 is the coefficient in front of the Rn term and µ(n) = β(n−2)10 is the
coefficient in front of the S2R

n−2 term.
Now, expanding eq. (4.82) and keeping only the terms with k = 0, 1 in the first sum, we

see
C(n) = 3(−1)n

2 · 6nn
{
Rn − 12n(n− 1)S2R

n−2 + · · ·
}
, (4.89)

and so

λ(n) = 3(−1)n
2 · 6nn , µ(n) = −12n(n− 1)3(−1)n

2 · 6nn , (4.90)

which clearly fulfill condition (4.88). This proves that all theories satisfying the holographic
c-theorem have a linearized spectrum which does not include the scalar mode.

4.4.5 Born-Infeld gravity

It was proposed in [378] that NMG could also be extended through a Born-Infeld gravity
theory with Lagrangian density

LBI-NMG =
√

det
(
δba + σ

m2G
b
a

)
−
(

1− Λ
2m2

)
, (4.91)

where Gab = Rab − 1
2gabR is the Einstein tensor and σ = ±1. This theory reproduces

NMG when expanded to quadratic order in the curvature. Then, after ref. [360] proved
that both NMG and the cubic order term of eq. (4.91) admitted an holographic c-
function, it was soon proven in ref. [386] that the full theory also satisfied a simple
holographic c-theorem of the same kind as the one described in the previous subsections.
The cancellations on the on-shell evaluation of these theories required by the c-theorem
construction occur order by order, and so the theory defined by eq. (4.91) generates an
infinite number of higher derivative densities which non-trivially fulfil an holographic
c-theorem at any truncated order [387].

Now, in view of our results, it would be interesting to know whether the terms
generated by the expansion of Lagrangian (4.91) order by order, which we shall call B(n),
are the same ones as the non-trivial densities C(n) generated by the recursive formula
(4.74). Following what we have just learned in the previous section, that should indeed
be the case for n = 1, . . . , 5. For n ≥ 6 we expect both sets of densities to coincide up
to “trivial” densities, and we find that to be the case.

Let us expand the density (4.91). We set σ = 1 and m2 = 1 for simplicity, as they
can be easily restored by dimensional analysis. In three dimensions the determinant
of any matrix X can be computed as

det(X) = 1
6
[
tr(X)3 − 3 tr(X) tr

(
X2
)

+ 2 tr
(
X3
)]
. (4.92)
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In our case, we have A = 1 + g−1G, which gives

det
(
1 + g−1G

)
= 1 + −1

2 R+ 1
4T2 + 1

24T3 (4.93)

where we have defined

T2 ≡ R2 − 2R2 = 1
3R

2 − 2S2, (4.94)

T3 ≡ R3 − 6RR2 + 8R3 = −1
9 R3 + 2RS2 + 8S3. (4.95)

We can now simply Taylor expand the square root,
√

1 + x = ∑∞
m=0

(1/2
m

)
xm, with

x = det
(
1 + g−1G

)
− 1 and then collect the relevant terms at each order n to build

B(n). The result is the following,

B(n) =
∑

i+2j+3k=n

(
1/2

i+ j + k

)
(i+ j + k)!

i!j!k!

(−1
2 R

)i (1
4T2

)j ( 1
24T3

)k
. (4.96)

The lowest order densities given by the this formula are

B(1) = C(1) , B(2) = 1
2C(2) , B(3) = −1

8C(3) , B(4) = 1
16C(4) , B(5) = − 5

128C(5) , (4.97)

which are indeed proportional to the densities C(n) found previously through the recursion
relation (4.74), as expected. At the next orders, however, eq. (4.96) gives a different non-
trivial density than the one given by the recursion relation (4.74). Following eq. (4.85),
we see that the relationship between the densities B(n) and C(n) at orders n ≥ 6 is given by

B(n) = (−1)n (2n− 5)!!
(2(n− 1))!!C(n) + Y(6) · L(n−6), (4.98)

for some particular densities L(n−6). For example,

B(6) = 7
256C(6) −

1
432Y(6), (4.99)

B(7) = − 21
1024C(7) −

R

576Y(6), (4.100)

B(8) = 33
2048C(8) −

11R2 + 24S2
13824 Y(6). (4.101)

Hence, both C(n) and B(n) provide sets of order-n densities which non-trivially satisfy the
holographic c-theorem. While the C(n) are distinguished by the property of satisfying
the simple recurrence relation (4.74), the B(n) have the property of corresponding to
the general term in the expansion of the Born-Infeld theory (4.91). Both sets are equal
up to terms which identically vanish in the holographic c-theorem ansatz which, as we
have seen, are all proportional to the density Y(6).

Another Born-Infeld theory has been proposed as a non-minimal extension of NMG
(nM-BI) [387], with Lagrangian density

LnM-BI =
√

det
(
δba −

2
m2P

b
a + 1

m4P
c
aP

b
c

)
−
(

1− Λ
2m2

)
, (4.102)
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where P ba = Rba − 1
4δ
b
aR is the Schouten tensor. The full theory also allows for an

holographic c-function. However, when expanded order by order using a similar method
as the one described above, we see that it does not produce an infinite number of higher
derivative densities which non-trivially fulfil an holographic c-theorem. At order n = 2
and n = 3 we obtain terms proportional to C(2) and C(3), as expected, but the terms
with n ≥ 4 all trivialize due to the Schouten identities described in section 2. Therefore,
the density (4.102) is equivalent to the much simpler density

L = R− 2Λ + 2
m2

(
R2 −

3
8R

2
)

+ 1
m4

(17
48R

3 − 3
2RR2 + 4

3R3

)
. (4.103)

4.5 GQT gravities in three dimensions?

Here we are interested in exploring the possible existence of GQT gravities in three
dimensions. In order to do that, we need to determine the set of densities for which
eq. (1.25) holds, if any. As a first step, we need to evaluate our fundamental building-block
densities on the single-function SSS ansatz (1.7) with dΩ2

1 = dθ2. Following the analysis
of section 2.2, we can study the dependence on the radial coordinate of the quantities
defined in our general Lagrangian (4.11) and (4.6), this is

R
∣∣
f

= −2A + 4B , S2
∣∣
f

= 2
3(A + B)2 , S3

∣∣
f

= 2
9(A + B)3 , (4.104)

and

R2
∣∣
f

= 2(A2 − 2AB + 3B2) , R3
∣∣
f

= −2(A3 − 3A2B + 3AB2 + 5B3) . (4.105)

We immediately observe the absence of ψ in these expressions, which means that three-
dimensional on-shell Lagrangians do not depend on the function f explicitly, but only
on its first and second derivatives. Hence, in this case the GQT condition (1.25)
becomes simpler, namely,

∂Lf
∂f ′

= d
dr
∂Lf
∂f ′′

+ c , (4.106)

where c is an integration constant.
Evaluating on-shell a general order-n density in the {R,S2,S3} basis, we find

L(n),f = rL2(n−1)∑
j,k

βn−2j−3k,j,k
(−1)n−2j−3k

6j36k
(
f ′′ + 2f ′

r

)n−2j−3k (
f ′′ − f ′

r

)2j+3k
,

(4.107)

= rL2(n−1) ∑
j,k,l,m

cjklmf
′′(l+m)

(
f ′

r

)n−m−l
(4.108)

where L(n),f ≡
√
gL(n)|f and where we used the binomial expansion twice in the second

line and defined the constants

cjklm ≡
βn−2j−3k,j,k

6j+2k (−1)n−m2n−2j−3k−l
(
n− 2j − 3k

l

)(
2j + 3k
m

)
. (4.109)
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The combination l +m takes integer values from 0 to n, and hence L(n),f can be written
as a linear combination of terms with different powers of f ′′ taking such values. Now,
in order for L(n),f to be a total derivative, we need to impose that all terms involving
powers of f ′′ higher than one vanish. This implies imposing n − 1 conditions on the
coefficients βn−2j−3k,j,k. Once this is done, we are left with

L(n),f = g1(r, f ′) + g2(r, f ′)f ′′ , (4.110)

where

g1 ≡ rL2(n−1)∑
j,k

cjk00

(
f ′

r

)n
, g2 ≡ rL2(n−1)∑

j,k

(cjk10 + cjk01)
(
f ′

r

)n−1
. (4.111)

However, the fact that L(n),f is linear in f ′′ does not guarantee that L(n),f is a total
derivative. In order for this to be the case, we need to impose the additional condition
given by eq. (4.106) which, in terms of g1 and g2 becomes

∂g1
∂f ′

= ∂g2
∂r

. (4.112)

Explicitly, this condition becomes

n
∑
j,k

cjk00 = (n− 2)
∑
j,k

(cjk10 + cjk01) , (4.113)

which in terms of the original βijk coefficients reads,

∑
j,k

βn−2j−3k,j,k
6j+2k 2n−2j−3k−1(2− n+ 6j + 9k) = 0 . (4.114)

Adding this to the n − 1 conditions imposed earlier, we find a total of n conditions to
be imposed to L(n),f in order for it to be a GQT density. Hence, we have #(n) − n =
#(n − 6) GQT densities at order n.

4.5.1 All GQT densities emanate from the same sextic density

Interestingly, the number of order-n GQT densities exactly coincides with the number of
densities trivially satisfying the holographic c-theorem. More remarkably, the two sets of
densities are in fact identical. Indeed, the special sextic density Y(6) defined in eq. (4.83)
as the source of all densities trivially satisfying the holographic c-theorem turns out to be
also the source of all GQT densities. Indeed, it is not difficult to see that

Y(6)

∣∣∣
f

= 0 , (4.115)

which means that all densities involving Y(6) identically vanish and are therefore “trivial”
GQT densities —in the sense that they make no contribution to the equation of f(r).
Since there are #(n − 6) of such densities, we learn that in fact all GQT densities in
three dimensions are “trivial” and proportional to Y(6),

LGQT
(n) = Y(6) · Lgeneral

(n−6) , (4.116)
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where Lgeneral
(n−6) is the most general order-(n − 6) density.

In sum, we learn that in three dimensions there exist no non-trivial GQT densities,
opposed to higher dimensions. As we have seen in chapter 2, in D = 4 there exists one
independent non-trivial GQT density for every n ≥ 3 whereas for D ≥ 5 there actually
exist n − 1 independent inequivalent GQT densities for every n —namely, there exist
n − 1 densities of order n each of which makes a functionally different contribution to
the equation of f [323]. As a matter of fact, the triviality of the three-dimensional case
unveiled here is not so surprising given that all higher-curvature theories admit the BTZ
solution —as opposed to non-trivial GQT gravities in higher dimensions, which admit
modifications of Schwarzschild as solutions, but not Schwarzschild itself.

4.5.2 EMQT gravities in three dimensions

The triviality of GQT in three dimensions can be circumvented by adding matter fields
to our theory. Inspired by their higher-dimensional counterparts [136, 137, 156] presented
in sec. 1.1.4, we can define EMQT gravities in three dimensions by the condition that a
general Lagrangian √−gL(Rab, ∂aφ) becomes a total derivative when evaluated on the
single-function SSS with a magnetic ansatz for the scalar field,

ds2 = −N2fdt2 + dr2

f
+ r2dθ2 , φ = pθ , (4.117)

where p is an arbitrary dimensionless constant and setting N = 1. These theories are
characterized by possessing an integrated equation depending only on f . The following
family of densities belongs to the three-dimensional satisfy this requirement3

IEMQT = 1
16πGN

∫
d3x
√
−g

(
R+ 2

L2 −Q
)
, (4.119)

where

Q ≡
∑
n=1

αnL
2(n−1)(∂φ)2n −

∑
m=0

βmL
2(m+1)(∂φ)2m [(3 + 2m)Rbc∂bφ∂cφ− (∂φ)2R

]
, (4.120)

and where we used the notation (∂φ)2 ≡ (gab∂aφ∂bφ). In this expression, the αn, βm
are arbitrary dimensionless constants. Observe that Q contains terms which are at most
linear in Ricci curvatures. Strictly speaking, a Lagrangian with arbitrary αn and βm is a
higher-derivative theory instead of higher-curvature one. When studying theories including
higher powers in the Ricci tensor, densities that satisfy the EMQT condition are not found.

Let us compute the full equations of motion of this theory and check explicitly the
equivalence between the on-shell approach in which we vary with respect to N , f and φ
in eq. (4.119). For the variation with respect to the inverse metric tensor gab we find

1√
−g

δIEMQT

δgab
= Gab −

1
L2 gab −

∑
n

αn(∂φ)2(n−1)L2(n−1)
[
n∂aφ∂bφ−

1
2gab(∂φ)2

]
(4.121)

3As a matter of fact, we could consider an even more general density of the form

Q̃ = K(X) +XF (X)R− [3F (X) + 2XF ′(X)]Rab∂aφ∂bφ , (4.118)

where X ≡ (∂φ)2 and K and F are two arbitrary differentiable functions.
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+
∑
m

βmL
2(m+1)(∂φ)2(m−1)

[
2(3 + 2m)Rc(a∂b)φ∂cφ(∂φ)2 −Rab(∂φ)4

+m(3 + 2m)∂aφ∂bφRcd∂cφ∂dφ− (m+ 1)∂aφ∂bφ(∂φ)2R
]
− 1

2gabR
cdQcd,

−∇c∇(aQb)c + 1
2∇

2Qab + 1
2gab∇cdQ

cd

where Qab ≡
∑
m βmL

2(m+1)(∂φ)2m
[
(3 + 2m)∂aφ∂bφ − gab(∂φ)2

]
. The variation with

respect to the scalar field φ reads in turn

1√
−g

δIEMQT

δφ
= 2∇a

{∑
n=1

nαnL
2n−1(∂φ)2(n−1)∂aφ−

∑
m=0

βmL
2(m+1)(∂φ)2(m−1)× (4.122)

×
[
m(3 + 2m)∂aφRbc∂bφ∂cφ+ (3 + 2m)(∂φ)2Rab∂bφ− (m+ 1)R(∂φ)2∂aφ

]}
.

An alternative route that yields the same solution to the equations of motion involves
considering the on-shell effective Lagrangian Lf,N,φ =

√
|g|L|(4.117) and taking variations

with respect to the undetermined functions, namely

EN ≡
δLN,f,φ
δN

, Ef ≡
δLN,f,φ

δf
, Eφ ≡

δLN,f,φ
δφ

. (4.123)

For each of them we find

EN = 2r
L2 −

∑
n=1

αn(φ̇)2nL2(n−1)

r2(n−1) − f ′

+
∑
m=0

βm(φ̇)2(m+1)(2m+ 1)L2(m+1)

r2m+3 [2(m+ 1)f − rf ′] = 0, (4.124)

Ef =N ′
[

1 +
∑
m=0

βm(φ̇)2(m+1)(2m+ 1)L2(m+1)

r2(m+1)

]
= 0, (4.125)

Eφ =φ̈
[
N
∑
n=1

2n(2n− 1)(φ̇)2(n−1)αnL
2(n−1)

r2(n−1) +
∑
m=0

2(m+ 1)(2m+ 1)βmL2(m+1)

r2(m+1) (φ̇)2m

(N ′ [−3rf ′ + (2m+ 1)f ] +N [(2m+ 1)f ′ − rf ′′]− 2rfN ′′)
]

= 0, (4.126)

where we used the notation g′ ≡ dg/dr and φ̇ ≡ dφ/dθ. Now, it is evident that a linear
dependence on the angle for φ and a constant one for N automatically solve the last two
equations. On the other hand, the first equation can be integrated once to obtain the
algebraic equation for f —its precise expression is written in next chapter, in eq. (5.50).
Note that there is no dependence at all on N in such equation, which means that the
solutions with N = constant, implied by the equation of f , are the only possible ones.
This is a general property of QT gravities (Electromagnetic or not).

General three-dimensional theories of the form L(Rab, ∂aφ) are dual to theories with
an electromagnetic field, Ldual(Rab, Fab), where Fab ≡ 2∂[aAb]. In particular, the dual
field strength is defined by

Fab = −1
2εabc

∂L
∂ (∂cφ) , (4.127)
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and note that, in this way, the Bianchi identity of F is equivalent to the equation of motion
of φ.

In order to obtain the dual Lagrangian, Ldual ≡ L − Fab∂cφεabc, one needs to invert
the above relation to get ∂φ(F ). Unfortunately, this cannot be done explicitly for the
theories we are considering here. Nevertheless, we can perform a perturbative expansion
in powers of L, in whose case the dual action reads (for α1 6= 0)

Ldual = R+ 2
L2 −

1
2α1

F 2 + L2
[
− α2

4α4
1
(F 2)2 + 3β0

α2
1
F c
a F

abR〈cb〉

]
+ O(L4) , (4.128)

where we denoted F 2 ≡ FabF
ab. We stress that the dual Lagrangian has an infinite

number of terms even when the original action only has a finite number of them (except
when the only non-vanishing coupling is α1).

Observe that the leading term is the usual Maxwell piece, which explains the match
with the charged BTZ metric when only α1 is active. Indeed, solutions of LEMQT are
also solutions of Ldual. In the dual frame, the original “magnetically charged” solutions
become “electrically charged”, with a field strength Ftr = −∂At(r)/∂r, where At(r) is the
electrostatic potential. Remarkably, this quantity can be obtained exactly and it reads

At(r) = −α1p log r

L
+
∑
i=2

iαip

2(i− 1)

(
Lp

r

)2(i−1)
+ f ′L

∑
j=0

βj(j + 1)
(
Lp

r

)2j+1
. (4.129)

Hence, we can think of our new solutions as “magnetic” or “electric” depending on
which frame we consider. For the former, the action is simple, taking the form and the
extra field is a scalar whose equation is solved by φ = pθ. For the latter, the action
can only be accessed perturbatively and the auxiliary field is a standard 1-form whose
equation is solved by At(r) as given in eq. (4.129). Given the trivial behavior of φ
in the magnetic frame, from now on we will exclusively analyze the metric behavior
—which is the same in both frames— leaving a more exhaustive analysis of the behavior
of At(r) and the electric frame for future work.

In next chapter we will study the solutions to the equations of motion and present a
plethora of black holes and regular spacetimes depending on the choice of the coupling
constants αi and βj .

4.6 Segre classification of three-dimensional spacetimes
We have seen that all GQT densities as well as all densities trivially satisfying the
holographic c-theorem emanate from a single sextic density, Y(6), defined in eq. (4.83).
The reason for such occurrence can be understood as follows. As we saw earlier,
when evaluated on-shell on metrics (1.149) and single-function (1.7) respectively, the
densities R,S2,S3 read4

R|a = −2(a′2 + 2aa′′)
a2 , S2|a = 2(a′2 − aa′′)2

3a4 , S3|a = 2(a′2 − aa′′)3

9a6 . (4.130)

4As a matter of fact, these two ansätze have been previously considered simultaneously before in the
four-dimensional case [129–131] in a cosmological context. The reason is that the condition for demanding
a simple holographic c-theorem can be alternatively understood as the condition that the equations of
motion for the scale factor in a standard Friedmann-Lemaître-Robertson-Walker ansatz are second order
[388].
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R|f = −1
r

(rf ′′ + 2f ′) , S2|f = 1
6r2 (rf ′′ − f ′)2

, S3|f = 1
36r3 (rf ′′ − f ′)3

. (4.131)

Observe that S2 and S3 have in both cases the same functional dependence on f(r) and
a(ρ), respectively, up to a power, whereas R has a different dependence from the other two
densities in both cases. Now, for n ≤ 5, there is no way to construct linear combinations
of the various order-n densities such that the resulting expression identically vanishes.
This is not the case for n = 6. In that case, S 3

2 and S 2
3 have exactly the same functional

dependence on f(r) and a(ρ) respectively, and a particular linear combination of them can
be found such that it identically vanishes. This combination is precisely Y(6) in both cases,

Y(6) = 6S 2
3 −S 3

2 , Y(6)

∣∣∣
a

= Y(6)

∣∣∣
f

= 0 . (4.132)

It is obvious that any density multiplied by Y(6) will similarly vanish for these two
ansätze. One could wonder what happens for other values of n such as n = 12, 18, . . . ,
for which there is again a match in the functional dependence of the seed densities to
the corresponding powers. It is however easy to see that in those cases the combinations
which vanish are precisely the ones given by powers of Y(6).

It is natural to wonder whether Y(6) may actually vanish identically for general
metrics. This is however not the case. For instance, for a general SSS ansatz (1.7) in
three dimensions, Y(6) yields a complicated function of f and N .

As it turns out, the particular linear combination 6S 2
3 −S 3

2 appearing in Y(6) is in
fact connected to the Segre classification of three-dimensional spacetimes [389, 390]. This
consist in characterizing the different types of metrics according to the eigenvalues of the
traceless Ricci tensor R〈ab〉. There exist three large sets of metrics which are precisely
characterized by the relative values of 6S 2

3 and S 3
2 , namely [376, 391, 392]:

Group 1 : 6S 2
3 = S 3

2 = 0 , [Type-O, Type-N, Type-III] (4.133)
Group 2 : 6S 2

3 = S 3
2 6= 0 , [Type-Ds, Type-Dt, Type-II] (4.134)

Group 3 : 6S 2
3 6= S 3

2 , [Type-IR,Type-IC] (4.135)

The first group, which in the —perhaps more familiar— Petrov notation includes Type-
O, Type-N and Type-III spacetimes corresponds to spacetimes such that both S3 and
S2 vanish. The second group, which includes Type-D and Type-II spacetimes is the
one corresponding to metrics which have non-vanishing 6S 2

3 and S 3
2 but such that

they are equal to each other, i.e., such that Y(6) = 0. Finally, spacetimes of Type-I
have a non-vanishing Y(6).

Metrics of the Group 1 have traceless Ricci tensors which can be written as

R〈ab〉 = 0 [Type-O] , (4.136)
R〈ab〉 = sλaλb , [Type-N] , (4.137)
R〈ab〉 = 2sξ(aλb) , [Type-III] , (4.138)

where λaλa = 0, ξaξa = 1, λaξa = 0, and s = ±1. On the other hand, for metrics
of the Group 2 we have

R〈ab〉 = p(xa)
(
gab −

3
σ
ξaξb

)
[Type-Ds,t] , (4.139)
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R〈ab〉 = p(xa)
(
gab −

3
σ
ξaξb

)
+ sλaλb [Type-II] , (4.140)

where p(xa) are scalar functions and λaλa = 0, ξaξa = σ = ±1, λaξa = 0, and s = ±1.
Finally, metrics of the Group 3 satisfy

R〈ab〉 = p(xa) (gab − 3ξaξb)− q(xa)(λaλb + νaνb) [Type-IR] , (4.141)
R〈ab〉 = p(xa) (gab − 3ξaξb)− q(xa)(λaλb − νaνb) [Type-IC] , (4.142)

where p(xa) and q(xa) are scalar functions (such that q 6= ±3p for Type-IR) and where
λaλ

a = 0, ξaξa = 1, νaνa = 0, λaξa = λaν
a = 0, and λaν

a = −1.
For the single-function SSS metric and the holographic c-theorem metric, one finds

that the traceless Ricci tensor satisfies eq. (4.139) with

p(r) = f ′ − rf ′′

6r , ξa = rδaθ , and p(ρ) = a′′a− a′2

3a2 , ξa = δar , (4.143)

respectively. Hence, both spacetimes are of Type-Ds and from eq. (4.134) it follows
that Y(6) = 0 in both cases.

From this we learn that the appearance of Y(6) as a distinguished density was to be
expected for the classes of metrics considered here, and that a similar phenomenon is
likely to occur for all metrics of the Types D and II.5 Still, the fact that all densities
satisfying the holographic c-theorem in a trivial fashion and that all GQT densities are
proportional to this density was far from obvious in advance.

We believe it would be interesting to further study the properties of Y(6), understood
as a higher-curvature density. Its equations of motion can be easily computed using
expression (4.28), and read

EY(6)
ab

3 =− 1
6gab

(
6S 2

3 −S 3
2

)
− 2S 2

2 R̃
c
aR̃bc + 12S3R̃

c
aR̃cdS

d
b (4.144)

− 4
(
gab −∇a∇b + R̃ab + 1

3gabR
)

S2S3 − gab∇c∇d
(
S 2

2 R̃
cd − 6S3R̃

cf R̃df

)
−
(

+2
3R
)(

S 2
2 R̃ab − 6S3R̃

c
aR̃bc

)
+ 2∇c∇(a

(
R̃cb)S

2
2 − 6R̃db)R̃cdS3

)
.

These are identically satisfied by all metrics belonging to the Groups 1 and 2, but not for
Type-I metrics. It would be then within such set that non-trivial solutions would arise.

4.7 Discussion

In this chapter we have presented several new results involving general higher-curvature
gravities in three dimensions. First, we provide a general formula for the exact number of
possible independent order-n densities #(n). Interestingly, this number satisfies the recur-
sive relation #(n−6) = #(n)−n. In addition, we presented their corresponding equations
of motion and the algebraic equations these reduce to when evaluated for Einstein metrics.

5For various papers classifying and obtaining explicit solutions of the Groups 1 and 2 for three-
dimensional higher-curvature gravities, see [376, 391–397].

101



4. Higher-curvature gravity in three dimensions

We also provided the linearized equations of a general higher-curvature gravity around
an Einstein spacetime as a function of the effective Newton’s constant and the masses of
the new spin-2 and spin-0 modes generically propagated. Using these results, we showed
that the most general order-n density can be written as the sum of three densities. A
first one that does not propagate the massive spin-2 mode but which does propagate
the scalar one (for n ≥ 2). A second one that by itself does not propagate the scalar
mode but which does propagate the spin-2 mode. On the other hand the last one does
not contribute at all to the linearized equations.

Afterwards, we turn our attention to higher-curvature theories which satisfy an
holographic c-theorem C(n). First, we provide a recursive formula for densities which
satisfy it in a non-trivial fashion —i.e., they contribute non-trivially to the c-function.
The recurrence can be explicitly solved, providing a general explicit formula. We argue
that there are #(n)− (n− 1) densities of order n which satisfy the holographic c-theorem.
Of those, #(n)−n are trivial in the sense of making no contribution to the c-function. We
show that all such trivial densities are proportional to a trivial density Y(6). In addition,
we show that if a theory satisfies the holographic c-theorem, then it does not include
the scalar mode in its spectrum. Finally, we study the relation of between C(n) with the
general term obtained from expanding the Born-Infeld gravity Lagrangian.

Then, we showed that there exist #(n) − n theories of the type GQT gravity, and
that all of them are trivial —in the sense of making no contribution to the equation of
the black hole metric function— and again proportional to the same sextic density Y(6).
This situation changes when matter fields are included in the game, giving rise to EMQT
gravities. These theories are constructed from positive powers (∂φ)2 and certain linear
combinations of Rab∂aφ∂bφ and (∂φ)2R. In next chapter we will discuss the solutions
appearing in these new theories and its properties.

To conclude, we made some comments on the relation between Y(6) and the Segre
classification of three-dimensional spacetimes. We explain why the prominent role played
by this density in the identification of trivial densities of the types studied in the previous
two sections could have been expected —at least to some extent.
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Since the seminal discovery of the BTZ solution [342, 343, 345], the catalog of three-
dimensional black holes has grown in different directions. On the one hand, higher-
curvature modifications such as NMG [358] and its extensions [360, 364, 378] allow for
new solutions which differ from the BTZ one e.g., in being locally inequivalent from AdS3,
in possessing asymptotically flat, dS3 or Lifshitz asymptotes, or in including curvature
(rather than conical or BTZ-like) singularities [362, 396, 398–402, 402–408]. Including extra
fields also allows for progress, and additional solutions are known for Einstein-Maxwell
[409–418] as well as for Einstein-Maxwell-dilaton [419–422] and Maxwell-Brans-Dicke type
[423–425] theories. These typically include logarithmic profiles for some of the fields and
curvature singularities. Black hole solutions for minimally and non-minimally coupled
scalars have also been constructed [426–433], including some which exploit well-defined
limits of Lovelock theories to three dimensions [434–437]. These typically contain curvature
singularities and sometimes globally regular scalars. A final class involves coupling Einstein
gravity to non-linear electrodynamics [438–444]. For these, examples of regular black holes
have been presented for special choices of the modified Maxwell Lagrangian [445–447].
See ref. [448] for a comprehensive study of different solutions in three-dimensions.

In this section we employ the results of sec. 4.3 to study the quasinormal modes
and frequencies of the BTZ hole in a general higher curvature gravity. Moreover, we
extend the above catalog with a new family of three-dimensional modifications of Einstein
gravity involving a non-minimally coupled scalar which admit a large family of analytic
generalizations of the BTZ metric describing black holes and globally regular horizonless
spacetimes. The new black holes display one or several horizons and include curvature,
conical, BTZ-like or no singularity at all depending on the case.
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5.1 The BTZ black hole in higher-order gravity

Since the BTZ black hole [342, 343] is an Einstein spacetime —and hence it is locally
AdS3— it is an exact solution of all higher-derivative theories of gravity. The parameters
of the solution have different values, though. To begin with, the AdS scale is not given by
the cosmological constant scale L, but by L? = L/

√
χ0, as we discussed earlier. Thus,

the general, rotating BTZ metric can be written as

ds2 = −fdt2 + dr2

f
+ r2

(
dθ − r+r−

L?r2 dt
)2
, (5.1)

where f ≡ (r2−r2
+)(r2−r2

−)
L2
?r2 and we assume that r2

+ > r2
−, without loss of general. In

addition, the coordinate θ has periodicity 2π.
In order to study the quasinormal modes of the BTZ solutions for general higher-

curvature theories, we first need to identify the mass and angular momentum of the
solution in this general context, and for that we can resort to thermodynamics.

5.1.1 Thermodynamics

The horizon of the BTZ black hole is located at r = r+, and this leads to a Hawking temper-
ature

T = f ′(r+)
4π = r2

+ − r2
−

2πL2
?r+

. (5.2)

On the other hand, it will also be important to take note of the angular velocity of the hori-
zon,

Ω = r−
L?r+

. (5.3)

We can find the free energy by evaluating the Euclidean on-shell action, whose bulk part is

Ibulk
E = − 1

16πGN

∫
M

d3x
√
gL . (5.4)

On the other hand, for asymptotically AdS solutions (as in this case), one can use the
prescription given in [64] —see also [449]— for the boundary terms and counterterms,

Ibdry
E = − a∗

πL?

∫
∂M

d2x
√
h

(
K − 1

L?

)
, where a∗ = − L3

?

32GN
L̄ , (5.5)

and K is the usual Gibbons-Hawking-York term [171, 450] corresponding to the trace of
the extrinsic curvature of ∂M. In the holographic context, the constant a∗ represents
the universal contribution to the entanglement entropy across a spherical entangling
region [65, 66, 284] in general dimensions which, for general higher-curvature gravities,
is proportional to the on-shell Lagrangian [64–66, 201, 451]. In the present case, a∗
is proportional to the central charge of the two-dimensional dual CFT, c = 12a∗. For
the Lagrangian expressed as in eq. (4.10), we have

a∗ = L3
?

32GN

( 6
L2
?

− 2
L2 − Ḡ

)
, (5.6)
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and after making use of the relation between L and L? (4.32), we can write it as

a∗ = L?
8GN

(
1 + ḠR

)
= L?

8Geff
N
. (5.7)

Therefore, the Euclidean action on the BTZ black hole is simply computed by

IE = − L̄
16πGN

[∫
M

d3x
√
g − L2

?

2

∫
∂M

d2x
√
h

(
K − 1

L?

)]
, (5.8)

which gives the following value for the free energy F ≡ IE/β,

F = −r
2
+ − r2

−
8Geff

N L
2
?

. (5.9)

Now, the entropy can be computed from the Wald’s formula [182, 184], which gives

S = − 1
8GN

∫
dσ

∂L
∂Rab

εacε
c
b = πr+

2Geff
N
. (5.10)

Combining the entropy and the free energy, we can obtain the mass,

M = F + TS = r2
+ + r2

−
8Geff

N L
2
?

. (5.11)

Finally, from the first law

dM − TdS = r−

4Geff
N L

2
?r+

(dr−r+ + dr+r−) = Ωd
(

r+r−
4Geff

N L?

)
, (5.12)

we identify the angular momentum,

J = r+r−
4Geff

N L?
. (5.13)

Thus, everything turns out to work out just like for Einstein gravity, with the identifications
GN → Geff

N and L → L?.

5.1.2 Perturbations and quasinormal modes

While the BTZ black hole is a solution of all higher-order gravities, its perturbations
behave differently depending on the theory. In fact, for Einstein gravity it makes no sense
to consider the gravitational perturbations around a BTZ black hole, since all of them
are trivial (equivalent to infinitesimal gauge transformations), due to the fact that all
solutions of three-dimensional Einstein gravity are locally AdS3. However, as we saw,
higher-derivative gravities do introduce additional degrees of freedom: in general, a scalar
mode and a massive graviton. Interestingly, since the BTZ is locally AdS3, we can apply our
results from sec. 4.3 and perform a general analysis valid for all higher-curvature gravities.

Following the results obtained in sec. 4.3.1, the quasinormal modes are solutions to the
equations (

¯ −m2
s

)
h = 0 ,

(
¯ + 2

L2
?

−m2
g

)
ĥab = 0 , (5.14)
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which satisfy an outgoing-wave boundary condition at the black hole horizon, and that
behave as normalizable modes at infinity. The quasinormal modes of a scalar field in the
background of the BTZ black hole are well-known [452–454], while those of the massive
graviton were computed in ref. [383] in the case of NMG. However, in a general metric
theory we have both types of perturbations, with masses that depend on the different
parameters of the Lagrangian. Let us then compute the quasinormal modes of these
perturbations and their associated frequencies.

5.1.3 The unit radius BTZ

Without loss of generality, we can consider the BTZ black hole with r+ = L?, r− = 0. The
general case can be obtained from this one after appropriate coordinate transformations.
The metric of this black hole reads

ds2 = −
(
r2

L2
?

− 1
)

dt2 + dr2(
r2

L2
?
− 1

) + r2dθ2, (5.15)

and introducing r = L? cosh ρ, it can be written as

ds2 = − sinh2 ρdt2 + L2
? cosh2 ρ dθ2 + L2

?dρ2. (5.16)

Finally, one can also write this metric in terms of the null coordinates u = t + L?θ,
v = t − L?θ, so that we have

ds2 = 1
4
(
du2 + dv2

)
− 1

2 cosh 2ρ dudv + L2
?dρ2 . (5.17)

The interesting property about these coordinates is that the two sets of generators of the
SL(2,R) algebra, {Lk} and {L̄k}, with k = −1, 0, 1, take a symmetric form, namely,

L0 = −∂u , L±1 = e±u
(
−cosh 2ρ

sinh 2ρ ∂u −
1

sinh 2ρ∂v ±
1

2L?
∂ρ

)
, (5.18)

L̄0 = −∂v , L̄±1 = e±v
(
−cosh 2ρ

sinh 2ρ ∂v −
1

sinh 2ρ∂u ±
1

2L?
∂ρ

)
. (5.19)

Then, the idea of reference [455] is that the quasinormal modes of the BTZ black hole can
be found as the descendants of “chiral highest weight" modes, which are those that are
either annihilated by L1 or by L̄1. These are also the fundamental quasinormal modes,
i.e., , those with the lowest (in magnitude) imaginary part.

In the case of a scalar field (the trace of the metric h in our case), we separate the
dependence of the field on the u and v variables and consider a perturbation of the form

h = e−iup+−ivp−F (ρ) . (5.20)

Then we first search for the chiral highest weight modes, hL(0) and hR(0), which satisfy

L1h
L
(0) = 0 , L̄1h

R
(0) = 0 , (5.21)
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corresponding to left-moving and right-moving modes, respectively. These are first order
equations for the function F , and we find in each case

FL(ρ) = (sinh 2ρ)−iL?p+ (tanh ρ)−iL?p− ,
FR(ρ) = (sinh 2ρ)−iL?p− (tanh ρ)−iL?p+ .

(5.22)

Then, it turns out that when one inserts these expressions into the equation of motion
(5.14), one simply finds an algebraic equation either for p− or p+,

( ¯ −m2
s)hL(0) = 0 ⇒ 4L?p2

+ + 4ip+ + L?m
2
s = 0 ,

( ¯ −m2
s)hR(0) = 0 ⇒ 4L?p2

− + 4ip− + L?m
2
s = 0 .

(5.23)

Each of these equations has the following solutions

hL(0) ⇒ p+ = − i
L?

hs±(m2
s) , hR(0) ⇒ p− = − i

L?
hs±(m2

s) , (5.24)

where
2hs±(m2

s) ≡ 1±
√

1 + L2
?m

2
s , (5.25)

are, from an holographic perspective, the conformal dimensions of each of the modes of
the scalar field. Now, with this result the asymptotic behavior of hL,R(0) is

hL,R(0) ∼ e
−2ρ hs±(m2

s) , (5.26)

and, since we are only interested in solutions in which only the normalizable mode
is active, we choose the ones with h±(m2

s) > 0. When m2
s > 0 this means that

we only keep the solution with hs+(m2
s). However, for −1 < L2

?m
2
s < 0, the mode

hs−(m2
s) is also normalizable.

Now, let us introduce the frequency and the momentum of these modes,

ω = p+ + p− , m = L?(p− − p+) , (5.27)

where m ∈ Z is an integer, since we take θ to have a periodicity of 2π. We also
introduce the tortoise coordinate

ρ∗ = L?

∫ dρ
sinh(ρ) = L? log (tanh ρ/2) , (5.28)

and in terms of this, we see that near the horizon ρ∗ → −∞, these solutions behave as

hL,R(0) ∼ e
−iω(t+ρ∗)+imφ . (5.29)

This corresponds to waves moving towards the horizon, and hence we have shown that
these solutions are quasinormal modes. Their associated quasinormal mode frequencies
(QNFs) are obtained from eqs. (5.27) and (5.24), and they read

ω(0)
s L? = ±m− 2i hs+(m2

s) , (5.30)

where +m is for the left-moving modes and −m for the right-moving ones.
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Finally, as shown in ref. [455], one can generate the infinite set of overtones from these
fundamental quasinormal modes by applying the combination L−1L̄−1, namely

hL,R(n) = (L−1L̄−1)nhL,R(0) . (5.31)

These are also quasinormal modes, because they satisfy the appropriate boundary
conditions, and the effect of the operation L−1L̄−1 is to shift ω → ω − 2i/L?. Therefore,
the complete set of quasinormal frequencies for the scalar field is

ω(n)
s L? = ±m− 2i

(
n+ hs+(m2

s)
)
. (5.32)

Let us now move to the case of the massive graviton. The quasinormal modes of
this field were computed in ref. [383] in the context of NMG, by using the fact that
the equation (5.14) can be written as the square of the equation for a chiral massive
graviton, and hence one can apply the results of [455] for Topologically Massive Gravity
[456, 457]. Here we follow a direct analysis of eq. (5.14).

We need to find a symmetric, transverse and traceless field ĥab that satisfies eq. (5.14)
with the quasinormal boundary conditions. Again, we can apply the technique of ref. [455]
and find the chiral highest weight modes, which by definition satisfy

L1ĥ
L
(0)ab = 0 , L̄1ĥ

R
(0)ab = 0 . (5.33)

It turns out that an appropriate ansatz for these modes is the following,

ĥL(0)abdxadxb = FL(ρ)e−iup+−ivp−
(

dv + 2L?dρ
sinh 2ρ

)2
, (5.34)

ĥR(0)abdxadxb = FR(ρ)e−iup+−ivp−
(

du+ 2L?dρ
sinh 2ρ

)2
. (5.35)

These are traceless and, interestingly, the conditions in (5.33) are equivalent to imposing
them to be transverse, ∇̄aĥab = 0. Thus, we find the following first-order equations
for the functions FL,R(ρ),(2iL?(p− + p+ cosh 2ρ)

sinh 2ρ + ∂ρ

)
FL = 0 ,(2iL?(p+ + p− cosh 2ρ)

sinh 2ρ + ∂ρ

)
FR = 0 .

(5.36)

These are the same equations as those for the radial functions in the scalar case, and
therefore the solutions are given by (5.22). Then, we have to solve the equations of motion
(5.14), and, again, when we insert the previous result, we see that all the components
of the equations are reduced to an algebraic equation either for p+ or p−,

4L?p2
± − 4ip± + L?m

2
g = 0 . (5.37)

The solutions in this case are:

ĥL(0)ab ⇒ p+ = − i
L?

hg±(m2
g) , ĥR(0)ab ⇒ p− = − i

L?
hg±(m2

g) , (5.38)

108



5. Three-dimensional black holes in higher-curvature gravity

where

hg±(m2
g) =

−1±
√

1 + L2
?m

2
g

2 . (5.39)

Note the −1 rather than the +1 with respect to hs±(m2
g) in (5.25). As in the case of the

scalar field, it is immediate to verify that all these modes behave as outgoing waves at
the horizon (they fall towards the horizon), but at infinity only the modes associated to
hg+(m2

g) are normalizable, and hence only these are quasinormal modes. By using again
eq. (5.27), we obtain the frequencies of these fundamental modes

ω(0)
g L? = ±m− 2ihg+(m2

g) , (5.40)

where the +m case is for left movers and −m for the right movers. We note that,
in this case, if m2

g < 0, the imaginary part becomes positive and the modes become
unstable, unlike in the case of scalar perturbations. Finally, the overtones can be obtained
by applying the operator L−1L̄−1, which shifts the imaginary part of the frequency in
−2/L?, as happened for the scalar. Therefore, the complete set of quasinormal mode
frequencies for the massive graviton is

ω(n)
g L? = ±m− 2i

(
n+ hg+(m2

g)
)
. (5.41)

5.1.4 General BTZ

The results from the previous subsubsection can be easily generalized to the BTZ black
hole with arbitrary mass and angular momentum by noticing that the metric (5.1)
can be mapped to eq. (5.15). Starting with the rotating BTZ black hole (5.1), we
can perform the change of variables t = r+L?

r2
+−r

2
−

(
t̃+ r−L?

r+
θ̃
)
, θ = r+L?

r2
+−r

2
−

(
θ̃ + r−

r+L?
t̃
)
,

r =
√
r2
− + (r2

+ − r2
−) cosh2(ρ), leading to the metric

ds2 = − sinh2(ρ)dt̃2 + L2
? cosh2(ρ)dθ̃2 + L2

?dρ2 , (5.42)

which is locally the same as eq. (5.16). However, the geometry is different, because the
ranges of the coordinates are different. In particular, θ̃ is not to be considered an angular
coordinate. Expressed in this way, we can study the perturbations as we did in the previous
subsection by introducing the coordinates ũ = t̃+ L?θ̃, ṽ = t̃− L?θ̃. Then, we search for
solutions with a dependence ∼ e−iũp+−iṽp− , and the result of this analysis is the one we
have just seen: either p+ (for left-moving modes) or p− (for right-moving ones) must have
a certain value for quasinormal modes. This is given by eq. (5.24) for the scalar mode and
by eq. (5.38) for the massive graviton. However, now the frequency and the momentum are
identified by −iũp+− iṽp− = −iωt+ imφ, where m is an integer. This yields the relations

ωL? = p+(r+ − r−) + p−(r+ + r−) , (5.43)
m = p−(r+ + r−)− p+(r+ − r−) . (5.44)

Inserting the appropriate value of p+ or p− in these equations, we get the QNFs as a
function of the momentum. In full detail, we obtain the following set of frequencies

ωL,Rs =± m

L?
− ir+ ∓ r−

L2
?

(
2n+ 1 +

√
1 + L2

?m
2
s

)
, (5.45)
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ωL,Rg =± m

L?
− ir+ ∓ r−

L2
?

(
2n− 1 +

√
1 + L2

?m
2
g

)
, (5.46)

with n = 0, 1, . . . Additionally, recall that if −1 ≤ L2
?m

2
s ≤ 0, there is a second family of

scalar modes, with −
√

1 + L2
?m

2
s. From the point of view of holography, these results

would be interpreted as the poles of the retarded Green functions of a thermal two-
dimensional CFT placed on a circle of radius L?. This can be generalized to a circle
of arbitrary radius R by performing a rescaling of the boundary metric, identifying
ω′ = ωL?/R and T ′ = TL?/R. Now, the left- and right-moving Virasoro algebras of
the 1 + 1 dimensional CFT split the theory in two sectors, that in the background of
the BTZ black hole have temperatures [453]

TL = r+ − r−
2πL2

?

, TR = r+ + r−
2πL2

?

. (5.47)

We can then write the QNFs as

ωL,Rs =± m

R
− 2iπTL,R

(
2n+ 1 +

√
1 + L2

?m
2
s

)
, (5.48)

ωL,Rg =± m

R
− 2iπTL,R

(
2n− 1 +

√
1 + L2

?m
2
g

)
. (5.49)

As noted in ref. [453], the scalar QNFs precisely match the field theory computation of
the poles of retarded thermal correlators, which is considered to be a remarkable test of
the AdS/CFT correspondence. Holography tells us that eq. (5.49) should compute the
poles of the thermal correlators for a CFT dual to a bulk theory with a massive graviton.

5.2 A myriad of black holes in electromagnetic quasi-topological
gravity

Let us now consider EMQT gravities given by action (4.119). It is possible to verify that
a solution of the form (4.117) with φ = pθ, N = 1 and f given by

f =

r2

L2 − µ− α1p
2 log r

L
+
∑
i=2

αip
2nL2(i−1)

2(i− 1)r2(i−1)

1 +
∑
j=0

βjp
2(j+1)(2j + 1)L2(j+1)

r2(j+1)

, (5.50)

solves all the components of the equations of motion of the theory (4.124), (4.125), and
(4.126). Obviously, if we set all the αi and the βj to zero, we are left with the usual
static BTZ metric with mass µ. Similarly, when only α1 is active, the metric takes
the same form as for the charged BTZ black hole [409, 412], a fact which follows from
the electromagnetic-dual description of our EMQT action, on which we comment next.
Since the couplings αi and βj can be tuned at will, our solutions represent continuous
multiparametric generalizations of the BTZ metric.

Before starting studying the different possible solutions, let usstart with some gen-
eral comments. Firstly, the number of horizons depends on the number of positive
roots of the equation

r2

L2 − µ− α1p
2 log

(
r

L

)
+
∑
n=2

αnp
2nL2(n−1)

2(n− 1)r2(n−1) = 0 , (5.51)
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which in turn depends on the values and signs of the αn. Turning off all the αn, the
solution describes a black hole with a single horizon of radius r = L

√
µ whenever µ > 0,

analogously to the neutral BTZ case.
In the next-to-simplest case, corresponding to α2 6= 0 and α1 = αi≥3 = 0, at least one

horizon exists as long as 2p4α2/µ
2 ≤ 1 and µ > 0. In addition, if α2 > 0, the solution pos-

sesses two horizons, except for the case α2 = µ2/(2p4), which corresponds to an extremal
black hole. When they exist, the outer and inner horizons correspond, respectively, to

r± =
L
√
µ√

2

√√√√1±
√

1− 2p4α2
µ2 . (5.52)

If we turn on α1 and turn off the rest of αi, the numerator in the metric function is
identical to the whole f corresponding to the charged BTZ metric with the identification
Q2 ≡ 2α1p

2. In that case, the horizons structure was studied in detail in ref. [412].
Whenever µ > 1 the metric describes a black hole with two horizons. For 0 < µ < 1,
we have black holes for 2α1p

2 ≤ Q2
1 and for 2α1p

2 ≥ Q2
2 where Q1,2 are the roots of the

equation µ = (Q/2)2[1− log(Q/2)2]. Whenever, the inequalities are saturated, the black
holes are extremal. Interestingly, even for negative values of µ black holes exist as long as
2α1p

2 ≥ Q2
2 is sufficiently large, in particular, as long as −|µ| ≥ (Q/2)2[1 − log(Q/2)2]

holds. As more αi are turned on, the number of horizons can increase and the analysis
becomes more involved —see e.g., fig. 5.1 for a couple of examples with three horizons.

As r → 0, the spacetime described by eq. (5.50) can look very different, depending on
the value of the combination imax + 2− jmax, where we define imax and jmax as the largest
values of i and j corresponding to non-vanishing αi’s and βj ’s. In particular, the metric
function goes as f r→∞∼ r2(jmax+2−imax) —where, for convenience, if all the βm are zero, we
define mmax ≡ −1 and β−1 ≡ −1. The case imax = 1 is slightly different and reads instead
f
r→∞∼ r2(jmax+1) log r. We study the different situations in the following subsections.

5.2.1 Black holes with curvature singularities

An important set of solutions corresponds to black holes possessing a curvature singularity
at r = 0, hidden behind one or several horizons. This situation occurs whenever f contains
at least a real zero, and either imax > jmax + 2 or imax = 1, jmax = −1 hold. We plot
examples of configurations of these kinds in fig. 5.1. Curvature invariants diverge at the
origin in these cases. For instance, the Ricci scalar behaves as

R
r→0= −cimax,jmaxαimaxL

2(imax−jmax−2)

βjmaxr
2(imax−jmax−1) , (5.53)

where cimax,jmax ≡ (2imax−2jmax−5)(imax−jmax−2)p(2imax−2jmax−2)/[(1+2jmax)(imax−1)]
is a positive constant for all imax and jmax.

Slightly special are the cases corresponding to imax = 1, jmax = 0 and imax = 2,
jmax = 0 (with a non-vanishing α1). For those, the Ricci scalar diverges logarithmically
as r → 0 even though f tends there, respectively, to zero and to a constant. The dotted
lines in fig. 5.1 correspond to these two cases.
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Figure 5.1: (Top) We plot f(r) for four black
hole solutions with curvature singularities at the
origin possessing one, three, two and one (degenerate)
horizons respectively (blue curves from bottom to top).
The curves are obtained for L = 1, µ = 1, p = 2/3
in the cases: α2 = −1/2; α2 = 1/2, α3 = −1/50;
α2 = 1/2; and α2 = 81/32 respectively (unspecified
coupling values equal zero). (Bottom) We plot f(r)
for three black hole solutions possessing two, three
and one horizon (thick blue curves moving from upper-
left corner towards lower-right corner). The curves
are obtained for the same values of L, µ, p in the
cases: α1 = 2/3; α1 = 2/3, α2 = 1/2, α3 = −1/50,
β0 = 1/2; and α1 = 2/3, α3 = −1/50. The dotted
lines correspond to solutions for which the Ricci scalar
diverges logarithmically at the origin, as shown in the
inset plot. These correspond to α1 = 2/3, β0 = 1/2;
and α1 = 2/3, α2 = 1/2, β0 = 1/2. The red line
corresponds to the usual BTZ black hole in both
plots.

5.2.2 Black holes with BTZ-like and conical singularities

The usual static BTZ black hole is locally equivalent to pure AdS3 [342, 343]. All curvature
invariants are constant and the spacetime is therefore very different at the origin from the
one of the black holes considered in the previous subsection. For the BTZ, the spacetime
contains a “sort of” conical singularity for general values of µ different from −1 (which
precisely corresponds to pure AdS3), hidden behind a horizon whenever µ > 0 and naked
whenever µ < 0 (the µ = 0 case describes the so-called “black hole vacuum” [343]).
Indeed, when the mass parameter is negative and different from minus one, the (r, θ)
components of the metric have the same signature, dr2/|µ|+ r2dθ2, which corresponds
to a standard conical singularity with deficit angle 2π(1 −

√
|µ|). On the other hand,

when the mass parameter is positive, we have instead −dr2/|µ| + r2dθ2, which has a
singularity in the causal structure at r = 0 which resembles the one of a Taub-NUT
space [343] —in particular, the spacetime is no longer Hausdorff.

Both kinds of singularities —conical and BTZ-like— appear for some of the new
black holes considered here. The situation described takes place for imax = jmax + 2
(with imax ≥ 3 if α1 6= 0). In that case, the metric function and the curvature invariants
tend to constant values at r = 0. For instance, if the only active couplings are αl and
βl−2, the metric function tends to the constant value

f
r→0= αlp

2

2(l − 1)(2l − 3)βl−2
, (5.54)

whereas the Ricci scalar vanishes as ∼ r2. Then, whenever the quotient αl/βl−2 is
positive, we have a conical singularity, and whenever it is negative, we have a BTZ-like
one. The analysis is similar as more couplings are turned on. We plot examples of
both kinds of solutions in the upper plot of fig. 5.2.
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Figure 5.2: We plot f(r) and the Ricci scalar (inset) in
various cases (we set L = 1, µ = 1/2, p = 3/8): (Top)
Three black holes with a conical singularity at the origin
with one (extremal), two and two horizons respectively,
as well as two black holes with BTZ-like singularities
with one horizon (blue curves from top to bottom: β0 =
1/4, α2 = 512/81ξ with ξ = 1; 2/3; 1/3;−1/3,−2/3).
(Middle) Two black holes with two horizons (thick orange
curves), an extremal black hole (dashed) and two regular
horizonless solutions (green curves): α2 = 512ξ/81 and
β0 = 4ξ/9 for (lower to upper): ξ = 1/3; ξ = 2/3;
ξ = 1; ξ = 4/3; ξ = 2. (Bottom) Three regular black
holes with two, one and one horizon respectively and one
horizonless solution whose metric functions vanish as
even powers at the origin (orange curves: α2 = 54/10,
β0 = 8/27, β1 = 1/6; β0 = 8/27; and β0 = −8/27,
β1 = −1/12, β2 = 1/20; and green: µ = −1/2, β0 =
8/27).

5.2.3 Singularity-free black holes

Whenever the metric function tends to 1 at r = 0,

f(r) r→0= 1 , (5.55)

the angular defect present at r = 0 disappears and the metric becomes regular there —as
mentioned earlier, this is precisely what happens with the BTZ metric for the special
value µ = −1, for which it reduces to pure AdS3.

Our new solutions include non-trivial profiles for which this happens. When the
spacetime contains at least one horizon, those describe singularity-free black holes. We
plot examples of this kind in the middle plot of figure 5.2. For instance, if the only active
couplings are αl and βl−2, the regularity condition (5.55) becomes βl−2 = αlp

2/[2(l −
1)(2l− 3)]. The simplest example corresponds to the case α1,i≥3 = βj≥1 = 0, p2 = 2β0/α2.
Then, the EMQT action (4.119) becomes

Q
L2 = α2(∂φ)4 − β0[3Rbc∂bφ∂cφ− (∂φ)2R] , (5.56)

and the solution reads

f =

r2

L2 − µ+ 2β2
0L

2

α2r2

1 + 2β2
0L

2

α2r2

, φ = θ

√
2β0
α2

. (5.57)
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For the above metric, the Ricci scalar tends to the constant value R = 3(1 + µ)α2/(L2β2
0)

at the origin. As explained at the beginning of this section —see eq. (5.52)— this metric
can describe up to two horizons depending on the values of 2p4α2/µ

2 = 8β2
0/(α2µ

2).
There are additional ways to achieve singularity-free black holes within the present

setup which do not require imposing any constraint at all. The idea is to consider metrics
for which f vanishes as some positive power of r near the origin,

f(r) r→0= O(r2s) , s ≥ 1 , (5.58)

with the curvature invariants tending to constant values there (being also finite everywhere
else). This happens whenever jmax > imax − 2 if imax ≥ 2; whenever some βj is active and
all the αi’s are zero; and whenever jmax ≥ 1 if imax = 1. For those, the point r = 0 becomes
a sort of new asymptotic region. The Ricci scalar behaves there as R ∼ O(r2(jmax−imax+1))
for imax ≥ 1 and as R ∼ O(r2m) if all the αi’s are turned off. We present examples of this
kind in the bottom plot of figure 5.2. There are of course infinitely many possibilities,
but let us mention explicitly the simplest one. This corresponds to setting αi≥1 = 0 and
βj≥1 = 0. Then, the EMQT Lagrangian (4.119) is given now by

Q
L2 = −β0[3Rbc∂bφ∂cφ− (∂φ)2R] , (5.59)

and the solution reads

f(r) =
r2

L2 − µ

1 + β0L
2p2

r2

, φ = pθ , (5.60)

where all the constants: µ, p, β0 and L2 are free parameters (the only conditions being
µ > 0, β0 ≥ 0, which ensure that a horizon exists and that there are no poles in the
denominator). As expected, curvature invariants are finite everywhere for this solution
—see inset figure in bottom plot of fig. 5.2.

In contrast with most previous attempts at achieving regular black holes, these
solutions do not require any sort of: i) complicated functional dependences of the action
fields; ii) fine tuning of action parameters or constraint between those and the physical
charges; iii) addition of specially selected matter. For the Lagrangian density in eq. (4.119)
with Q given by equation (5.59), black holes simply turn out to be singularity-free —and
analogously in the rest of the cases described.

5.2.4 Regular horizonless solutions

Solutions behaving as equations (5.55) or (5.58) with finite curvature invariants everywhere
do not necessarily include horizons.1 When they do not, we are left instead with globally
regular and horizonless spacetimes. For example, the solutions in (5.57) and in (5.60)
with µ ≤ 0 describe configuration of this kind. Examples of regular horizonless solutions
are shown in green in the bottom and middle plots of figs. 5.2.

1Examples of three-dimensional regular horizonless solutions for Einstein gravity have been previously
constructed e.g., in ref. [458].
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5.2.5 Adding rotation

The static solutions described by the single-function SSS (4.117) can be easily generalized
into rotating ones by performing a boost in the t and θ coordinates,

t→ γt− Lωθ , θ → γθ − ωt/L . (5.61)

The “trick” is that this change of variables is only defined locally, so that the global
structure of the resulting spacetimes is different from their static counterparts —see
e.g., [414, 459]. Assuming that γ2 − ω2 = 1 —so that for ω = 0 the metric reduces
to the static one— we get

ds2 = −r
2f

ρ2 dt2 + dr2

f
+ ρ2

[
dθ +N θdt

]2
, (5.62)

φ = p

[
γθ − ωt

L

]
, (5.63)

where

ρ2 ≡ r2 − ω2[L2f − r2] , (5.64)

N θ ≡ γω[L2f − r2]
Lρ2 . (5.65)

The rotating solution typically has the same horizons as the static one plus an additional
one at r = 0 if f tends to a non-vanishing constant there.

5.3 Discussion

In this chapter we have studied the quasinormal modes and quasinormal frequencies
of the BTZ black hole in arbitrary higher-curvature gravity in full generality. This is
possible because in three dimensions it appears as solutions of all higher-order gravities.
However, the higher derivative gravities introduce additional degrees of freedom. These
are a scalar mode and a massive graviton.

On the other hand, we presented a new family of solutions in three dimensions to
EQT described in sec. 4.5.2, which involving a non-minimally coupled scalar field and
describe different kinds of solutions depending on the values of the various couplings
and parameters. Among them, we have presented black holes with different numbers of
horizons and conical, BTZ-like or curvature singularities appear in some cases. In others,
singularities are absent from the geometry and the solutions describe singularity-free
black holes or globally regular solutions. This is achieved in two ways, characterized by
the behavior of f near the origin —see eqs. (5.55) and (5.58) respectively and orange
curves in the middle and bottom plots of fig. 5.2. Interestingly, for the second type of
solutions, this behavior is encountered without imposing any kind of constraint between
the action parameters and/or physical charges.
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6
Shape-dependence in holographic entanglement

entropy

Let us now study holographic entanglement entropy dual to Einstein-AdS gravity. As
mentioned before, the Kounterterms scheme allows us to isolate the universal contribution
to holographic entanglement entropy, canceling the divergences present in this quantity.

As in this chapter we focus on odd-dimensional CFTs, we first discuss some generalities
regarding this particular dimension.

6.1 Renormalized holographic entanglement entropy in odd-
dimensional CFTs

In sec. 1.5.2 we reviewed previous results on renormalization of holographic entanglement
entropy. A key step in the derivation of the renormalized quantity for even-dimensional
manifolds was to add to the Euclidean action the Chern form (1.164) and the com-
bination in the orbifold (1.154). However, prior to that, it is convenient for us to
express the renormalized Euclidean action in terms of quantities defined in the bulk.
To that end we employ the Euler-Chern theorem (1.19), which allows to rewrite the
renormalized Euclidean action as

IrenE = 1
16πGN

∫
B

dd+1x
√
g(R− 2Λ + cdXd+1)− (−1) d−1

2

4GN

πdLd−1

Γ(d/2) χ[B]. (6.1)

In ref. [231], it was shown that the quantity inside the integral in the above formula
can be rewritten in terms of a polynomial of the tensor

(FAdS) cd
ab = R cd

ab + 1
L2 δ

cd
ab, (6.2)

known as “AdS curvature”. In doing so, the action adopts the form

IrenE = Ld−1

16πGN

∫
B

dd+1x
√
gPd+1(FAdS)− (−1) d−1

2

4GN

πdLd−1

Γ(d/2) χ[B]. (6.3)
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where the polynomial of the AdS curvature introduced reads

Pd+1(FAdS) = 1
2 d−1

2 (d+ 1)Γ(d)

d+1
2∑

k=1

(−1)k[(d+ 1− 2k)]!2 d+1−2k
2

Ld+1−2k

(
d+1

2
k

)
× δa1...a2k

b1...b2k
(FAdS) b1b2

a1a2
· · · (FAdS) b2k−1b2k

a2k−1a2k
. (6.4)

The AdS curvature, of particular convenience in AdS gravity, measures the deviation of
the space with respect to global AdS. Notice that the renormalized action consists on
the addition of two terms: a topological one, given by the Euler characteristic of the
manifold, and another one, characterized by the AdS curvature. This decomposition has
been earlier found on the mathematical literature [460] in connection to the concept of
renormalized area. It reflects the equivalence between this quantity and renormalized
EE, up to a proportionality constant that depends on the dimension of the manifold
[231]. The AdS curvature will be of central importance afterwards for the renormalized
EE of deformed entangling surfaces, as information on the deformation is entirely
contained in the polynomial.

Once we have the renormalized form of the Euclidean action IrenE , we evaluate it on
the conically singular manifold M(ϑ)

2n in order to use eq. (1.154). To do so, we recall
the properties of curvature invariants defined on squashed cone manifolds addressed
in sec. 1.4.3. In ref. [231], it was shown that the Einstein-AdS action evaluated on
the orbifold consists on the sum of a regular part and a term localized at the conical
defect. The explicit form is

IrenE [Bϑ] = Ld−1

16πGN

∫
B

dd+1x
√
gLd−1Pd+1(FAdS)− (−1) d−1

2

4GN

πd/2Ld−1

Γ(d/2) χ[B]

+ TϑArearen[ΓV ] + O
[
(1− ϑ)2

]
, (6.5)

where, following the notation introduced in ch. 1, B ≡ Bϑ \ ΓV now represents the
manifold far away from the conical singularity and Tϑ = 1−ϑ

8GN
represents the tension of the

codimension-two cosmic brane. The renormalized area of the codimension-two surface
reads

Arearen [ΓV ] = − Ld−1

2(d− 2)

∫
ΓV

dd−1x
√

ΓV gPd−1(ΓV FAdS)− (−1) d−1
2

4GN

πdLd−1

Γ(d/2) χ[ΓV ], (6.6)

is the renormalized area of the codimension-two manifold, where ΓV FAdS is the codimension-
two AdS curvature of (6.2). It is important to stress that this expression for the
renormalized area is generic and not restricted to minimal surfaces. In particular, when
ΓV satisfies the minimal condition (1.158), corresponds to the RT surface. We make
that situation explicit by denoting the surface as ΓRT

V .
When introducing the renormalized Euclidean action evaluated in the orbifold (6.5)

in formula (1.154), the only surviving term corresponds to the renormalized area of
the codimension-two surface, i.e.,

Sren
EE (V ) =

Arearen
(
ΓRT
V

)
4GN

, (6.7)
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From this expression, we see that the computation of the renormalized entanglement
entropy depends on AdS curvature and the Euler characteristic of the codimension-two
surface, attending to expression (6.6).

This calculation can be equivalently be interpreted as the renormalized area of a
tensionless codimension-two brane ΓRT

V embedded in a d+ 1-dimensional AAdS Einstein
spacetime, for a minimal surface ΓV [305].

For a spherical entangling surface Σ = Sd−2, the polynomial Pd−1(ΓV FAdS) vanishes
identically. The contribution to the holographic entanglement entropy is coming uniquely
from the topology of the RT surface, which is an hemisphere. Because the Euler
characteristic is χ

[
ΓRT
V

]
= 1, the finite part of the entanglement entropy of a ball-

shaped surface takes the form

suniv(Bd−1) = (−1)(d−1)/2

4GN

πd/2Ld−1

Γ(d/2) , (6.8)

where we have re-expressed the result in terms of the odd-dimensional d of the CFT.
Notice that this result is in agreement with the universal part of the EE [245].

As discussed in sec. 1.4.5, Sren
EE (Bd−1) = suniv(Bd−1) is equivalent to the free energy,

F0, of a CFTd on a spherical background Sd (1.143).
Once the general picture has been discussed, we will illustrate explicitly the duality

AdS4/CFT3 in this context by particular examples.

6.1.1 Entanglement entropy in AdS4/CFT3 in the global coordinate
patch

The use of the Kounterterms in the renormalization of holographic entanglement entropy
has been applied for spatial entangling regions embedded on a flat background, in
the Poincaré-AdS patch (1.60), in the context of the AdS/CFT correspondence [230].
In particular, in what follows, we study the entanglement entropy of a polar cap-like
entangling region immersed on an Einstein Static Universe background (ESU), i.e., R×S2

to account for properties of a CFT3. In this case, the dual bulk geometry is given
by global AdS4 spacetime, whose line element is given in eq.(1.58) but particularizing
dΩ2

2 = dθ2 + sin2 θdϕ2 as the metric of S2.
Consider a two-dimensional orthogonal spacetime, homologous and cobordant to

V , that is spanned along the directions i = t, r. The induced metric ΓV g of such
a surface is given by

ds2
ΓV = −

(
1 + r2

L2

)
dt2 +

(
r2 + L2r′2

L2 + r2

)
dθ2 + r2 sin2 θdθ2 (6.9)

where we have parametrized the geometry with the embedding function r = r(θ) and
r′ = ∂θr(θ). The surface ΓV must satisfy the minimality condition (1.158) in order
to be the RT surface.

Solving the second order differential equation that results from eq. (1.158), we find
that the RT surface is characterized by [300, 461, 462] the function

r2(θ) = L2 cos2 θ0
cos2 θ sin2 θ0 − sin2 θ cos2 θ0

. (6.10)
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For this embedding, the polynomial P2
(

ΓRT
V
FAdS

)
in eq. (6.6) vanishes identically, as it is

a constant-curvature subspace. The only nonvanishing part is the topological one, for
which the universal part of the entanglement entropy takes the form

Sren
EE (B2) = − πL

2

2GN
. (6.11)

Thus, even though this time the spherical entangling surface is immersed in the curved
background of ESU metric, eq. (6.11) matches the one obtained for the flat case [230].

6.1.2 Renormalized entanglement entropy of a deformed disk

We now study the effect of considering small perturbations around the disk-like entangling
region. From the results in refs. [67, 275, 463] we know that the finite part of entanglement
entropy is locally maximized for a disk region in arbitrary CFTs. In particular, let us
consider a slightly deformed disk B2

ε defined by the polar equation

r(θ) = R

[
1 + ε

∑
`

(
a

(c)
√̀
π

cos(`θ) + a
(s)
√̀
π

sin(`θ)
)]

, ε� 1 , (6.12)

(where a
(c)
` , a(s)

` are some numerical coefficients which determine the shape of the
perturbation). This parametrization of the entangling surface is represented in fig 6.1.
The effect of such deformation on suniv(B2

ε ) = −F (B2
ε ) at leading order in ε is given, for

general CFTs, by the three-dimensional version of Mezei’s formula [67, 275]

F (B2
ε ) = F0 + ε2

π3CT
24

∑
`

`(`2 − 1)
[
(a(c)
` )2 + (a(s)

` )2
]

+ O(ε4) , (6.13)

where CT is the coefficient which controls the flat-space stress-tensor two-point function
charge (1.71) and F0 is the finite part of entanglement entropy for a disk without
deformation. Notice that, in this expression, everything is determined by the geometry of
the entangling region with the exception of CT , which is the only theory-dependent piece.

We shall study the deformations of CFTs dual to Einstein-AdS gravity in two coordinate
systems: polar coordinates (following [463]) and spherical coordinates (in order to make
contact with refs.[67] and [275]). Using the Kounterterms, we make contact with the
renormalized area of the RT surface (6.6), which contains both local (curvature) and
global (topological) terms [232]. Our analysis below allows us to track the origin of the
shape-dependent contributions to the curvature part in eq.(6.6).

Deformed disk in polar coordinates

Consider the Euclidean version of Poincaré-AdS4 spacetime (see eq. (1.60) for the explicit
expression), written in polar coordinates. We define the embedding function of the
RT surface ΓRT

V by r(z, θ), where r and θ are the radial and the angular coordinate at
the boundary, respectively. The deformation breaks the azimuthal symmetry of ΓRT

V .
Hence, the simplification used in the section 6.1.1 is not applicable. In this case, the
codimension-two induced metric reads

ds2
ΓRT
V

= L2

z2

[(
1 + r′

2
)

dz2 +
(
r2 + ṙ2

)
dθ2 + 2r′ṙdzdθ

]
, (6.14)
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V

Σ

R

2ε

SCauchy

Figure 6.1: Small perturbation of the spherical entangling surface of radius R fparametrized by
expression (6.12).

where r′ = ∂zr(z, θ) and ṙ = ∂θr(z, θ). It is indeed easy to find the equations of motion
of the RT surface following eq. (1.158). If we consider the binormal directions as
i = t, r, we find that

K(r) z
z + K(r) θ

θ = 0, (6.15)

provided that the temporal foliation is constant, what implies into K(t) z
z = K(t) θ

θ = 0.
This leads to the equations of motion

r
(
1 + r′2

)
mz2 − ∂z

(
r2r′

mz2

)
− 1
z2∂θ

(
ṙ

m

)
= 0, (6.16)

where we have introduced an auxiliary function

m = m(z, θ) =
√
r2
(
1 + r′2

)
+ ṙ2 . (6.17)

In absence of deformations, the embedding function (6.16) is parametrized by a hemisphere
of unit radius, r2 = 1− z2. The shape can be deformed as linear perturbations around
the unitary circle of the form r(θ) = [1 + εf(θ)], where ε is the deformation parameter
[463]. Altogether, we assume that its embedding in AdS4 geometry is given by the ansatz

r(z, θ) =
√

1− z2 [1 + εf(z, θ)] , (6.18)

for the separation of variables f(z, θ) = R(z)Θ(θ). The corresponding functions satisfy
the conditions R(0) = 1 and Θ(θ) = Θ(θ + 2π) at the conformal boundary. This is
a consequence of the homologous constraint on the RT surface, as it is anchored to
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CFT3

AdS4

ε

r = r(z, θ)

ΓV

θ

z

r

Figure 6.2: Time slice of minimal codimension-two surface ΓV with an elliptical deformation ε
(` = 2).

the conformal boundary z = 0. An additional condition comes from the fact that the
maximum reach of the embedding does not change when the RT surface is deformed,
what leads to R(1) = 0 [463, 464] (see fig. 6.2).

Solving eq. (6.16) for R(z) and Θ(θ), we obtain

r(z, θ) =
√

1− z2

[
1 + ε

∑
`

(1− z
1 + z

)`/2 1 + `z

1− z2 (a` cos(`θ) + b` sin(`θ))
]
, (6.19)

where ` is the degree of the harmonic function and labels the deformation with re-
spect to the circle.

Once we have obtained the embedding function (6.19), we are able to compute the
renormalized entanglement entropy for the perturbed circle by using eq.(6.7). For Einstein
gravity in four dimensions this reads

suniv(B2
ε ) = − πL

2

2GN
χ[ΓRT

V ] + L2

8GN

∫
ΓRT
V

d2x
√

ΓRT
V
γ ΓRT

V
FAdS. (6.20)

As we pointed out before, the information of the deformation is encoded in the second
term, characterized by ΓRT

V
FAdS. Replacing the embedding function (6.19) into eq. (6.20),

we obtain the expression for the renormalized EE for the perturbation considered, given by

suniv
(
B2
ε

)
= − πL

2

2GN

[
1 + ε2

∑
`

`
(
`2 − 1

)
4 (a2

` + b2` ) + O(ε4)
]
. (6.21)

This result is in agreement with the holographic computation for an arbitrary perturbation
of a circle performed in ref. [463].

Deformed disk in spherical coordinates

Consider now the Euclidean version of Poincaré-AdS spacetime written in spherical coordi-
nates as

ds2 = L2

r2 cos2 θ

(
dt2 + dr2 + r2dθ2 + r2 sin2 θ dϕ2

)
. (6.22)
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Polar and spherical coordinates are mapped into each other by the transformation

r =
√
r2 + z2, θ = arctan r

z
. (6.23)

In this coordinate system, the embedding function of the minimal surface ΓRT
V is defined

by r = r(θ, ϕ), such that the induced metric is

ds2
ΓRT
V

= L2

r2 cos2 θ

[(
1 + r′

2
)

dϕ2 +
(
1 + ṙ2

)
dθ2 + 2r′ṙdθdϕ

]
, (6.24)

where we denoted r′ = ∂θr(θ, ϕ) and ṙ = ∂ϕr(θ, ϕ). The minimality condition (1.158)
leads to the equation for r(θ, ϕ),

1
mr3 cos2 θ

(
r′

2 sin2 θ + ṙ2
)

+ ∂θ

(
r′ tan2 θ

r2m

)
+ 1

cos2 θ
∂θ

(
ṙ

r2m

)
= 0, (6.25)

with the corresponding auxiliary function

m = m(θ, ϕ) = sin θ

√
1 + r′2 + ṙ2

r2 . (6.26)

From eq. (6.25), in the undeformed case, the parametrization of the embedding function of
the RT surface is given by the unit hemisphere, r2 = 1. In a similar fashion as in the pre-
vious parametrization, we consider the linear perturbation of the entangling region as [67]

r(θ, ϕ) = 1 + εf(θ, ϕ). (6.27)

For a choice f(θ, ϕ) = Θ(θ)Θ(θ), the boundary conditions correspond to a periodic
function Φ with period 2π and Θ→ 1 at the conformal boundary, i.e., Θ(π2 ) = 1. Here,
the maximal reach of the RT surface implies Θ(0) = 0 (see Figure 6.3). Thus, eq.(6.25)
for the ansatz (6.27) leads to a solution of the form

r(θ, ϕ) = 1 + ε
∑
`

tan` θ2(1 + ` cos θ) [a` cos(`θ) + b` sin(`θ)] . (6.28)

For this embedding function, the only nonvanishing AdS curvature component reads
(

ΓRT
V
FAdS

)θϕ
θϕ

= −ε2
∑
`

`2(`2 − 1)
πL2 (a` + b`) tan

(
ϕ

2

)2`
cot4 ϕ+ O(ε3). (6.29)

Introducing this expression into eq. (6.20), yields

suniv(B2
ε ) = − πL

2

2GN

[
1 + ε2

∑
`

`
(
`2 − 1

)
4 (a2

` + b2` ) + O(ε4)
]
. (6.30)

what matches exactly the result (6.21) of the previous subsection, and, in turn, agrees
with the formula for d = 3 in ref. [67].

A quick analysis of the results above leads to the fact that the O (
ε2
)
contribution

is coming only from the curvature part in formula (6.20). Indeed, the information on
the deformation of the entangling region is only contained in the polynomial ΓRT

V
P2.

As it shall be discussed below, this behavior can be explained once the equivalence
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CFT3

AdS4

ε

r = r(θ, ϕ)

ΓV

ϕ

θ

z

x

y

Figure 6.3: Time slice of the extremal codimension-two surface ΓV with an elliptical deformation ε
(` = 2).

between the renormalized entanglement entropy and the renormalized area of the RT
surface (6.6), is taken into account.

Continuous perturbations on the hemisphere do not modify its topology, leaving
intact the Euler characteristic in eq. (6.6). As a consequence, its shape dependence
is encoded only on the local properties of the manifold, which are reflected in the
polynomial in the curvature.

The term of the renormalized entanglement entropy that is quadratic in the pertur-
bation carries information on “entanglement susceptibility”, associated to the change of
shape of the entangling region [275, 465–468]. This quantity contains universal information
due to the coefficient CT of the two-point correlation function of the energy-momentum
tensor in a ground state of the CFT3. Indeed, the subleading term of the formula
(6.21), can equivalently be written as

suniv(B2
ε ) = π4CT

24
∑
`

`(`2 − 1)
(
a2
` + b2`

)
. (6.31)

This expression1 makes manifest the analogy between the entanglement susceptibility
and CT . A posteriori, one can say that the AdS curvature of a deformed entangling
region is a geometrical probe of CT .

From this analysis we see that the leading-order contribution is a shape-independent
constant that corresponds to the universal part of the entanglement entropy of a
circular entangling surface. Its relation to the sphere free energy (1.143) provides firmer
ground to a connection between the topology and the effective number of degrees of
freedom of the field theory.

1In ref.[67], the proportionality constant differs by a factor π. This corresponds to a different
normalization for the spherical harmonics, leading to an overall factor 1/

√
π for each one of them.
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6.2 Renormalized area and Willmore energy

6.2.1 Minimal and non-minimal surfaces

The connection between quantum information theoretic measures and geometry can be
extended beyond entanglement entropy. Dong in ref. [305] showed that a similar area
formula is valid for the calculation of the modular entropy. In this case, the codimension-2
hypersurface ΓTϑV is not minimal, but its location is determined by the minimization of
the Nambu-Goto action of a cosmic brane with tension Tϑ.

The prescription used for the cancellation of divergences in the holographic entangle-
ment entropy of entangling surfaces is linked to the area renormalization given in the
mathematical literature [460]. As shown in ref. [232], isolating the finite contribution of
the modular entropy amounts to the renormalization of the area of ΓTϑV

S̃ren
m =

Arearen
(
ΓTϑV

)
4GN

. (6.32)

Interestingly enough, both quantities, entanglement entropy and modular entropy, are
described by the same geometrical object, the renormalized area of a codimension-two
surface ΓV . In four-dimensional Einstein-AdS gravity, the corresponding renormalized
area of ΓV is given by eq. (6.6) and reads

Arearen (ΓV ) = −2πL2χ[ΓV ] + L2

4

∫
ΓV

d2x
√

ΓV g δ
ij
kl

(
ΓV R

kl
ij + 1

L2 δ
kl
ij

)
. (6.33)

This expression matches the renormalized area expression given in ref. [469]. Notice that
this formula holds whether ΓV is minimal or not. A physical example of minimal surface
is a soap film that spans between two wires. As there is no pressure difference between
the sides, the membrane has zero mean curvature. In turn, soap bubbles are non-minimal,
due to the difference of pressure at the interface [470, 471]. In the latter case, they are
constant mean curvature surfaces, and modelled by Helfrich energy [472].

For extremal surfaces, minimality condition amounts to the vanishing of the trace of
the extrinsic curvature of the surface ΓV (1.158). For this reason, it is useful to rewrite
eq. (6.33) in terms of K(m)

ij using the Gauss-Codazzi relation, for codimension-2 surfaces

R kl
ij = ΓV R

kl
ij − 2K(m) k

[i K
(m) l

j] . (6.34)

Taking into account the antisymmetry of Kronecker delta, we find that

Arearen (ΓV ) = −2πL2χ (ΓV ) + L2

4

∫
ΓV

d2x
√

ΓV
δijkl

(
R kl
ij + 2K(m) k

i K(m) l
j + 1

L2 δ
kl
ij

)
. (6.35)

In addition, the Weyl tensor for Einstein-AdS spaces can be written as W cd
ab = R cd

ab +
1
L2 δ

ab
cd , what allows us to express the renormalized area of ΓV as

Arearen (ΓV ) = −2πL2χ [ΓV ] + L2

4

∫
ΓV

d2x
√

ΓV δ
ij
kl

(
W kl
ij + 2K(m) k

i K
(m) l

j

)
. (6.36)
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In turn, the extrinsic curvature in eq. (6.36) can be decomposed into its trace K(m)
ij

and a traceless part K(m)
〈ij〉 as

K(m)
ij = K(m)

〈ij〉 + 1
2ΓV gijK(m). (6.37)

We can also replace the trace by the mean curvature H(m), which expresses a linear
combination of the eigenvalues of K(m)

ij , that is, H(m) = K(m)/2. Armed with these
tools, we deduce that the renormalized area in eq. (6.33) can be equivalently written as

Arearen (ΓV ) = −2πL2χ[ΓV ] + L2

2

∫
ΓV

d2x
√

ΓV
g
(
W ij
ij + 2H(m)2

−K(m)
〈ij〉K(m)〈ij〉

)
. (6.38)

When a minimal two-dimensional surface ΓRT
V is considered, the above relation reduces to

Arearen (ΓRT
V

)
= −2πL2χ[ΓRT

V ] + L2

2

∫
ΓRT

V

d2x
√

ΓRT
V
g
(
W ij
ij −K(m)

〈ij〉K(m)〈ij〉
)
. (6.39)

The last two equations are in agreement with the result of Alexakis and Mazzeo
in ref. [460] for the renormalized area of submanifolds. These equivalent expressions
allow us to tell between the two prescriptions in eqs.(6.7) and (6.32): the RT surface
satisfies the minimality condition while the cosmic brane used in modular entropy not.
Renormalized area relations in eqs. (6.38) and (6.39) can be further simplified when
considering entangling regions for a vacuum CFT. Since its gravity dual is global AdS4
spacetime, which is conformally flat, the bulk Weyl tensor vanishes identically.

6.2.2 Willmore energy of the RT double copy

The relation between renormalized entanglement entropy and the renormalized area of
the RT surface has two key ingredients. On one hand, the topology of the minimal
surface, expressed by the Euler characteristic, which captures global properties of ΓRT

V .
On the other hand, the local properties of ΓRT

V are dictated by the AdS curvature
term inside the integral in eq. (6.2).

According to the analysis in sec. 6.1.2, the deformation in the shape of a disk entangling
region is encoded only at the curvature part of the renormalized entanglement entropy,
leaving the topological contribution unchanged. To analyze the shape-dependence, let
us introduce a functional called Willmore energy.

Definition 6. Let us consider a general, smooth, orientable, closed surface, Ξ embedded
in R3, the Willmore energy is defined as [473–475]

W (Ξ) ≡
∫

Ξ
H2dS (6.40)

where H ≡ (k1 + k2)/2 is the mean curvature constructed from the principal curvatures k1
and k2 of Ξ and dS the surface element.

This quantity has a lower bound that will become of great relevance in our discussion
below. Let us discuss further about it.
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Theorem 3 (Willmore, 1965 [473]). If Ξ is a simply connected surface, the Willmore
energy has a global lower bound, given by

W (Ξ) ≥ 4π, (6.41)

which is saturated when Ξ is a spherical surface.

Proof. In order to see why this is the case, one can modify the Willmore functional
(6.40) subtracting the Gaussian curvature K = k1k2 as

W̃ (Ξ) =
∫

Ξ

(
H2 −K

)
dS = W (ΓV )−

∫
Ξ
KdS. (6.42)

The study of both versions of the functional is equivalent. This is because from the
Gauss-Bonnet theorem

∫
ΞKdS = 2πχ[Ξ], where χ[Ξ] is the Euler characteristic of the

surface. Hence, for fixed genus, W̃ is just a constant shift with respect to W . The interest
of the modified functional W̃ is manifest when written in terms of the principal curvatures

W̃ (Ξ) = 1
4

∫
Ξ

(k1 − k2)2 dS . (6.43)

It immediately follows that W̃ (Ξ) has a sign, W̃ (Ξ) ≥ 0, and also that the bound is
exclusively saturated for a totally umbilical surface, k1 = k2, which in the present context
is just a fancy name for a sphere [474]. After this discussion, it is straightforward to
check that the bound for the original functional (6.41) is found from (6.42) particularizing
the Euler characteristic to the sphere case, χ[S2] = 2. �

If the surface is not simply connected, i.e., it has a higher genus higher than zero,
then the bound is higher. It was recently proven that, for surfaces with genus one Ξg=1,
the Willmore energy is bounded by W (

Ξg=1) ≥ 2π2 [476].
These bounds are fundamental for the analysis below, where we establish the connection

between Willmore energy and quantum information theoretic measures, through the
concept of renormalized area of the entangling surface.

We stress that Willmore energy is defined for a closed manifold. Therefore, the
first obstacle we face is that the formula (6.33) invoves an open two-dimensional surface
anchored to the boundary of an AAdS space. In order to overcome this problem, we
generalize the field doubling method proposed in ref. [477], for AAdS manifolds. In this
case, we consider the embedding of the codimension-two surface ΓV and its reflection with
respect to the z = 0 plane, ΓV ′. The intersection of ΓV and ΓV ′ is the entangling curve
∂V , at the conformal boundary, such that ∂ΓV = ∂ΓV ′ = ∂V . Continuity conditions
at the interface situated at z = 0, require the two surfaces to be immersed in a regular
spacetime. In this case, its union produces a closed two-dimensional surface 2ΓV =
ΓV ∪ ΓV ′, which is embedded into the smooth spacetime ΓV g̃ij . A pictorial representation
of the method is shown in fig. 6.4.

With this geometrical setup in mind, we examine the rescaling properties of the
renormalized area of ΓV (6.38) under generic Weyl transformations of the ambient
metric gab = e2Ωg̃ab. Notice that, when Ω = Ω(z) = − log(z/L), one recovers the
AAdS metric. The Euler characteristic is a topological invariant and does not change
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ΓV

Σ′ = Σ

ΓV
′

R3

Figure 6.4: The doubling of the minimal surface ΓV is achieved by gluing a copy ΓV ′ so that they
are cobordant Σ = Σ′.

under metric rescalings. Thus, we focus on the quantities which appear under the
integral symbol in eq. (6.38).

By definition of the bulk line element in terms of the codimension-two metric ĝab

gab =
(
n(m)

an
(m)

b + eiae
j
b ΓV gij

)
, (6.44)

where n(m)
a are the corresponding normal vectors and ema are the frame vectors, we

have that n(m)
a = eΩñ

(m)
a and ΓV gij = e2Ω

ΓV g̃ij . Here, the quantities with tilde indicate
an embedding with respect to the regular metric g̃ab.

On the other hand, the extrinsic curvature of ΓV transforms as

K(m)
ij = eΩ

(
K̃(m)

ij + ΓV g̃ ñ
(m) · ∂Ω

)
, (6.45)

where we have omitted the indices in the contraction ñ(m)
i∂
iΩ. This expression allows us

to write down the trace of K(m)
ij as K(m) = e−θ

(
K(m) + 2ñ(m) · ∂Ω

)
, and its traceless

part as K(m)
〈ij〉 = e−ΩK̃(m)

〈ij〉. A Weyl transformation of the area element is given
by d2x

√
ΓV g = d2x

√
ΓV g̃ e2Ω. Then, it is straightforward to show that the following

object is Weyl invariant∫
ΓV

d2x
√

ΓV gK
(m)
〈ij〉K(m)〈ij〉 =

∫
ΓV

d2x
√

ΓV g̃K̃
(m)
〈ij〉K̃(m)〈ij〉. (6.46)

In turn, the square of the trace of the extrinsic curvature is not Weyl invariant∫
ΓV

d2x
√

ΓV
gK(m)2 =

∫
ΓV

d2x
√

ΓV
g̃

[
K̃(m)2 + 4K̃(m)

(
ñ(m) · ∂Ω

)
+ 4

(
ñ(m) · ∂Ω

)2
]
. (6.47)

Altogether, the bulk Weyl tensor satisfies ΓVW
i
jkl = W̃ i

jkl , what implies the relation
W kl
ij = e−2ΩW̃ kl

ij . In doing so, the integral of the double subtrace of the Weyl tensor
on the area element is proved to be invariant∫

ΓV
d2x
√

ΓV gW
ij

ij =
∫

ΓV
d2x

√
ΓV g̃ W̃

ij
ij (6.48)
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Therefore, the renormalized area (6.33), when expressed in terms of the smooth metric,
reads

Arearen (ΓV ) =− 2πL2χ[ΓV ] + L2

2

∫
ΓV

d2x
√

ΓV g̃

[
W̃ ij
ij + 2H̃(m)2 −K(m)

〈ij〉K(m)〈ij〉

+2K̃(m)
(
ñ(m) · ∂Ω

)
+ 2

(
ñ(m) · ∂Ω

)2
]
. (6.49)

This formula adopts a more compact form by taking Gauss-Codazzi eq.(6.34) and the
relations between bulk and codimension-2 curvature tensors [233]

K̃(m)
〈ij〉K̃(m)〈ij〉= K(m)

ijK(m)ij − 2H̃(m)2
,

K̃(m)
〈ij〉K̃(m)〈ij〉= R̃+ R̃(m)(n)(m)(n) − 2R̃(m)(m) − ΓV R̃+ 4H̃(m)2

,

W̃ ij
ij = R̃ ij

ij − 2S̃ i
i ,

R̃ ij
ij = R̃+ R̃(m)(n)(m)(n) − 2R̃(m)(m),

where S̃ab is the Schouten tensor2 of gab. Combining these expressions, we find that

K̃(m)
〈ij〉K̃(m)〈ij〉 = W̃ ij

ij + 2S̃ i
i − ΓV R+ 2H̃(m)2

, (6.50)

what leads to

Arearen (ΓV ) = −2πL2[ΓV ] + L2
∫

ΓV
d2x

√
ΓV g̃

[1
2ΓV R+ K̃(m)

(
ñ(m) · ∂Ω

)
+
(
ñ(m) · ∂Ω

)2
− S̃ i

i

]
. (6.51)

Until now, we have treated the two-dimensional sheet ΓV as an open surface anchored
to the z = 0 plane. As discussed above, ΓV is also half of the closed surface 2ΓV . For
the compact manifold 2ΓV , using the Euler theorem (1.19) in two dimensions and the
relation χ[2ΓV ] = 2χ[ΓV ] for the Euler characteristic, the previous eq. (6.51) yields

Arearen (2ΓV ) = L2

2

∫
2ΓV

d2y
√
γ̃

[
K̃(m)

(
ñ(m) · ∂Ω

)
+
(
ñ(m) · ∂Ω

)2
− S̃ i

i

]
, (6.52)

what is equivalent to the renormalized area formula in eq. (6.33). As a matter of fact, it
is more general as it is valid for both minimal and non-minimal surfaces embedded in
an AAdS4 spacetime. Any constraint on the shape of ΓV can be readily implemented
as a relation between the different terms in eq. (6.52).

For instance, minimality condition (1.158) leads to

K(m) = −2ñ(m) · ∂Ω, (6.53)

when written in terms of the smooth metric G̃µν . As a consequence, when a minimal
surface ΓV min is considered, the renormalized area reduces to

Arearen
(
2ΓRT

V

)
= −L

2

2

∫
2ΓRT
V

d2x
√

ΓRT
V
g
(
H̃(m)2 + S̃ i

i

)
. (6.54)

2The definition of the Schouten tensor in arbitrary dimension is given by Sab =
1
d−2

(
Rab − 1

2(d−1)gabR
)
.
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In particular, when ΓRT
V is a spatial subregion of an AdS4 spacetime, which corresponds

to the conditions H̃(t) = 0 and S̃ i
i = 0 (g̃ab is a locally flat space), the last equation reads

Arearen
(
2ΓRT

V

)
= −L

2

2

∫
2ΓRT
V

d2x
√

ΓRT
V
gH̃2 = −L

2

2 W
(
2ΓRT

V

)
. (6.55)

Therefore, it is made explicit the connection between the renormalized area and the
Willmore energy. The equivalence of these two geometric concepts lead to interesting
inequalities about the AdS curvature of the minimal surface.

Indeed, when the closed surface 2ΓV min belongs to the topological class of the sphere
(g = 0), the combination of eqs. (6.33), (6.55) and χ [2ΓV ] = 2χ [ΓV ] leads to the inequality∫

ΓRT
V

d2x√ΓRT
V ΓRT

V
F ≤ 0. (6.56)

For a toroidal closed surface (g = 1), the inequality for g = 1 gives∫
ΓRT
V

d2x√ΓRT
V ΓRT

V
F ≤ −2π2. (6.57)

In this geometry, the bound is saturated by the Clifford torus [478]. Notice that in both
cases the integral of the trace of the AdS curvature is non-positive.

From a different starting point, Alexakis and Mazzeo arrived at the same type of
inequalities in ref. [460]. Note that our derivation of the Willmore energy from renormalized
area relies on the existence of an AdS bulk. Thus, the bounds (6.56) and (6.57) cannot
be extended to other backgrounds. A generalization of these results to generic bulk
and boundary geometries can be seen in ref. [469].

6.2.3 Bound on holographic entanglement entropy

The connection between renormalized area and Willmore energy provide us insight on
surfaces immersed in a higher-dimensional manifold. In particular, the dependence of EE
on the geometry becomes manifest when taking a minimal surface ΓV min.

For RT surfaces, the renormalized area is equivalent to the renormalized EE of the
subregion A implying that the universal part of holographic entanglement entropy in
three dimensions can be written as

suniv(V ) = − L2

8GN
W
(
2ΓRT

V

)
. (6.58)

One can map the universal part of entanglement entropy of an entangling region for
a vacuum state of the CFT3 to the Willmore energy of a closed geometry constructed
by gluing two copies of the RT surface.

Inequalities (6.41) and W(Γg=1
V ) ≥ 2π2 set a bound to renormalized holographic

entanglement entropy (6.58) depending on the topology of the entangling region. For a
doubled RT surface which correspond to g = 0 [477], the finite part reads

F holo(V ) ≤ πL2

2GN
, (6.59)
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that means the finite part of the entanglement entropy is maximized for a circular surface
among all the possible shapes within the same topological class — or, equivalently, the
F -term is minimized. The same bound was obtained in ref.[460].

In a similar fashion, when the closed surface 2ΓV RT is of genus g = 1, the finite term
of the finite part of entanglement entropy satisfies F g=1

holo (V ) ≤ π2L2

4GN . Therefore, the sphere
results as the global maximum of the entanglement entropy between surfaces of genus up
to one. Astaneh, Gibbons and Solodukhin arrived at the same conclusion by extending
their study to higher dimensional surfaces of genus larger than one in ref.[478].

The lower bound of F provides the sphere free energy of the field theory F0 thanks to
the CHM map (1.143). As entanglement entropy is maximized by the disk-entangling
region the degrees of freedom of the theory are captured by the sphere free energy. In
this analysisl, it is manifest that the origin of the non-local nature of the free energy has
a topological , as its depends on the Euler characteristic of the entangling region.

In sec. 6.1.2 we showed that a measure of the deformation of an entangling surface is
given by the trace of the AdS curvature, subjected to the inequalities (6.56) and (6.57).
This quantity is a holographic geometric probe of entanglement susceptibility in the
dual CFT. Interestingly enough, the susceptibility is negative as a consequence of the
strong subadditivity property of EE [275, 466, 468]. Hence, strong subadditivity imposes
a restriction on the curvature of the RT surface side which reads∫

ΓRT
V

d2x
√

ΓRT
V
g

(
ΓRT
V
R+ 2

L2

)
≤ 0. (6.60)

An analogous constraint on the spacetime curvature was derived in ref. [467] in the
context of covariant EE in AdS3/CFT2.

6.3 Discussion

In this chapter, we have studied the shape dependence of entanglement entropy in three-
dimensional CFTs dual to Einstein-AdS gravity. The finite part of the entanglement
entropy is expressed as the renormalized area of the RT surface (6.7) for CFTs in
odd dimensions. It consists on two contributions: a topological part, proportional
to the Euler characteristic of ΓV (shape independent); and a curvature term, which
encodes the information of the deformation of the entangling region with respect to
a constant-curvature condition.

Explicit computations on entangling regions with deformations for three-dimensional
CFTs are presented, along the line of refs. [230–232]. We match the results found in
the literature given in refs. [67, 463]. Our analysis shows that the number of degrees
of freedom of the field theory is given by the topological part. In turn, the quadratic
term in the deformation is coming from the integral of the AdS curvature. This means,
that the AdS curvature of the RT surface carries information on the coefficients of the
correlation function of the dual CFT3.

We also shown that Willmore energy arises as a special case of renormalized area
formula of a two-dimensional surface. Indeed, expression (6.33) is general, as there is no
distinction between minimal and non-minimal surfaces. Demanding a minimal surface
in a constant time slice of global AdS4 bulk spacetime, makes eq.(6.33) equivalent to
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6. Shape-dependence in holographic entanglement entropy

the Willmore functional. The latter provides a lower bound, saturated by a circular
entangling surface. This also shows that renormalized EE of a disk-like entangling region
is maximal among all the shapes with the same perimeter. This is in consonance with
the observations made in ref. [463], which points out that the universal contribution suniv
of the entanglement entropy is minimized by a circular entangling surface. At the same
time, we know that suniv matches the free energy of a CFT3 on a spherical background
due to the CHM map [284]. What we learnt here is that, as prescribed by eq. (6.58),
suniv can be equivalently seen as the Willmore energy of S2.
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7
Holographic entanglement entropy dual to

higher-curvature gravity

We now turn our attention to renormalization of CFTs that are dual to higher-curvature
gravity. More concretely, here we explore the cancellation of divergences in quadratic
curvature gravity using the Kounterterms prescription. As usual, once properly renormal-
ized, we will be able to read off the universal contributions to holographic entanglement
entropy. This can be achieved by considering particular shapes of entangling regions (i.e.,
spheres and cylinders), where the C-function candidates and other holographic quantities
like the type B anomaly coefficient c can be directly obtained

7.1 Renormalization of QC gravity using Kounterterms

Following the same principles as described in the previous chapter, we start with the
QC gravity action, defined in eq. (1.14). As usual, the renormalization of the Euclidean
action IrenE is achieved by the addition of the boundary term. However, opposed to the
Einstein-AdS case, the coefficient cd will be different to that in eq. (1.160) [228].

To obtain the correct coupling one must solve the usual characteristic equation to
find the vacuum of the theory (1.74). In the case of QC gravity, the embedding function
is given by eq. (1.75). From there, the value of cd is fixed by requiring the action of
the pure AdS solution (vacuum) to be finite, thus finding [228]

cd = adc
E
d (7.1)

where the auxiliary function ad reads1

ad = 1− 2d
L2
?

[
(d+ 1)α1 + α2 + (d− 2) (d− 1)

d
α3

]
, (7.2)

1For simplicity, we dropped the superindices (2), as we will focus in QC gravity throughout the whole
chapter.
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7. Holographic entanglement entropy dual to higher-curvature gravity

and cEd is given in eq. (1.160) (the superscript E denotes that its validity for Einstein-
AdS gravity). In addition, we must take into account that L must be replaced by
the effective AdS radius L?.

In principle, in order to obtain the holographic entanglement entropy functional,
we could use the Camps-Dong function (1.166) without encountering the splitting
problem. However, we can equivalently evaluate the QC Euclidean action directly
on the orbifold and find the correct functional emplyoing the relations derived by
Fursaev, Patrushev and Solodukhin reviewed in sec. 1.4.3. By doing so, we find the
bare entanglement entropy functional

SEE(V ) = 1
4GN

{
Area

(
ΓRT
V

)
+
∫

ΓRT
V

dd−1x
√

ΓV g

[
β

(
R(m)(m) − 1

2K
(m)K(m)

)
+ 2γR̃

+ 2α
(
R̃+ 2R(m)(m) −R(m)(n)(m)(n) − 2K(m) j

[i K
(m) i

j]

) ]}
, (7.3)

Following eq. (1.164), renormalization is achieved with the addition of the boundary term
described in eq. (1.165). Having the renormalized entanglement entropy functional at
hand, we evaluate it on certain configurations, i.e. sphere and cylinder, whose universal
terms encode significant information for the corresponding CFT.

7.2 Holographic entanglement entropy for spheres in vac-
uum CFT

As mentioned before, the bulk dual to the vacuum state of a d-dimensional CFT is
the Euclidean version of pure AdSd+1, whose metric in Poincaré coordinates is given
in eq. (1.60). For ball-shaped entangling regions of radius R in the CFT, the bulk
extremal surface is given by the spherical hemisphere of the same radius [307], whose
embedding is described by

ΓRT
V :

{
t = const.; r2 + z2 = R2

}
. (7.4)

For the following analysis, it is convenient to foliate pure AdS with warped spherical
hemispheres. In order to make the extremal surface explicit, the change of coordinates
r = X sinU , z = X cosU is performed. After this change, metric (1.60) reads

ds2 = L2
?

X2 cos2 U

(
dt2 + dX2 +X2dU2 +X2 sin2 UdΩ2

d−2

)
. (7.5)

In this metric, the hemispheres are the constant (t,X) codimension-two surfaces and the
extremal one is located at X = R. Also, the non-zero components of the normal
vectors to the surfaces read

n
(X)
X = n

(t)
t = L?

X cosU . (7.6)

Therefore, the non-zero components of the projected Riemann and Ricci tensors along
these directions read

R(X)(X)= Rabn(X)
an

(X)
b = − d

L2
?

, R(t)(t) = Rabn(t)
an

(t)
b = − d

L2
?

, (7.7)
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R(X)(t)(X)(t)= Rabcdn(X)
an

(t)
bn

(X)
cn

(t)
d = − 1

L2
?

. (7.8)

Regarding the extrinsic curvatures, since the foliation defines a sphere, they identically van-
ish, i.e.,

K(X) j
i = K(t) j

i = 0. (7.9)

In Poincaré coordinates, the induced metric reads

ds2
ΓRT
V

= ΓV gijdxidxj = L2
?

z2

[
R2dz2

R2 − z2 + (R2 − z2)dΩ2
d−2

]
, (7.10)

which admits a Fefferman-Graham-like expansion as

ds2
ΓRT
V
a= L2

?

z2

[
1 + z2

R2 + z4

R4 + O
(
z6
)]

dz2 + γ̃αβdxαdxβ, (7.11)

γ̃αβ= R2L2
?

z2

(
1− z2

R2

)
Ωαβ, (7.12)

where Ωαβ is the metric of the (d − 2)-dimensional sphere. The induced metric γ̃αβ is
fixed at the regulator z = δ, i.e., when δ → 0.

Under the previous considerations, the quantities present in eq. (7.3) read

Area[ΓV ]= Vol
(
Sd−2

)
R

∫ zmax

δ
dz
(
R2 − z2

) d−3
2
(
L?
z

)d−1
, (7.13)

R̃= −(d− 1)(d− 2)
L2
?

, (7.14)

R(i)(i)= − 2d
L2
?

, (7.15)

R(i)(j)(i)(j)= − 2
L2
?

, (7.16)

K(m)K(m) = K(m) j
i K

(m) i
j = 0 . (7.17)

The codimenstion-two extrinsic curvatures vanish because the geometry after the fo-
liations describes a sphere.

Therefore, considering all the terms that appear in eq. (7.3), we have that the bare
holographic entanglement entropy SEE(Bd−1) is given by

SEE(Bd−1) = 1
4GN

(
Vol

(
Sd−2

)
R

∫ zmax

δ
dz
(
R2 − z2

) d−3
2
(
L?
z

)d−1
(7.18)

+
∫

Σ
dd−1√h

{
−2α1
L2
?

[(d− 1)(d− 2) + 4d− 2]− 2dα2
L2
?

− α3
(d− 1)(d− 2)

L2
?

})
,

which can be rearranged, using the definition of ad in eq. (7.2), to

SEE(Bd−1) =
adVol

(
Sd−2

)
4GN

∫ zmax

δ
dz R

(
R2 − z2

) d−3
2
(
L?
z

)d−1

=ad
Area

[
ΓRT
V

]
4GN

. (7.19)
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Now, adding the holographic entanglement entropy Kounterterm (1.165), we have that

Sren
EE (Bd−1) = ad

4GN

(
Area

[
ΓRT
V

]
+ cEd

⌊(d+ 1)
2

⌋ ∫
Σ
Bd−2

)
, (7.20)

such that the universal part of the holographic entanglement entropy for ball-shaped
entangling regions becomes proportional to the universal part of the area of the minimal
surface Sren

EE (Bd−1) = ad
4GN

Arearen
[
ΓRT
V

]
.

Finally, using our results of refs. [231, 233], the renormalized holographic entanglement
entropy is given by2

Sren
EE (Bd−1) = ad

4GN


(−1)

d−1
2

2d−1π
d−1

2 Ld−1
?

(d− 1)! if d odd,

(−1)
d
2−1 2π d2−1Ld−1

?(
d−2

2

)
!

log
(2R
δ

)
if d even,

(7.21)

where ad was defined in eq. (7.2). The explicit cancellation of the IR divergences in the
area functional and the identification of the universal term are given in Appendix C.

7.2.1 C-function candidates in CFTs dual to QC gravity

As discussed in sec. 1.4.5, we can compute the C-function candidates for CFTs dual
to QC gravity, which are conjectured to decrease along the RG flows. Following the
discussion in the case of ball-shaped entangling regions, we can read out the C-function
candidates for both odd and even dimensional CFTs directly from the expression for
Sren
EE (Bd−1) [65, 66, 245]. In particular, we have

Sren
EE (Bd−1) =


(−1)

d−1
2 F0, d odd,

(−1)
d
2−14A log

(2R
δ

)
, d even,

(7.22)

where

F0 = ad
2dπ d−1

2 Ld−1
?

8GN (d− 1)! (7.23)

is identified as the sphere free energy according to the CHM map (1.143), and

A = ad
π
d
2−1Ld−1

?

8GN
(
d
2 − 1

)
!

(7.24)

is the type A anomaly coefficient. They correspond to quantities that are considered
monotonic along RG flows for odd and even-dimensional CFTs respectively [65, 66].
Therefore, the C-function candidate for CFTs dual to QC gravity is proportional to
the one of Einstein-AdS gravity, but multiplied by an overall coefficient that depends
on the parameters of the theory ad. An identical behavior of the universal terms has
been found in other higher-curvature theories of gravity such as Einstein cubic gravity,
quasi-topological gravity and Lovelock theories, at least, at perturbative level [202].

2Note the choice of 2R as the characteristic scale inside the logarithm of the universal term. This
choice allows to absorb the finite term as part of the logarithmically divergent term.
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The explanation behind this proportionality becomes clear when eqs. (7.20) and (7.21)
are considered. Note that the computation of Sren

EE is simplified, for the case of ball-shaped
entangling regions, as the resulting functional is proportional to the renormalized area
Arearen of the minimal surface in the bulk. This is due to the fact that for spheres,
the bare entropy functional becomes proportional to the area of ΓRT

V what is the RT
functional. Therefore, the C-function candidates of both QC and Einstein-AdS gravities
correspond to the universal terms of the area of ΓRT

V , given by Arearen, up to a factor
that depends on the QC gravity couplings.

The fact that the entropy has to be proportional to the area in the spherical case
is universal, and can be inferred directly from the CHM map [284]. In particular, due
to the conformal symmetry of the CFT, the entanglement entropy of the ball-shaped
subregion can be mapped to the thermal entropy of the CFT at a certain temperature
that depends on the replica index. This entropy can be computed, using AdS/CFT, as
the Wald entropy of a hyperbolic black hole of constant curvature, which is trivially
proportional to the area of the black hole horizon.

Note also, that in the expression for the log universal term of eq. (7.22), one can
consider the radius of the sphere R as the characteristic size scale. In which case the
logarithmic term can be written as log R

δ + log 2. This extra log 2 appears in even d.
Because of the robustness of the term in different dimensions, it is suggestive to consider
it as coming from a topological term. Indeed, it can be written as log (χ [Σ]), where χ [Σ]
is the Euler characteristic of the entangling surface in the CFT.

In the following section, we consider cylinder-shaped entangling regions, from which it
is possible to compute the type B anomaly coefficient in four-dimensional CFTs [307, 310].

7.3 holographic entanglement entropy for a cylinder in vac-
uum CFT

In order to characterize the type B anomaly of a CFT, it is useful to consider the
log part of the holographic entanglement entropy for a cylindrical entangling region.
For instance, in the case of AdS5/CFT4, this universal term is related to c (the type
B anomaly coefficient) according to

suniv(R× B2) = −cH2l log l
δ
, (7.25)

where l is the radius of the cylinder, H is its length along the axis and δ is the usual UV
cutoff in the CFT [307, 310]. When computing the entanglement entropy holographically,
by comparing the obtained result with the previous expression, it is possible to identify
the c coefficient in terms of the bulk gravity quantities.

We start by considering the metric of pure AdS5 written as

ds2 = L2
?

z2

(
dt2 + dz2 + dx2

3 + dr2 + r2dθ2
)
, (7.26)
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where θ represents the angular direction of an S1 sphere. For cylindrical entangling regions
of radius l in the CFT, with their axis extending infinitely along the x3 direction, the
bulk extremal surface, in the near-boundary region, is described by the embedding

ΓRT
V :

{
t = const.; r = l

[
1− z2

4l2 + O
(
z4
)]}

. (7.27)

The normal vectors to the surface read

n(X)
a = L?√

4l2 + z2

(
0, 1, 0, 2l

z
, 0
)
, n(t)

a =
(
L?
z
, 0, 0, 0, 0

)
. (7.28)

In this case, the projected Riemann and Ricci tensors read

R(t)(t)= Rttn
(t)
tn

(t)
t = − 4

L2
?

, (7.29)

R(X)(X)= Rrrn(X)
rn

(X)
r +Rzzn(X)

zn
(X)

z = − 4
L2
?

, (7.30)

R(X)(t)(X)(t)= Rztztn(X)
zn

(t)
tn

(X)
zn

(t)
t +Rrtrtn(X)

rn
(t)
tn

(X)
rn

(t)
t = − 1

L2
?

. (7.31)

The extrinsic curvature along the temporal axis vanishes, i.e., K(t) j
i = 0 . However, the

foliation in the z coordinates gives a non-zero extrinsic curvature whose components read

K(X) z
z = − z3

8l3L?
+ O

(
z5
)
, (7.32)

K(X) x3
x3 = − z

2lL?
+ z3

16l3L?
+ O

(
z5
)
, (7.33)

K(X) θ
θ = z

2lL?
+ 3z3

16l3L?
+ O

(
z5
)
. (7.34)

The induced metric in the codimension-two manifold ΓV reads

ds2
ΓRT
V

= L2
?

z2


[
1 + z2

4l2 + O
(
z4
)]

dz2 + dx2
3 + l2

[
1− z2

4l2 + O
(
z4
)]2

dθ2

 . (7.35)

As in the spherical entangling region case, this expression admits a Fefferman-Graham ex-
pansion as well.

Based on these considerations, the geometric quantities appearing in the EE functional
in eq. (7.3) are given by

Area
[
ΓRT
V

]
=
∫ 2π

0
dθ
∫ H

0
dx3

∫ zmax

δ
dz√ΓV g , (7.36)

R̃= − 6
L2
?

− z2

2l2L2
?

+ O
(
z4
)
, (7.37)

R(m)(m)= − 8
L2
?

, (7.38)

R(m)(n)(m)(n)= − 2
L2
?

, (7.39)

K(m)2= O
(
z6
)
, (7.40)
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K(m) j
i K

(m) j
i = z2

2l2L2
?

+ O
(
z4
)
. (7.41)

In even-dimensional CFTs, the finite part of the entanglement entropy, b0, is non-
universal, and therefore, upon evaluating the integral in the Poincaré coordinate of
the area functional, the upper limit (at zmax) can be neglected. For the lower limit
we expand the metric determinant, finding

√
ΓRT
V
g = lL3

?

z3 −
L3
?

8lz + O (z) . (7.42)

Now, plugging all these results into the functional, we obtain

SEE(B2 × R) = πHL3
?

4lGN

(
a4
l2

δ2 −
ã4
4 log l

δ

)
+ b0, (7.43)

where we define the coefficient

ã4 = 1− 4
L2
?

(10α1 + 2α2 + α3) . (7.44)

This factor differs from a4 defined in eq. (7.2).
Finally, we check that the boundary term cancels the power law term in eq. (7.43).

The induced metric at the boundary z = δ reads

√
ΓRT
V
g = lL2

?

δ2 −
L2
?

4l + O (δ) , (7.45)

yielding

Skt(B2 × R) = −a4πHlL
3
?

4GNδ2 . (7.46)

As we can see, the power law divergence in eq. (7.43) is indeed cancelled by the Kountert-
erm.

Thus, up to a non-universal finite part, one has that for the cylinder entangling region
in d = 4, the universal part of the HEE is given by

Sren
EE (B2 × R) = −a4

πHL3
?

16lGN
log l

δ
. (7.47)

Finally, comparing this expression with that of eq.(7.25), we have that

c = b4
πL3

?

8GN
. (7.48)

In the QC gravity case, it is evident from our results that the A and c central charges
are different. However, for Einstein-AdS (ã4 = a4 = 1), they coincide.
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7.3.1 Extremal surface for the cylinder

In refs. [307, 310], it was shown that the surface (7.27) extremizes the holographic
functional for Gauss-Bonnet theory. In QC gravity, higher-order terms appear in the
entanglement entropy. However, the same embedding function yields the extremal surface
at order O (

z3). In order to see this, consider an arbitrary surface parametrized with
r = r(z). In d = 4, the holographic entanglement entropy functional for QC gravity reads

SEE =πHL?
4GN

∫ zmax

δ
dz 1
z3r (r′2 + 1)5/2

{
2L2

?r
2
(
r′2 + 1

)3

+16αr(r′2 + 1)
[
z(z + 2rr′)r′′ − (r′2 + 1)(r(5 + 3r′2)− zr′)

]
−β

[(
r
(
r′3 + r′ + zr′′

)
+ z

(
r′2 + 1

))2
+ 16r2

(
r′2 + 1

)3
]

−4γr
(
r′2 + 1

) [
2z
(
2rr′ + z

)
r′′ + 2

(
3r − 2zr′

) (
r′2 + 1

)] }
. (7.49)

This expression is obtained once the terms given by

Area
[
ΓRT
V

]
=
∫ 2π

0
dθ
∫ H

0
dx3

∫ zmax

δ
dz
√

ΓRT
V
g = 2πHL3

?

∫ zmax

δ
dz r
√

1 + r′2

z3 ,(7.50)

R̃= −2z (2rr′ + z) r′′ + 2 (3r − 2zr′)
(
r′2 + 1

)
L2
?r (r′2 + 1)2 , (7.51)

R(m)(m)= − 8
L2
?

, (7.52)

R(m)(n)(m)(n)= − 2
L2
?

, (7.53)

K(m)2=
[
(rr′ + z)

(
r′2 + 1

)
+ zrr′′

]2
L2
?r

2 (r′2 + 1)3 , (7.54)

K(m) j
i K

(m) i
j =

[
(z + rr′)2 + r2r′2

]
(1 + r′2)2 + r2(r′ + r′3 − zr′′)

L2
?r

2(1 + r′2)3 , (7.55)

are plugged into eq. (7.3). The resulting functional (7.49) constitutes a Lagrangian
L = L(z, r, r′, r′′) that contains second order derivatives of the dynamical function r(z).
Because of this, the Euler-Lagrange equation needed to find the extremal surface reads

∂L
∂r
− d

dz
∂L
∂r′

+ d2

dz2
∂L
∂r′′

= 0 . (7.56)

From this expression, an equations of motion containing fourth-derivative terms in the
function r(z) is found. However, the ansatz

r = l

[
1− z2

4l2 + O
(
z4
)]

, (7.57)

from ref. [310] is verified to satisfy the equations of motion up to order O (
z3). Because

of this, the extremal surface for QC gravity coincides with that for Gauss-Bonnet gravity
in this perturbative regime. This is an expected result due to the universality of the
second term in the asymptotic expansion of the embedding function, what is linked to
the universality of the γ̃(2)

αβ coefficient in the Fefferman-Graham expansion in terms of
the Schouten tensor of γ̃(0)

αβ , as discussed in ref. [201].
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The case for the cylindrical entangling region in d = 4 is interesting as it isolates the
contribution from the type B anomaly in the universal part. The same should be the
case for higher-dimensional cylinders, as the coefficient obtained should represent a linear
combination of the couplings of different conformal invariants.3 However, the embedding
function is not known in the higher-dimensional case as it would require knowledge of the
subleading terms in the expansion of eq. (7.57), which are not universal. Furthermore, the
Kounterterm renormalization procedure has limitations regarding the types of entangling
surfaces that it can accommodate, for dual bulk manifolds of dimension greater than
5. In particular, it requires the dimensional continuation of codimension-two conformal
invariants at the entangling surface to vanish. For example, to the next-to-leading order,
the method only works for surfaces such that

W ij
ij −K(m)

〈ij〉K(m)〈ij〉 = 0 , (7.58)

as shown in ref. [233]. Expression (7.58) is trivially satisfied for spheres, but not for
cylinders or arbitrary shapes.4

7.4 Discussion

The results for holographic entanglement entropy for CFTs dual to QC gravity presented
here come as the natural blend between the Kounterterm method applied to this gravity
theory [227, 228] and a remarkable feature of the boundary term Bd when evaluated in
spacetimes with a conical defect [233]. In this respect, we have recovered the universal part
of the holographic entanglement entropy found in the literature regarding the computation
of the C-function candidates [202]. This function captures essential properties of CFTs,
which are given by the type A anomaly coefficient in the case of even d and by the
generalized F0 quantity for odd d [66, 245, 451].

The above calculation requires a ball-shaped entangling region in the CFT, where for
the case of pure AdS spacetime (dual to the vacuum of the CFT), the embedding of the
extremal surface (7.4) for the QC gravity holographic entanglement entropy functional (7.3)
is explicitly given. Then, the Fefferman-Graham-like expansion of all the terms involved
in the functional can be obtained. In both, even and odd boundary dimension d, it can
be seen that the C-function candidate derived is proportional to the one for Einstein-AdS
gravity, but with an overall coupling-dependent factor ad, whose form is given in eq. (7.2).

We have also obtained the type B anomaly coefficient c in the case of four-dimensional
CFTs. In order to perform this computation, we have considered a cylindrical entangling
region in the CFT, and the near-boundary expansion (up to cubic order in the Poincaré
coordinate) of the embedding for the minimal surface. In this situation, we have derived
the corresponding Euler-Lagrange equation for the embedding function r(z), by taking

3Although little is known about conformal invariants beyond eight dimensions, one may think this
computation would provide information on the part of these invariants which is polynomial in the Weyl
tensor.

4In bulk dimensions up to 5, the Kounterterm procedure works for arbitrary entangling regions.
Furthermore, as proven in [449], the procedure correctly renormalizes actions for gravity theories of
arbitrary order in the Riemannian curvature, and therefore, it is expected to work for renormalizing
holographic entanglement entropy for CFTs dual to said theories as well.
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variations of the entropy functional of eq. (7.49). We have verified that the same embedding
function considered for Einstein-AdS gravity is also a solution of the extremization equation
in the QC gravity case, in d = 4, and up to cubic order. The condition for the minimal
surface obtained in this way contains higher-order derivative terms in the dynamical
variable (akin to the “acceleration”). Thus, extra boundary conditions are required
beyond setting the border of the surface to coincide with the entangling region. When the
surface is extremal (i.e., the intersection of the surface with the conformal boundary is
orthogonal), the boundary problem is completely fixed. This is the case of the cylinder in
d = 4, due to the fact that the entropy functional becomes proportional to the area up to
cubic order. In the result for the c coefficient we also find agreement with the literature
[202]. It is evident from the expression obtained in eq. (7.48), that the type B anomaly
coefficient can be written as the one for Einstein-AdS gravity, but multiplied with a factor
ã4, given in eq. (7.44), which incorporates the information on the couplings of QC gravity
theory. The fact that ã4 is different from the a4 of eq. (7.2) allows for different central
charges in four-dimensional CFTs dual to QC gravity, unlike the Einstein-AdS case.

All in all, for both even and odd dimensional CFT cases, the Kounterterm procedure
allows to isolate the universal part of the HEE of the dual gravity theory. For bulk
dimensions lower than 6, the Kounterterm procedure works on entangling regions of
arbitrary shape. Also, despite its limitations on the type of entangling regions that can be
renormalized in higher dimensions (as discussed in the previous section), the Kounterterms
prescription is the only method available so far for renormalizing holographic entanglement
entropy in higher-curvature gravity theories.5

In isolating the universal part of the holographic entanglement entropy, we have been
able to express it as a covariant functional which is given by the standard holographic
entanglement entropy functional plus an extrinsic counterterm in codimension-three
(1.165). In the particular case of spherical entangling regions in pure AdS (vacuum CFTs),
the renormalized holographic entanglement entropy functional becomes proportional to the
renormalized area (7.20), which is logarithmically divergent for even-d and finite for odd-d.

For a cylindrical entangling region in d > 4, the renormalized entropy functional
is no longer proportional to the renormalized codimension-two volume. However, in
d = 4, the expressions coincide — up to the normalizable order—, albeit with a different
proportionality constant than for the spherical case.

We point out that the Kounterterm procedure is a nonperturbative method, in the
sense that nowhere it is assumed that the couplings of the quadratic terms are small. In
other words, the prescription does not rely on the linearization of the equations of motion
such that the theory behaves like Einstein gravity with a modified Newton’s constant.
One can wonder whether the prescription isolates C-function candidates when computing
the holographic entanglement entropy for CFTs dual to higher-than-second-curvature
gravity theories. It turns out that the answer is positive, as shown in ref. [234], when
considering the Jacobson-Myers functional for Lovelock gravity.

Moreover, it was recently shown that

5The alternative renormalization procedure of [308], based on Holographic Renormalization [208], was
only applied for Einstein and Einstein-Gauss-Bonnet gravity theories.
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8
Shape-dependence of entanglement entropy in

general CFT

In ch. 6 we found that the disk-like entangling region maximized the finite part of
entanglement entropy (or minimized F ) for CFTs dual to Einstein-AdS gravity. Moreover,
from Mezei’s formula we know that this is the case for any CFT, as corrections coming
from small perturbations in the entangling surface to F0 are given by a positive-definite
geometry-dependent coefficient weighted by the (also positive-definite) stress-tensor CT .

This motivates the question whether this situation is only valid for holographic
theories or for general CFTs for arbitrary entangling shapes. In other words, we want
to elucidate if the relation

F (V )/F0 ≥ 1 , with F (V )/F0 = 1⇔ V = B2, (8.1)

holds any three-dimensional CFT under consideration. On general grounds, one can
also argue that F tends to grow as regions incorporate sufficiently thin sectors, as in
that case F includes contributions proportional to the ratio between the corresponding
long and short dimensions —see e.g., [302, 479].

An analogous problem has been studied for the universal (logarithmic) contribution to
the entanglement entropy in four-dimensions in [478] and [480]. In that case, however, the
essentially local nature of the corresponding term makes it be fully determined in terms of
two (theory-independent) local integrals over ∂A weighted by the trace-anomaly charges
of each theory rda and c. The global minimization of the entanglement entropy universal
term by the round sphere follows then rather straightforwardly for general CFTs in the
case of arbitrary entangling surfaces of genus g = 0 and g = 1. On the other hand, as
pointed out in [480], when a > c it can be shown that the entanglement entropy universal
coefficient is actually unbounded from below for sufficiently high genus.1

1The argument follows from two facts: i) the EE universal coefficient can be written as a linear
combination of the Willmore functional of ∂A plus (a/c− 1) times the Euler characteristic of ∂A —which
is proportional to (1− g), where g is the genus of the entangling surface; ii) for every genus g there exists
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In this chapter, we argue that conjecture (8.1) is valid for general CFTs in three
dimensions. Before providing a proof, in sec. 8.1 we study in detail the case of elliptic
regions. In particular, we provide analytic approximations of F for such regions for
arbitrary values of the eccentricity for general CFTs. These we compare with the exact
result obtained numerically for the so-called “Extensive Mutual Information” (EMI) model
as well as with lattice results for free scalars and fermions finding good agreement for the
latter and a small puzzle for the former. The lattice results are obtained using mutual
information (MI) as a geometric regulator which requires the evaluation of the MI for
two concentric regions and the subtraction of a purely geometric piece weighted by the
coefficient controlling the entanglement entropy of a thin strip region. In sec. 8.2 we
evaluate F for several families of more general entangling regions in the EMI model.
This allows to illustrate to what extent F may vary in general as the geometric features
of the entangling region non-perturbatively deviate from the most symmetric cases. In
sec. 8.3 we prove (8.1) for general theories.

8.1 Elliptic entangling regions

Perhaps the simplest (non-perturbative) generalizations of the disk region which come
to mind are ellipses. In the holographic context, they have been studied numerically
alongside more general regions in ref. [324]. In the same context, some bounds for their
corresponding F were obtained in ref. [463]. In this section we start by considering the
limit in which the elliptic regions are very squashed (eccentricity e→ 1), which leads to
a general approximation in terms of the strip coefficient k(3) valid for general theories.
Then, using this approximation along with Mezei’s formula for the opposite limit of
almost round ellipses, we build a trial function which approximates F(e) for arbitrary
values of the eccentricity for a general CFT as long as we know the values of the three
coefficients F0, CT , k(3). We present the resulting approximations for the EMI model,
holographic Einstein gravity, free scalars and free fermions. For the last two, we perform
lattice calculations of F(e) using mutual information as a regulator for e =

√
3/2 ' 0.866,

e = 2
√

2/3 ' 0.943, e =
√

15/4 ' 0.968 and e = 2
√

6/5 ' 0.98 which we compare to the
approximations. The fermion results agree reasonably well with the trial function, which
also approximates the exact EMI model results with a discrepancy lower than a ∼ 5% for
the whole range. On the other hand, the lattice produces results for the scalar which are
considerably lower than the ones obtained from the approximation. While this appears to
be an artifact of the lattice results (at least to some extent) we introduce an additional
trial function which does a better job in approximating the scalar results. Along with the
initial one, these two functions confidently bound the possible values of F(e) for a given
CFT. In all cases, F(e) is a monotonically increasing function of the eccentricity.

at least a surface whose Willmore energy lies somewhere between the values 4π and 8π [481, 482]. Then,
whenever (a/c − 1) > 0, a growing g will make the Euler characteristic piece more and more negative,
whereas the Willmore part for certain geometries will remain bounded between the aforementioned values
independently of g.
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8.1.1 General-CFT approximations for arbitrary eccentricity

Ellipses of semi-major and semi-minor axes a,b and eccentricity e ≡
√

1− b2/a2 ∈ [0, 1)
can be parametrized in polar and Cartesian coordinates respectively by

r(θ) = b√
1− e2 cos2 θ

, and [x(t), y(t)] = [a cos(t), b sin(t)] , (8.2)

where the “eccentric anomaly” t is related to the polar angle θ by tan(θ) = b
a tan(t). As

we vary e, we can interpolate between the regime which is very close to the disk (as
e → 0) and the one which approaches the strip-like behavior described eq. (1.133) (as
e → 1). In the former case, one finds, from Mezei’s formula

F(e)
e→0' F0 + e4π

4CT
64 + O(e8) . (8.3)

In the opposite regime, we can take advantage of (1.133), namely, of the fact that very
thin regions are controlled by the strip coefficient k(3) times the ratio of their long and thin
dimensions. Using the equation for the width of the squashed ellipse, 2y = 2b

√
1− x2/a2,

we can then approximate F(e→1) as [463]

F(e)
e→1' k(3)

∫ a

−a

dx
2b
√

1− x2/a2 = k(3)π

2
√

1− e2
= k(3)π

2
√

2
√

1− e
+ O(

√
1− e) . (8.4)

This is valid for general CFTs and, at least for some models, it in fact provides a very
good approximation to the exact result for not-so-squashed ellipses —see comments
below (8.65). Similar formulas valid for general CFTs can be analogously obtained for
other closed squashed entangling regions.

Formulas (8.4) and (8.3) provide us with approximations to F(e) in those two regimes,
for general CFTs provided we know the coefficients k(3), F0 and CT . Using them, we
can try to do better and produce expressions which approximate F(e) for arbitrary
values of the eccentricity.

Our strategy is to build an approximation from a linear combination of test functions
with particular relative coefficients. The idea is to fix those coefficients in a way such that
eqs. (8.4) and (8.3) hold when the full expression is expanded around e→ 0 and e→ 1
respectively.2 In the former case, this implies setting to zero the O(e1, e2, e3, e5, e6, e7)
coefficients. Naturally, there are many possible candidate functions one may consider, but
we find it convenient to choose as building blocks functions of the form ∼ E[e2]k/

√
1− e2

with k some positive integer and others ∼ (1− e2)l/2 with l = −1, 1, 3, . . . Functions of
these types are such that the O(e1, e3, e5, e7) coefficients around e = 0 are automatically
vanishing. For a general linear combination of functions, expanding around e = 0 and
imposing eq. (8.3) fixes four of the coefficients. Expanding around e = 1 and imposing
eq. (8.4) fixes an additional one. These restrictions considerably constrain the possible
behavior of the trial functions —especially if one requires them to be monotonically

2Let us mention that a similar strategy was used in ref. [483] (see also [484]) in order to produce
high-precision approximations to the entanglement entropy corner functions of general CFTs using the
parameters CT and k(3). In that case, the available (numerical) results for free fields and holography
allowed the authors to verify the excellent agreement between the trial functions and the exact curves.
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increasing functions of the eccentricity— but still allow for some room of variance for
intermediate values of e. We construct the following two trial functions,

F(e)|tri1 = α1(e)F0 + α2(e)CT + α3(e)k(3)

α4(e) ,

F(e)|tri2 = β0 + β1(e)F0 + β2(e)CT + β3(e)k(3)

β4(e) , (8.5)

where3

α1(e) ≡+ 2
[
π3 (−120 + π[204 + π(17π − 114)]) (8.6)

− π2[−688 + π
(
1088− 504π + 17π3

)
]E[e2]

+ 6π
(
−176 + 208π − 84π3 + 19π4

)
E[e2]2

+ 2
(
288− 2π2[312 + 17π(3π − 16)]

)
E[e2]3

+ 8 (−72 + π[132 + π(15π − 86)])E[e2]4
]
,

α2(e) ≡− π4(π − 2)2
(
π − 2E[e2]

)2 (
E[e2]− 1

) (
π(π − 6) + (20− 6π)E[e2]

)
, (8.7)

α3(e) ≡+ π5
(
π − 2E[e2]

)4
, (8.8)

α4(e) ≡+ 2π4(π − 2)4√1− e2

E[e2] , (8.9)

and

β0(e) ≡+ 2
5
[
π2
(
−8(32− 48e2 + e4) + π3(17− 18e2 + e4) (8.10)

−2π2(96− 80e2 + 7e4) + 4π(128− 112e2 + 9e4)
)

+ 2π(−1024 + 128π + 23π3)E[e2]− 4(−1280 + 64π2 + 25π3)E[e2]2

− 8(640− 256π + 15π2)E[e2]3
]
,

β1(e) ≡+ 2π2
(
48− 184π + 84π2 − 9π3 + e2(−24 + π(44− 42π + 9π2))

)
(8.11)

+ 4E[e2](7π2(32− 3π2) + 2E[e2]
[
−64 + 7π2(5π − 16) + (64− 6π2)E[e2]

]
) ,

β2(e) ≡+ π6
(
48− 128π + 52π2 − 5π3 + (π − 2)2(5π − 14)e2

)
(8.12)

+ 2π4E[e2]
[
π(128 + 40π − 9π3) + 2E[e2](−176 + π2(13π − 20)

+2(88 + (π − 32)π)E[e2])
]
,

β3(e) ≡2π6(2e2 − 1)− 28π5E[e2] + 72π4E[e2]2 − 16π3E[e2]3 , (8.13)
β4(e) ≡4π2(π3 − 14π2 + 36π − 8)

√
1− e2 . (8.14)

Although F(e)|tri1,2 do not look particularly simple, note that the exact F(e) for a given
CFT will in general be an extremely complicated function of e depending on many details
of the theory. Our approximations above are completely explicit and depend on the CFT

3E[x] is the complete elliptic integral, E[x] ≡
∫ π/2

0

√
1− x sin2 θdθ.

146



8. Shape-dependence of entanglement entropy in general CFT

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦◦◦
◦◦
◦◦◦
◦◦
◦
◦

◦

◦

◦

◦

◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇
◇◇
◇◇◇◇◇◇◇◇◇◇◇

◇◇◇◇◇◼ ◼ ◼ ◼ ◼ ◼ ◼ ◼ ◼
◼

◼
◼
◼

◼

◼
◼
◼
◼
◼
◼◼◼
◼

◼

◼

◼

◼

◼

































































Figure 8.1: We plot the universal contribution to the entanglement entropy corresponding to an
elliptic region, normalized by the disk result, F0, as a function of the eccentricity. In the left plot,
the data points are (exact) numerical results obtained for the EMI model and the purple curves are
the trial functions F(e)|trial1,2 particularized to this model. The relative error in the approximations is
shown in the inset. In the right plot, we present both trial-function curves for: a free scalar, a free
fermion, the EMI model and holographic Einstein gravity. The dots correspond to lattice values for the
scalar and the fermion. rdThe inset is a zoom in of the region e > 0.85.

under consideration exclusively through the three constants k(3), F0 and CT . Anticipating
results presented in Section 8.2, we can test the precision of our formulas against numerical
calculations for the EMI model. For this, we know k(3), F0 and CT analytically —see
(8.65), (8.50) and (8.52) below— and we can also compute F(e) exactly (up to numerical
precision). The first function, F(e)|trial1 produces a very good approximation to the
exact EMI model results. As shown in the inset of the left plot in fig. 8.1, the greatest
discrepancy is lower than ∼ 5% and it is much smaller for most values of e. The case of
F(e)|trial2 is rather different. For that one, the discrepancy grows up to a maximum of
∼ 22% for e ∼ 0.96. In view of this, we expect F(e)|trial1 to be a better approximation
for general CFTs. However, we decided to keep F(e)|trial2 as it does a much better job in
approximating the free scalar results obtained in the lattice, as we explain below.

As anticipated, there are other CFTs for which we know the values of the three
relevant coefficients and for which we can therefore compute F(e)|tri1,2 . In particular,
for a free scalar [198, 273, 283, 485], a free fermion [198, 273, 283, 485] and Einstein
gravity holography [302, 486] we have

k
(3)
ferm ' 0.0722 , Cferm

T = 3
16π2 , F ferm

0 = 1
8

[
2 log 2 + 3

π2 ζ(3)
]
, (8.15)

k
(3)
scal ' 0.0397 , Cscal

T = 3
32π2 , F scal

0 = 1
16

[
2 log 2− 3

π2 ζ(3)
]
, (8.16)

k
(3)
holo =

πΓ(3
4)2

Γ(1
4)2

L2

GN
, Cholo

T = 3
π3

L2
?

GN
, F holo

0 = πL2

2GN
. (8.17)
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8. Shape-dependence of entanglement entropy in general CFT

Note that the fermion results correspond to a Dirac field, so the values of the coefficients
per degree of freedom would require dividing them by 2. Using these coefficients, in
the right plot of fig. 8.1 we present the corresponding F(e)|tri1,2 curves, alongside the
EMI one. As we can see, the fermion and EMI curves are very close to each other4 and,
for each model, both trial functions are also rather similar. The scalar and holography
curves are the ones making F/F0 greater and lower, respectively, for general values of
e. This hierarchy of theories is similar to the one encountered for the entanglement
entropy corner function a(θ) normalized by CT in ref. [68]. In all cases, F(e)|tri2 lies
notably below F(e)|tri1 in the whole range.

In the present case, we have also performed lattice calculations for the free scalar and
the fermion corresponding to e =

√
3/2 ' 0.866, e = 2

√
2/3 ' 0.943, e

√
15/4 ' 0.968 and

e = 2
√

6/5 ' 0.98. As explained in the following subsection, we obtain two values of F(e)
for each eccentricity and model. They are both presented in fig. 8.1. We find

F̄ ferm
(
√

3/2)|lattice ' {1.25, 1.25} , F̄ scal
(
√

3/2)|lattice ' {1.32, 1.30} .

F̄ ferm
(2
√

2/3)|lattice ' {1.66, 1.69} , F̄ scal
(2
√

2/3)|lattice ' {1.95, 1.92} ,

F̄ ferm
(
√

15/4)|lattice ' {2.11, 2.10} , F̄ scal
(
√

15/4)|lattice ' {2.48, 2.57} .

F̄ ferm
(2
√

6/5)|lattice ' {2.59, 2.56} , F̄ scal
(2
√

6/5)|lattice ' {3.06, 3.27} , (8.18)

where we defined F̄(e) ≡ F(e)/F0 here to avoid the clutter. Now, for the trial functions we
find

F̄ ferm
(
√

3/2)|
tri1 ' 1.21 , F̄ ferm

(2
√

2/3)|
tri1 ' 1.62 , F̄ ferm

(
√

15/4)|
tri1 ' 2.10 , F̄ ferm

(2
√

6/5)|
tri1 ' 2.60 ,

F̄ ferm
(
√

3/2)|
tri2 ' 1.13 , F̄ ferm

(2
√

2/3)|
tri2 ' 1.41 , F̄ ferm

(
√

15/4)|
tri2 ' 1.80 , F̄ ferm

(2
√

6/5)|
tri2 ' 2.25 ,

F̄ scal
(
√

3/2)|
tri1 ' 1.43 , F̄ scal

(2
√

2/3)|
tri1 ' 2.31 , F̄ scal

(
√

15/4)|
tri1 ' 3.30 , F̄ scal

(2
√

6/5)|
tri1 ' 4.32 ,

F̄ scal
(
√

3/2)|
tri2 ' 1.27 , F̄ scal

(2
√

2/3)|
tri2 ' 1.87 , F̄ scal

(
√

15/4)|
tri2 ' 2.67 , F̄ scal

(2
√

6/5)|
tri2 ' 3.57 .

(8.19)

We observe that the fermion results never differ from the first trial function prediction
more than a ∼ 4% and in most cases the agreement is better. The agreement with the
second trial function is much worse, and the discrepancies reach a maximum of ∼ 17%.
In the case of the scalar, it is the second trial function the one which approximates better
the lattice results, with disagreements lower than ∼ 5% in most cases, except for the last
value, which differs by a ∼ 13%. On the other hand, the results are clearly off from the
ones predicted by the first trial function: in some cases, the discrepancy grows up to
∼ 40%. We expect the results both for the scalar and the fermion to have an uncertainty
which is probably not less than ∼ 5%. This does not explain however why we cannot fit
the results for both theories with a single curve. In fact, we suspect that the lattice is
considerably underestimating the actual scalar results. In particular, as we mention below,
analogous calculations for the disk region yield F̄ ferm

0 |lattice ' 0.99 and F̄ scal
0 |lattice ' 0.92.

Namely, while the fermion result approaches the analytical answer very well, the scalar
4This is not surprising. For more on the relation between the free fermion and the EMI model see

[487].

148



8. Shape-dependence of entanglement entropy in general CFT

one is an 8% lower. In view of this and of the agreement for the EMI and free fermion
results with the first trial function, a reasonable guess is that F(e)|tri1 is actually a very
good approximation to the exact curve for general CFTs, including the scalar, whereas
F(e)|tri2 is not so much. We say a bit more about this in the next subsection.

8.1.2 Free-field calculations in the lattice

As anticipated, in this subsection we compute F(e)/F0 for elliptic regions in the lattice
for free scalars and fermions. As argued in ref. [488], trying to obtain F0 from a
direct calculation of the entanglement entropy in a square lattice does not produce
reasonable results5. Rather, one obtains wildly oscillating answers as the ratio R/δ

varies (here δ stands for the lattice spacing). The problem has to do with the fact
that we cannot resolve the radius of the disk with a precision better than δ, which
means that we cannot distinguish disks with radii R and R(1 + aδ), with a ∼ O(1).
But such uncertainty will pollute F via the area-law piece in the entanglement entropy
(1.132) as −F → −F + 2πb(1)a. As it is clear from this, the issue cannot be resolved
by making the disk radius larger in the lattice.

An alternative approach which does produce convergent results consists in using mutual
information as a geometric regulator [488, 490–492]. Given a region V , we consider two
concentric ones V − and V +. These are defined by considering a normal to Σ at each point
and moving a distance ε/2 inwards and outwards along such direction, respectively. ε can
be chosen to be constant for all values of the parameter s defining Σ or, alternatively, it
can be a function of s if one decides that V + and V − should be dilated versions of V —e.g.,
if V is an ellipse, V − and V + would also be ellipses using this second method. In both
cases, we are left with an inner annulus of width ε (constant or variable) —see fig. 8.2.

The idea is then to consider the mutual information

I(V +, V −) = SEE(V +) + SEE(V −)− SEE(V + ∪ V −) , (8.20)

which, using the purity of the ground state can be rewritten as

I(V +, V −) = SEE(V +) + SEE(V −)− SEE(V + ∪ V −) , (8.21)

where V + ∪ V − is the annulus region. The three regions appearing in (8.21) are
finite and are thus defined by a finite number of points in the lattice, so they are
suitable for that setup.

Now the idea is to consider annuli such that ε/R � 1 while keeping ε/δ � 1. In
that limit, the MI behaves as I(V +, V −) ' 2SEE(V ), where V is the intermediate region.
This equality is true up to terms which diverge as ∼ 1/ε and ∼ 1/δ respectively in the
corresponding limits. Hence, in order to extract F from the mutual information (8.21),
one must deal with those terms first. As argued in ref. [488], if we parametrize the
boundary of V by the length parameter s, one finds for ε/R � 1,

I(V +, V −) = k(3)
∫

Σ

ds
ε(s) − 2F + subleading in ε , (8.22)

5For satisfactory calculations in radial lattices see ref. [279, 489].
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where k(3) is the coefficient characterizing the EE of a thin strip region —see (1.133).
In order for this to work, the region V must be chosen precisely half way between Σ+

and Σ−. As mentioned earlier, ε(s) corresponds to the separation between Σ+ and Σ−
at a given point s, measured along the normal direction to Σ at that point. Therefore,
given some region V in the lattice, we can extract its F by computing I(V +, V −) as
in (8.21) and subtracting the first piece in the right hand sinde of (8.22), then dividing
by −2. For fixed values of ε/R, where R is some characteristic size of V , the results
will improve their accuracy as R/δ � 1.

In the case of disk regions, (8.22) simplifies considerably, and one gets

F0 = −1
2

[
I(diskR2 , diskR1)− k(3) 2πR

ε

]
, (8.23)

where ε ≡ R2 − R1 and R ≡ (R1 + R2)/2. In this case, both methods described above
involve a constant ε and V −, V + are always disks.

For an elliptic region V of eccentricity e, on the other hand, we can either choose a con-
stant ε or, alternatively, force V − and V + to be ellipses as well. In both cases, computing
ε requires obtaining the line which intersects the boundary of the elliptic entangling region
normally at the point determined by t —see fig. 8.2. Assuming the ellipse is centered at
the origin of coordinates and parametrized by [a cos(t), b sin(t)], this is given by

y(x) = a

b
tan(t)x+ b2 − a2

b
sin(t) . (8.24)

A point on the normal can be parametrized as [a cos(t), y(a cos(t))] and we want to
determine the quantity α that we need to add to both coordinates so that the new point
lies a distance ε/2 from [a cos(t), b sin(t)]. Hence, we need to solve

[a cos(t)− (a cos(t) + α)]2 + [b sin(t)− y(a cos(t) + α)]2 = ε/2 , (8.25)

for α. Solving this equation and plugging back we find that the points ri,o(t) defining
the shapes of the inner and outer curves read

ri,o(t) =


[
a cos(t) + (−1)ibε

2
√
b2+a2 tan2(t)

, y

(
a cos(t) + (−1)ibε

2
√
b2+a2 tan2(t)

)]
for 3π

2 < t ≤ π
2 ,[

a cos(t)− (−1)ibε
2
√
b2+a2 tan2(t)

, y

(
a cos(t)− (−1)ibε

2
√
b2+a2 tan2(t)

)]
for π

2 < t ≤ 3π
2 .

(8.26)

Here, (−1)i = −1, 1 for the inner and outer shapes, respectively. Finally, we can compute
the entanglement entropy of the original elliptic region as

F(e) = −1
2

[
I(pseudoellipsei,pseudoellipseo)− k(3) 4aE[e2]

ε

]
, (8.27)

where I(pseudoellipsei,pseudoellipseo) is the mutual information of the “pseudoellipses”
defined by the shapes ri(t) and ro(t) respectively.

For the second method, on the other hand, we consider two concentric ellipses of the
same eccentricity e parametrized by [a1,2 cos(t), b1,2 sin(t)]. Computing ε(t) requires now
obtaining the intersections of the normal line to ∂A with the exterior and interior ellipses.
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These have equations y = b1,2
√

1− x2/a2
1,2 where now a = (a1 + a2)/2, b = (b1 + b2)/2.

The intersections occur at the points r̃1,2(t) —see fig. 8.2— where

x̃1 ≡
aa2

1(a2 − b2) sin(t) tan(t) +
√
a2

1b
2b21

[
b2b21 + a2a2

1 tan2(t)− (a2 − b2)2 sin2(t)
]

a2a2
1 tan2(t) + b2b21

,

(8.28)

ỹ1 ≡
b2b21(b2 − a2) sin(t) + a tan(t)

√
a2

1b
2b21

[
b2b21 + a2a2

1 tan2(t)− (a2 − b2)2 sin2(t)
]

a2a2
1b tan2(t) + b3b21

,

(8.29)

and (x̃2, ỹ2) are given by the same expressions replacing (1 ↔ 2) in all labels. From
this, ε(t) can be obtained as

ε(t) =
√

[x̃1(t)− x̃2(t)]2 + [ỹ1(t)− ỹ2(t)]2 . (8.30)

Putting the pieces together, we find that the EE universal term for an ellipse of
eccentricity e with a boundary half way between two concentric ellipses of the same
eccentricity can be obtained as

F(e) = −1
2

[
I(ellipse2, ellipse1)− k(3)

∫ π
2

0
dt2(a1 + a2)

√
1− e2 cos2 t

ε(t)

]
, (8.31)

where 1, 2 are labels referring to the two (inner and outer, respectively) concentric ellipses.
Both eqs. (8.27) and (8.31) should produce equivalent approximations to F(e) for

sufficiently large values of b/ε. However, as we discuss in app. D in the case of
the EMI model —for which we can perform calculations for arbitrary values of b/ε—
the prescriptions are not equally good in their precision for finite values of b/ε —see
fig. D.1. In particular, we find that the pseudoellipses one produces more stable and
accurate answers, specially for values of e close to 1. In the lattice, we have evaluated
I(pseudoellipsei, pseudoellipseo) as well as I(ellipse2, ellipse1) numerically using eq, (8.21)
and then subtracted the purely geometric pieces proportional to k(3) in each case. Similarly
to the EMI case, we observe that the first method produces greater and more stable
results, so we only present those here.

We perform lattice calculations for free scalars and fermions. For the former, we
consider a set of fields and conjugate momenta φi, πj , i, j = 1, . . . , N labeled by their
positions at the square lattice. These satisfy canonical commutation relations, [φi, πj ] =
iδij and [φi, φj ] = [πi, πj ] = 0. Then, given some Gaussian state ρ, the entanglement
entropy can be computed from the two-point correlators Xij ≡ tr(ρφiφj) and Pij ≡
tr(ρπiπj) . In particular, one has [273, 493]

SEE(V ) = tr [(CV + 1/2) log(CV + 1/2)− (CV − 1/2) log(CV − 1/2)] , (8.32)

where CV ≡
√
XV PV and (XV )ij ≡ Xij , (PV )ij = Pij (with i, j ∈ V ) are the restrictions

of the correlators to the sites belonging to region V .
The lattice Hamiltonian reads in this case

H = 1
2

∞∑
n,m=−∞

[
π2
n,m + (φn+1,m − φn,m)2 + (φn,m+1 − φn,m)2

]
, (8.33)
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ε

ri(t)

ro(t)

V −

V +

ε(t)

r̃1(t)

r̃2(t)

b2

a2

b1

a1

Figure 8.2: (Left) We plot an example of the geometric setup required for the evaluation of the
entanglement entropy for an elliptic region V (solid blue curve) using the mutual information of an
inner region V − and the complement of one which contains it, V +, as in (8.21). In this case, the
inner and outer regions are defined so that ε is constant for all values of t. The points ri(t) and ro(t)
are determined by moving a distance ε/2 inwards and outwards respectively from each point of Σ.
(Right) We show an alternative setup for which V + and V − are both elliptic regions, which forces ε(t)
to be variable. The points r̃1,2(t) are determined from the intersection of the normal to Σ at a given
point with the inner and outer ones.

where the lattice spacing is set to one. The relevant expressions for the correlators
X(x1,y1),(x2,y2) and P(x1,y1),(x2,y2) corresponding to the vacuum state are given by [273]

X(0,0),(i,j) = 1
8π2

∫ π

−π
dx
∫ π

−π
dy cos(jy) cos(ix)√

2(1− cosx) + 2(1− cos y)
, (8.34)

P(0,0),(i,j) = 1
8π2

∫ π

−π
dx
∫ π

−π
dy cos(jy) cos(ix)

√
2(1− cosx) + 2(1− cos y) . (8.35)

In the case of the free fermion, we consider fields ψi, i = 1, . . . , N defined at the
lattice points and satisfying canonical anticommutation relations, {ψi, ψ†j} = δij . Given a
Gaussian state ρ, we define the matrix of correlators Dij ≡ tr(ρψiψ†j). Then, similarly
to the scalars case, the EE for some region A can be obtained from the restriction of
Dij to the corresponding lattice sites as [273]

SEE(V ) = − tr [DV logDV + (1−DV ) log(1−DV )] . (8.36)

The lattice Hamiltonian is given by

H = − i2
∑
n,m

[(
ψ†m,nγ

0γ1(ψm+1,n − ψm,n) + ψ†m,nγ
0γ2(ψm,n+1 − ψm,n)

)
− h.c.

]
, (8.37)

and the correlators in the vacuum state read [273]

D(n,k),(j,l) = 1
2δn,jδkl −

∫ π

−π
dx
∫ π

−π
dy sin(x)γ0γ1 + sin(y)γ0γ2

8π2
√

sin2 x+ sin2 y
ei(x(n−j)+y(k−l)) . (8.38)

As a warm up, we perform calculations for disk regions —see also [488], where this
was previously done. In that case, the results for F0 are known analytically both for the
scalar and the fermion —see eqs. (8.15) and (8.16) above. In the lattice, we consider
pairs of disks of different radii and the corresponding annuli and use (8.23) to extract
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Figure 8.3: We plot F(e) normalized by the disk result for free fermions and scalars in the lattice for
eccentricities e = 0,

√
3/2 ' 0.943, 2

√
2/3 ' 0.968,

√
15/4 ' 0.968, 2

√
6/5 ' 0.98, as a function of

the ellipses’ semiminor axes divided by the lattice spacing. The data points are obtained using the
constant-ε formula (8.27) for ε = 6, 8, 10. The solid lines correspond to {1/x, 1} fits performed —for
each value of e— to the data points for fixed ε.

our results. The results have a numerical uncertainty associated to the finiteness of both
ε/R and δ/ε. This comes from the difficulty of achieving ε/R� 1 while keeping δ/ε� 1.
Naturally, considering sufficiently large values of ε requires taking disks with large enough
radii, which increases the computation time. In fig. 8.3 we present various data points of
F0 (normalized by the analytic result) for both the scalar and the fermion as a function
of b/ε. We take ε/δ = 6, 8, 10 and values of disk radius up to R/δ = 58. As we can see,
the results oscillate considerably for both models. In order to extract a number for each
of them, we proceed in two ways. First, we take the two values of F(e) corresponding to
the largest R/δ considered for each of the three values of ε, and take the average of those
six values. Then, we multiply them by 1 plus a small correction factor (∼ 0.05) which
we obtain in app. D based on the EMI model and which should approximately account
for the fact that we are considering not too large values of R/δ for the given values of
ε/δ. Secondly, we perform fits {1/x, 1} to the series of data points for each ε and take
the average of the three values. We find from these two methods, respectively,

F scal
0 |lattice ' {0.98, 0.92}F scal

0 , F ferm
0 |lattice ' {1.02, 0.99}F ferm

0 . (8.39)

The results are in very good agreement with the expectations, although we observe that
the scalar one obtained from the fits is still underestimating the actual result.

Moving on to the ellipses, we perform calculations for eccentricities e =
√

3/2 ' 0.866,
e = 2

√
2/3 ' 0.943, e =

√
15/4 ' 0.968 and e = 2

√
6/5 ' 0.98. These belong to the

region in which the almost-round and very-thin approximations —eqs. (8.3) and (8.4)
respectively— do not work so well. As mentioned earlier, the pseudoellipses method yields
better results than the variable-ε one, so we use the former to perform our calculations.
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The results are shown in fig. 8.3. Proceeding similarly to the disks, in order to extract
approximations for large-b/δ results we make fits to the data for fixed values of ε and take
the average. Alternatively, we also consider for each ε the values obtained for the two
greatest values of b/δ, take the average of the six and multiply by the correction factor.
The results appear in eq. (8.18) above. The fermion data points look somewhat more
harmonious than the scalar ones and the data series produce more similar predictions.
On the other hand, as mentioned in the previous subsection, our candidate trial function
F(e)|tri1 —which yielded a very good agreement with the exact EMI results— produces
results which also agree very well with the fermion ones in the lattice, but not so
for the scalar. It is possible that the methods we are using are still insufficient to
account for the underestimation of the results associated to the finite-R/δ limitations
in the case of the free scalar. If that is case, the predictions of F scal

(e) |
tri1 are probably

more accurate than our lattice results. Alternatively, it may also be that the idea of
accurately reproducing F(e) for any CFT with a single function completely determined
by k3, CT and F0 does not work so well and one rather requires a set of functions —e.g.,
F scal

(e) |
tri1 , F scal

(e) |
tri2 and the intermediate curves between them, as displayed in fig. 8.1—

to precisely account for all possible theories.
Regarding the fundamental question which is subject of study in the present paper,

the evidence gathered from holography [318, 324], the EMI model, the lattice results for
free fields and the two limits (e→ 0 and e→ 1) for general theories makes it clear that
F(e) is a monotonically increasing function of the eccentricity for a given CFT —and
therefore F(e) ≥ F0 for all e for general CFTs. As a final comment for this section,
we also point out that the methods utilized here for computing EE using MI should
be similarly applicable to other regions beyond ellipses. In that case, the constant-ε
method appears to be the best choice.

8.2 More general shapes in the EMI model

In order to obtain explicit results for more complicated entangling regions, we consider
now the EMI model [491]. This follows from considering a general formula for the mutual
information compatible with the known general axioms satisfied by this measure in a
general QFT —see e.g., [487]— plus the additional requirement that it is an extensive
function of its arguments (1.100). This model corresponds to a free fermion in d = 2
[494] but does not describe the mutual information of any actual theory (or limit of
theories) for d ≥ 3, as recently shown [487]. Nonetheless, the fact that it satisfies
all known properties expected for a valid mutual information makes it a useful toy
model which has shown to produce qualitatively and quantitatively reasonable results
in various cases [68, 277, 488, 495, 496].

In the EMI model, the entanglement entropy of a region V in a time slice of three-
dimensional Minkowski spacetime is given by

SEMI
EE (V ) = κ(3)

∫
Σ

dr1

∫
Σ

dr2
n1 · n2

|r1 − r2|2
, (8.40)

where the integrals are both along the entangling surface Σ, n is a unit normal vector
and κ(3) is a positive parameter.
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There are different ways to regulate the above integrals, which otherwise diverge
as r1 → r2. For our purposes, it will be convenient to introduce a UV regulator δ
along an auxiliary extra dimension, so that we replace |r1 − r2|2 → |r1 − r2|2 + δ2

with δ � all the rest of scales.
Now, in order to obtain a computationally useful formula for the universal constant

term, F EMI(V ), note from (1.132) that, on general grounds,

F (V ) = −
[
δ
∂SEE(V )

∂δ
+ SEE(V )

]
, (8.41)

i.e., the combination in the right hand side is equivalent to F (V ) up to terms which
vanish as the regulator is taken to zero.

Using eq. (8.41) we find

F EMI(V ) = −κ(3)

∫
Σ

dr1

∫
Σ

dr2
|r1 − r2|2 − δ2

(|r1 − r2|2 + δ2)2
n1 · n2 . (8.42)

In order to fix b1, we can evaluate the entanglement entropy for a simple region like
a strip, or a disk. By doing so, we find that b1 = π for the regulator introduced
above, and we can write6

F EMI(V ) = κ(3)

[
π

δ

∫
Σ

dr1 −
∫

Σ
dr1

∫
Σ

dr2
n1 · n2

|r1 − r2|2 + δ2

]
. (8.44)

Now, in order to make progress, let us choose a particular set of coordinates. We
parametrize our entangling surfaces as

ri =f(θi) (cos θi, sin θi) , i = 1, 2 , (8.45)

where f(θi) is a function of the polar angle, θ ∈ [0, 2π). Naturally, in the case of a disk,
f(θi) = R, where R is just its radius. In general we have

dri = dθi
√
f2
i + f ′2i and |r1 − r2|2 = f2

1 + f2
2 − 2f1f2 cos [θ1 − θ2] , (8.46)

where we used the notation fi ≡ f(θi). As for the normal vectors, one finds

ni = −

fi cos θ + f ′i sin θ√
f2
i + f ′2i

,
fi sin θ − f ′i cos θ√

f2
i + f ′2i

 . (8.47)

Using these we get

dr1dr2 n1 · n2 = dθ1dθ2
[
cos(θ1 − θ2)

[
f1f2 + f ′1f

′
2
]

+ sin(θ1 − θ2)
[
f ′1f2 − f ′2f1

]]
. (8.48)

6One could try to extract a δ-independent expression for FEMI(A), e.g., by rewriting eq. (8.42) as

FEMI(V ) = −
κ(3)

2

∫
Σ

dr1

∫
Σ

dr2
∂2

∂δ2 log
(
|r1 − r2|2 + δ2)n1 · n2, (8.43)

trading the derivatives with the integrals and finally taking the δ → 0 limit. Unfortunately, we have not
been able to obtain anything too useful from this approach.
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Plugging the above expressions back in eqs. (8.42) or (8.44), we obtain an explicit
formula for the universal term.

Let us first consider the simplest possible case, corresponding to a disk region. Then,
we have fi = R, and the expression for F EMI simplifies drastically,

F EMI
0 = −κ(3)R

2
∫ 2π

0
dθ1

∫ 2π

0
dθ2

[2R2[1− cos(θ1 − θ2)]− δ2] cos(θ1 − θ2)
[2R2[1− cos(θ1 − θ2)] + δ2]2 + O(δ) .

(8.49)
The integrals can be explicitly performed and the result reads

F EMI
0 = 2π2κ(3) . (8.50)

Alternatively, we can use (8.44). The first integral is trivially 2πR and, for the second,
we can use the symmetry of the disk to fix r2 = (R, 0) n2 = (1, 0). Then, we have

F EMI
0 = κ(3)

[
π

δ
2πR− 2πR2

∫ 2π

0
dθ1

cos θ1
4R2 sin2(θ1/2) + δ2

]
= κ(3)

[
2π2R

δ
− 2π2R

δ
+ 2π2

]
= 2π2κ(3), (8.51)

finding the same answer.
Now, in order to consider more complicated figures, we will numerically integrate

eqs. (8.42) and (8.44) for various values of δ � 1 and obtain a linear fit to the resulting
data —which is indeed approximately linear in δ. The values of F EMI are in each case
obtained as the δ = 0 limits of the fits.

8.2.1 Slightly deformed disks

The next-to-simplest case corresponds to small deformations of the disk region like the
ones considered in eq. (6.12). In that case, we can compare our numerical results
to Mezei’s formula (6.13).

In the case of the EMI model, the stress-tensor two-point function coefficient takes the
value [487]

CEMI
T =

16κ(3)
π2 . (8.52)

This can be obtained by considering an entangling region V with a straight corner which,
for general CFTs, contains a universal term of the form [270, 271]

suniv(V ) = −a(θ) log H
δ
, (8.53)

where the function of the opening angle a(θ) satisfies [68]

a(θ) = π2

24CT (θ − π)2 + . . . (8.54)

for almost smooth corners. In the EMI case, an explicit calculation produces [491, 497]

aEMI(θ) = 2κ(3)[1 + (π − θ) cot θ] , (8.55)
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Figure 8.4: We plot the universal piece F EMI for small deformations of a disk region corresponding
to eq. (8.63) for ` = 2, 3, 4, 5, 6 as a function of the small parameter ε. The blue dots are obtained
numerically integrating eq. (8.42) in each case. The red lines correspond to the leading-order parabolic
approximations produced by Mezei’s formula eq. (8.56).

from which eq. (8.52) easily follows. Combining this with eq. (6.13) we have

F EMI = 2π2κ(3) + ε2
2πκ(3)

3
∑
`

`(`2 − 1)
[
(a(c)
` )2 + (a(s)

` )2
]

+ O(ε4) . (8.56)

In order to test the validity of this formula, we start by inserting eq. (6.12) in eq. (8.42).
Even though we have not succeeded in performing the integrals analytically in full generaly,
we manage to do so in a case-by-case basis for individual values of `. We start by expanding
around ε = 0 inside the integrand and then take the limit δ → 0 of the O(ε), O(ε2) and
O(ε3) terms, which turn out to be finite. The resulting expressions can be integrated
analytically, and we find that the O(ε) and O(ε3) pieces vanish, as expected on general
grounds, and an exact match with eq. (8.56) for the quadratic term.

We can also use formula eq. (8.56) to perform some checks on the numerical methods
that we use below for arbitrary (non-perturbative) shapes. In order to extract F EMI

from eq. (8.42) or eq. (8.43) for a given f(θ), we numerically integrate the corresponding
expressions for various small values of δ and perform a linear fit of the resulting data
points. The value of F EMI is then obtained as the y-intercept of the corresponding
line. Doing this for a family of the form

f`(θ) ≡ R
[
1 + ε√

π
cos(`θ)

]
, (8.57)

for several values of ` we obtain results (essentially identical for both eq. (8.42) and
eq. (8.43)) which are always compatible with Mezei’s formula for small enough values of
ε, as shown in fig. 8.4. There, we observe that as ` grows, the quadratic approximation
becomes worse. This is not surprising: while the coefficient of the quadratic term grows
like `3, it is natural to expect higher powers of ` to appear in the quartic and higher-order
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pieces. Fitting the data points to expansions involving even powers of ε, we can extract
the quadratic coefficient and compare with eq. (8.56). The results are

F̄ EMI|(8.42)
f2(θ) ' 1 + 0.637ε2 + O(ε4) , F̄ EMI|Mezei

f2(θ) = 1 + 2
π
ε2 ' 1 + 0.637ε2 , (8.58)

F̄ EMI|(8.42)
f3(θ) ' 1 + 2.55ε2 + O(ε4) , F̄ EMI|Mezei

f3(θ) = 1 + 8
π
ε2 ' 1 + 2.55ε2 , (8.59)

F̄ EMI|(8.42)
f4(θ) ' 1 + 6.35ε2 + O(ε4) , F EMI|Mezei

f4(θ) = 1 + 20
π
ε2 ' 1 + 6.37ε2 , (8.60)

F̄ EMI|(8.42)
f5(θ) ' 1 + 12.7ε2 + O(ε4) , F̄ EMI|Mezei

f5(θ) = 1 + 40
π
ε2 ' 1 + 12.7ε2 , (8.61)

F̄ EMI|(8.42)
f6(θ) ' 1 + 22.2ε2 + O(ε4) , F̄ EMI|Mezei

f6(θ) = 1 + 70
π
ε2 ' 1 + 22.3ε2 , (8.62)

As we can see, the numerics do an excellent job in reproducing the exact coefficients in
all cases. A similar analysis in the case of the other family of basis functions, sin(`θ)/

√
π,

displays an analogous match with the exact formula for the quadratic piece. We are
therefore confident that we can trust our numerical approach and proceed to study
regions with non-perturbative shapes.

8.2.2 More general shapes

Let us move on and consider now more general shapes, which do not correspond to small
perturbations of a disk. As anticipated earlier, once we specify the entangling surface
via f(θ), we perform numerical integrations of eqs. (8.42) and (8.43) and extract F EMI

from the δ → 0 limit. It is not obvious at first sight which regions will have a greater F .
In particular, as mentioned earlier, shapes related by conformal transformations share
the same F . We do know, nevertheless, that shapes including thin portions will tend
to increase F —see eq. (1.133)— and that shapes which are similar enough to disks
will have small F ’s. Note though that disks deformed by relatively small bumps can
modify F considerably, as shown in fig. 1.3.

As our first family, we consider regions defined by the equation

f(θ) = 1 + a sin2(bθ) , (8.63)

for various values of a, b. We plot the ones corresponding to a = 1/2, 1, . . . , 5/2, b =
1/2, 1 . . . , 5/2 in the upper row of fig. 8.5. In the same figure, we show the results obtained
for F EMI for half-integer values of b as a function of a. We observe that in all cases, the
curves lie above the disk result. The values tend to increase as the figures include more
geometric features —e.g., as the number of “petals” increases.

The second family we consider corresponds to functions

f(θ) = 1√
1− e2 cos2(bθ)

, (8.64)

which includes ellipses of eccentricity e as particular cases for b = 1. We plot the
results for F EMI for various values of b as a function of e in the right plot of the lower
row of fig. 8.5. Once again, we find that all shapes produce results which lie above
the disk result and which tend to grow monotonically as the parameters make them
become increasingly different from it.
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Figure 8.5: (First row) We plot entangling regions parametrized by the function f(θ) = 1+a sin2(bθ)
for different values of a, b. From left to right we plot five figures corresponding to regions with
b = 1/2, 1, 3/2, 2, 5/2 respectively. In each figure, the value a = 0 corresponds to the disk, and moving
outwards we have regions corresponding to a = 1/2, 1, 3/2, 2, 5/2. (Second row) We plot entangling
regions corresponding to f(θ) = 1/

√
1− e2 cos2(bθ) for b = 1/2, 1/2, 3, 4, 5 (left to right plots). In

each plot, the different figures correspond to different values of e ∈ (0, 1). (Third row) We plot the
entanglement entropy universal coefficient F EMI, normalized by the disk value, as a function of a and
e, respectively, for various values of b for each family.

Using the ellipse results and the formulas obtained in sec. (8.1), we can perform
another check of the validity of the numerics beyond the perturbative level. In particular,
we know that for sufficiently squashed ellipses, the result should approach eq. (8.4)
for general CFTs. In the case of the EMI model, the strip coefficient k(3) can be
computed analytically, and the result reads

k
(3)
EMI = 2πκ(3) . (8.65)

For e = 0.99 one finds F EMI|(8.4)
e=0.99 ' 71.9κ(3) whereas our numerics give F EMI|(8.42)

e=0.99 =
71.3κ(3), which is already very close (∼ 0.8% off). The match improves as e grows. For
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Figure 8.6: We plot the entanglement entropy universal term normalized by the disk result for the
EMI model for various entangling regions. Each data point corresponds to the entangling region
displayed on top of it. The shapes are arranged in a way such that F EMI grows as we move to the
right.

instance, we have F EMI|(8.4)
e=0.999 ' 221.6κ(3) and F EMI|(8.42)

e=0.999 = 221.2κ(3); F EMI|(8.4)
e=0.9999 '

698.2κ(3) and F EMI|(8.42)
e=0.9999 = 697.9, which differ by ∼ 0.2% and ∼ 0.05% respectively.

Naturally, there is a priori no limit in the complexity of the shapes we can probe. We
have considered a variety of less symmetric regions and gathered some of the results for
F EMI in fig. 8.6. As we can see, the values can vary considerably from shape to shape
in a way which is far from obvious by looking at the geometry of the figures.

As an approximate guiding rule, it turns out that we can establish an analogy with the
quantity

R(V ) ≡ perimeter(Σ)2

4π · area(V ) . (8.66)

Similarly to the property we wish to test for F , this geometric quantity satisfies the
isoperimetric inequality,

R ≥ 1 , with R = 1⇔ V = B2 . (8.67)

Besides, for small deformations of a disk and for very thin strips it behaves, respectively, as

R = 1 + ε2

2π
∑
`≥2

(
`2 − 1

) [
(a(c)
` )2 + (a(s)

` )2
]

+ O(ε4) , R ' L

4πr + . . . , (8.68)

which are rather similar to the general expressions for F in those regimes. Hence, it
is natural to wonder about possible relations between the two quantities. Obviously,
while R is a fixed number for a given V , F depends on the theory under consideration,
so one can only expect the analogy to be approximate at best. Besides, as opposed
to F , R is not conformally invariant. In the case of the EMI model, we find that in
most cases we have tested, given two entangling regions V1, V2 such that RV1 > RV2 , it
happens that F EMI

V1
> F EMI

V2
and viceversa. However, this is not a general rule, and we

have found counterexamples. For instance, if V1 is an ellipse of eccentricity e = 0.97
and V2 is a region defined by f(θ) = 1 + 15/26 · sin(2θ)2, we have R(V )V1/R(V )V2 '
1.12514 whereas F EMI

V1
/F EMI

V2
' 0.871263.

160



8. Shape-dependence of entanglement entropy in general CFT

In sum, we observe that the explicit evaluation of F in a concrete model produces
results which are always larger than the disk one and which can vary very consider-
ably as we change the entangling region, even without the need of considering shapes
with very thin sectors.

8.3 General proof using strong subadditivity

In this section we provide a general proof for conjecture (8.1). Namely, we establish
that F is globally minimized by disk regions for general theories. Before getting there
we require some preliminary results regarding general inequalities satisfied by F which
follow from the strong subadditivity of entanglement entropy and the behavior of F under
different kinds of geometric deformations for a given entangling region. These are included
in the first two subsections. The proof is presented in sec. 8.3.3.

8.3.1 Strong superadditivity of F

The entanglement entropy of two entangling regions γA and γB satisfies the strong
subadditivity property7 (1.93) In the case of three-dimensional QFTs, this implies
for the universal term

F (γA) + F (γB) ≤ F (γA ∩ γB) + F (γA ∪ γB) . (8.69)

This follows from eq. (1.132) because the perimeters cancel in the combination. We
call this property of F “strong supperadditivity” (SSA), having the opposite sign to
strong subadditivity because of the conventional sign of F in eq. (1.132). The inequality
(8.69) holds even if the intersection and union do not have smooth boundaries. If these
boundaries have discontinuous first derivatives, the difference between the two sides
of the inequality is in fact infinite. As mentioned earlier, here we will need only be
concerned with smooth intersections and unions.

For pure states, the entropy for a region γ is equal to the one of its comple-
ment γ̄, and this implies

F (γ) = F (γ̄) . (8.70)

Eqs. (8.69) and (8.70) together give rise to a new inequality which reads

F (γA) + F (γB) ≤ F (γA − γB) + F (γB − γA) , (8.71)

where the difference γA − γB stands for the relative complement γA ∩ γB.
We will consider regions lying in the plane t = 0. In this case the inequality (8.69)

cannot be nontrivially saturated in QFT. This is a consequence of the Reeh-Schlieder
property. The saturation of eq. (8.69) is called the Markov property and only occurs
in special situations such as regions with boundary in the null plane, or in CFTs for
regions with boundaries in the null cone [296, 498].

7In this section, we will indistinctly denote entangling regions and their boundaries by γ. This will
avoid some unnecessary clutter in the expressions.
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8.3.2 Geometric perturbations of F and 4-expandable functionals

In order to show that the property of SSA implies that F is globally minimized for
circles in a CFT, a preliminary step concerns the behavior of the functional F under
small perturbations. We consider only smooth boundaries for entangling regions and
call S the space of curves in the plane which are boundaries of compact regions with
smooth and finite boundary. Let s be a length parameter along γ, and call η(s) to
the outward pointing normal unit vector. We call a perturbation of γ ∈ S to a set
of curves γε ∈ S, ε ∈ [0, ε0], given by

γε(s) = γ(s) + δε(s) η(s) , (8.72)

where the smooth function δε(s) satisfies ‖δε‖ ≤ ε, and where we write the uniform norm
‖h‖ = maxs |h(s)|. If the perturbation is given by

δε(s) = ε h(s) , (8.73)

for a fixed function h(s), such that the function with all its derivatives go to zero with
ε with the same velocity, we should have a power expansion for F of the form

F (γε) = F (γ) +
∫

dsAγ1(s) δε(s) +
∫

ds1 ds2A
γ
2(s1, s2) δε(s1) δε(s2) + O(ε3) . (8.74)

The question we want to address is what happens for more general perturbations where the
derivatives of δε(s) do not go to zero with the same velocity, or even do not go to zero at all.

Physically, only ultraviolet entanglement can be sensitive to the derivatives of δε as the
perturbation size goes to zero. Then, it is clear that the non-local part of the functional F ,
which relates the perturbation at a point with the shape of the curve or the perturbation
far away, must still satisfy eq. (8.74)) with the first two terms going to zero as ε and
ε2 respectively. To understand local contributions due to short length entanglement we
can forget about the global shape of γ. These local terms are included for example in
the distributional nature of the kernel Aγ2(s1, s2) in the vicinity of coincidence points.
Locally, scale invariance implies (for dimensional reasons) the form∫

ds1 ds2
δε(s1) δε(s2)
|s1 − s2|4

∼
∫

ds1 ds2 log(|s1 − s2|) δ′′ε (s1) δ′′ε (s2) , (8.75)

for the most singular possible term for the contribution quadratic in the perturbation.
Powers of the local curvature have positive dimension and can only soften the

contribution. The definition of the regularization of the distribution on the left hand
side of the equation is given by the right hand side.

In momentum space the above term writes for large momentum∫
dp |δ̃ε(p)|2 p3 , (8.76)

which is precisely the form of the leading angular momentum term for deformations of
disk regions —see eq. (6.13). The coefficient of this singular term must be independent
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of the precise form of γ and is proportional to CT [67]. For comparison, the perimeter
functional, which is not scale invariant, has the milder leading local term∫

dp |δ̃ε(p)|2 p2 . (8.77)

This has dimensions of length since δ̃ε has length-square dimensions.
Analogously, we can analyze the behavior of possible higher non-linear terms in

the perturbation. In the scale-invariant case, in momentum space we have a leading
behavior for large momentum given by∫

dp |δ̃ε(p)|np2n−1 . (8.78)

For the sake of the proof below, we are interested in understanding perturbations of the
form δε(s) = λa h(s/λ), where we have written ε = λa, a > 0. For these, the derivatives
go as δ(k)

ε ∼ λa−k. In momentum space, δ̃ε(p) ∼ λa+1, p ∼ λ−1. The leading local term of
nth order (8.78) goes as λn(a−1). On the other hand, the non-local pieces scale as λ(a+1)n.
For these perturbations, in order to separate the first term (n = 1) of eq. (8.74)), from
the second (n = 2), we need a > 3.8 We will use a = 4 in the proof. For a = 4, the first
term in eq. (8.74)) is order λ5, while the second (the leading local piece) is order λ6. The
rest of the contributions start at order λ7. This motivates the following definition.

Definition 7. We call a functional f : S→ R a-expandable if for any perturbation δλ(s)
of any γ ∈ S, such that ‖δ(k)

λ ‖ ∼ λa−k as λ→ 0, the following expansion is valid

f(γλ) = f(γ) +
∫

dsAγ1(s) δλ(s) +
∫

ds1 ds2A
γ
2(s1, s2) δλ(s1) δλ(s2) + . . . , (8.79)

where the second-order term is higher order in λ than the linear term, and the rest is
higher order than the second term.

Naturally, F is an example of a 4-expandable functional.

8.3.3 F is globally minimized by disk regions

With this understanding we are in position to prove the minimality of F for disk regions.
In order to highlight the geometric nature of the proof we state it for general functionals.

Theorem 4. If an Euclidean invariant9 4-expandable functional F on S is strong
superadditive and constant for disks, then F is globally minimized for disks.

Proof : First we deal with regions with non-trivial topology. Suppose γ has more
than one connected components γ = γ1 ∪ · · · ∪ γn. From SSA

F (γ) ≥
n∑
i=1

F (γi) . (8.80)

8For the n = 1 and n = 2 terms we have for the non-local and leading local pieces, respectively:
{λ4, λ2} and {λ8, λ4} for a = 3; {λ5, λ4} and {λ10, λ6} for a = 4. Hence, using a = 3 would mix the
non-local n = 1 contribution with the local n = 2 one.

9Namely, invariant under rotations and translations.
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Figure 8.7: We show an schematic representation of the geometric setup leading to the inequality
(8.83). In the left plot we show two entangling regions, γ̃(s) ⊆ γ(s) such that γ̃(s) is osculating to
γ(s) at s = 0. The second plot includes γ(s) and a deformed version of the inner region, γ̃λ(s), which
exactly coincides with γ(s) for s ∈ (−λ, λ). The third plot shows deformed versions of γ(s) and γ̃λ(s)
which include a small inwards bump supported within the interval for which both regions coincide. The
equation shown below is just (8.82) in the particular case considered above.

This shows that multicomponent regions have larger F than certain single-component ones.
Then suppose γ is a single-component region with holes, γ = γ0 − (γ1 ∪ · · · ∪ γn), where
γ0, γ1 · · · , γn are single-component simply connected regions. From eq. (8.71) it follows

F (γ) ≥ F (γ0) +
n∑
i=1

F (γi) , (8.81)

which shows that F (γ) is greater or equal than some single-component region without
holes. Therefore, in order to prove the theorem, we can from now on restrict ourselves
to single-component simply connected regions.

Consider then a region γ and another region γ̃ included in it, γ̃ ⊆ γ. Assume γ̃
is osculating to γ, that is, both curves are tangent to each other and at the point of
contact —which we can set to the length parameter s = 0 for both curves— their
curvatures are equal, γ̃′′(0) = γ′′(0). Since one curve is included inside the other, the
third derivatives must also agree γ̃′′′(0) = γ′′′(0), and the deviation between them will
be fourth order |γ̃(s) − γ(s)| ∼ |s|4 near |s| = 0.

Around the point s = 0 we consider a family of deformations γ̃λ(s) of γ̃, with
deformation function δ̃λ(s), such that the deformation has support in s ∈ (−2λ, 2λ),
and the curve γ̃λ(s) coincides with γ(s) for s ∈ (−λ, λ). Then, the deformation can be
chosen such that ‖δ̃(k)

λ ‖ ∼ λ4−k. With support inside the interval s ∈ (−λ, λ) where
γ̃λ and γ coincide, we can place a deformation of γ given by δλ(s) = λ4 g(s/λ), where
g is a smooth function. We also impose g < 0 such the deformation is inwards —
see fig. 8.7 for a representation of the geometric setup just described. We also have
‖δ(k)
λ ‖ ∼ λ4−k. From SSA we find then10

F (γ)− F (γδ) ≥ F (γ̃λ)− F (γ̃λ ∩ γδ) . (8.82)
10rdIn particular, (8.82) follows from choosing γA ≡ γδ and γB = γ̃λ in (8.69).
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Figure 8.8: We show the procedure outlined in the text for finding an osculating circle c(s∗) inside a
given shape.

Expanding for small λ, we have for the first-order deviation

Aγ1(0)−Aγ̃1(0) ≥ 0 . (8.83)

That is, to first order, f for the larger region increases more than for the smaller one
going outwards at the point of osculation.

For a disk region and an Euclidean invariant F , the coefficient Adisk
1 (s) has to be

independent of s. Then, taking a first order variation from a disk to a scaled disk, and
considering that F is constant on disks, it follows that

Adisk
1 (s) = 0 . (8.84)

This will be useful when combined with eq. (8.83). In order to use this result, we have
first to discuss some geometric preliminaries. We will show that for an arbitrary curve
γ we can always place an osculating circle inside (or outside) it.

To show this, call the length parameter s ∈ [0, L]. Take a point s0 and a small circle
internal to γ and tangent to γ at s0 —see fig. 8.8. By increasing the radius of this circle
and keeping it tangent to γ at s0 we arrive to a unique circle c(s0) which is still included in
γ and is tangent to γ at s0 and at (at least) another point l(s0). We can choose the length
parameter such that s0 > 0, l(s0) < L, s0 < l(s0). We define the function l(s) for another
l(s0) > s > s0 in a similar way, by taking the largest circle c(s) tangent at s and internal
to γ, and where l(s) is the smallest length parameter (greater than s) among the points at
which the circle c(s) is tangent to γ. It is clear that moving s from s0 to larger values, l(s)
can only decrease because γ([s, l(s)]) and a segment of the circle c(s) from the point s to
l(s) defines a closed curve that divides the plane in two regions. Any c(s′) for s < s′ < l(s)
is included in this region and will have l(s′) < l(s). Then, there is a smallest s∗ > s0 such
that s∗ = l(s∗). This indicates that c(s∗) is an internal osculating circle to γ. At this point
the osculating circle and γ have a point of contact of degree four, the curvatures of γ and
c agree, and the derivative of the curvature of γ vanishes. In fact s∗ is a local maximum
of the curvature. If it where a minimum, γ would leave part of the circle outside.

We have shown that for any γ we can place an osculating circle inside it. It is not
difficult to show, using the same ideas, that we can also find an external osculating
circle to γ. A shorter proof follows by using conformal transformations. We can make a
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conformal inversion I centered at a point inside γ. As a result γ is mapped to a closed
curve γ̃, and the exterior of γ is mapped to the interior of γ̃. Again there will be a circle
c̃ osculating to γ̃ internally. Considering that the osculating condition is conformally
invariant, and that circumferences are mapped to circumferences, by inverting back to
the original plane we obtain that there is a circumference c = I(c̃) osculating to γ, and
this circumference is completely included in the exterior of γ. The corresponding circle
either lies completely outside γ, in which case the point of contact is a local minimum
of curvature for γ, with negative curvature, or the circle includes γ completely, in which
case the contact point is a positive curvature local minimum.11

Hence, we can find a point of local curvature maximum and another of local curvature
minimum where we can place internal and external osculating circles. By direct application
of the above calculation to the curve γ and these osculating circles we get the inequality
(8.83) for the A1 coefficients of both curves. From the eq. (8.84) for circles, we find that for
any γ there is at least one point of local curvature maximum where A1 ≥ 0 and one point
of local curvature minimum where A1 ≤ 0. If |A1| > 0, the sign of A1 is kept constant in
a finite interval around the point, whereas for A1 = 0 it can change sign there. We can
use a perturbation of order ε, with all derivatives of the same order, to increase the size
of the local curvature minimum or decrease the size of the local curvature maximum, by
pushing the curve to the outside or the inside respectively.12 If |A1| > 0 we can then use
the expansion (8.79) for this perturbation and check that F always decreases. In the case
A1 = 0 the perturbation can be chosen such that the change in F vanishes to the order of
the change in the curvature. For any γ, we have some curvature maxima {r+

1 , · · · , r
+
k } and

minima {r−1 , · · · , r−k }, and define K(γ) = ∑k
i=1 r

+
i −

∑k
i=1 r

−
i ≥ 0. Then we have shown

that for any γ there is a γ′ with K(γ′) < K(γ) and F (γ′) ≤ F (γ). Hence, the function

f(q) = minγ,K(γ)=q F (γ) , (8.85)

has to be non decreasing with q. In particular, the absolute minimum of F has to be
achieved for q = 0, corresponding to a circle. �

Therefore, the F term in the entanglement entropy of three-dimensional CFTs is
globally minimized for disk regions. Except for the particular continuity property of the
functional that we used, which is natural for conformal invariant functionals, we did not
need to invoke conformal invariance but just Euclidean invariance, plus the requirement
that the functional is constant for disks. The proof should go over to the Lorentzian case as
well. In that case, however, all deformations of the circle on its light cone have the same F .

Another comment is that having an a-expandable functional for a > 4 and not
expandability for a = 4 (i.e., more singular functionals) is not enough for the proof, since
we need to match the boundaries of a deformed osculating circle with the curve, which
requires perturbations with a = 4. In principle, lower a-expandability (softer functionals)
—such as the isoperimetric ratio R(V ) defined in eq. (8.66), having 3-expandability— will

11The two cases depend on whether the center of inversion lies inside or outside the osculating circle c̃.
12 This can be done, for example, by replacing a small interval of the curve around the point of osculation

by a segment of a circle tangent at two points at each side of it, and smearing up the points of contact
to make it smooth. The same can be done if the minimum or maximum of curvature correspond to a
segment of a circle rather than a point.
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be enough. Note however that R(V ) is not strong superadditive and we cannot use the
same proof as for the isoperimetric inequality. If we have 2-expandability instead, we could
modify the proof above taking just tangent circles instead of osculating ones. However,
we always have both interior and exterior tangent circles to a given point, and that would
imply a vanishing first order coefficient A1 at any point. Then, the only possibility for
a SSA functional to be 2-expandable is that it is constant under deformations.

8.4 Conclusions

We have proven that the disk-like entangling region maximizes entanglement entropy
in general CFTs among all possible shapes and topologies.

It is then natural to wonder what happens in three-dimensions with the analogous
question for entangling regions with a fixed number of holes. In this case, however, the
answer turns out to be more trivial. For instance, for annuli regions defined by pairs
of radii from the set {R1, R2, R3} with R1 < R2 < R3, one has F (R3, R1) < F (R2, R1)
[499]. This implies that F will always decrease as we make the inner radius smaller
with respect to the outer one, being F0 the limiting result as R1/R3 → 0. In fact, for
regions with non-trivial topology, the general bound (8.1) can be improved. Imagine we
have a region with n disconnected subregions γ = ∪nj γj , each one of which has mj holes,
γj = γj,0 − (γj,1 ∪ · · · ∪ γj,mj ). Then, using eqs. (8.80), (8.3.3) and (8.1) we have

F (γ) ≥
n∑
j

F (γj) ≥
n∑
j

[F (γj,0) +
mj∑
i=1

F (γj,i)] ≥ nF0 +
n∑
j

mjF0 = nBF0 . (8.86)

This follows from applying F ≥ F0 repeatedly to each single-component simply connected
piece. In the last equality we rewrote n +∑n

j mj as nB, which is the total number of
boundaries of the region. In words, for a region with nB boundaries, F is bounded below
not only by the disk result F0, but by nB times F0. Saturation of the inequality occurs
only for purely topological theories, F topo(γ) = nBF

topo
0 .

It is also natural to wonder about the problem analogous to the one considered
here for d = 4 + 1 and d = 5 + 1 theories. In the latter case, the geometric nature of
the universal logarithmic term for smooth entangling regions [314, 500] should make it
amenable to an analysis similar to the one in ref. [478, 480] for the d = 3 + 1 case. Note
however that in that case the sign of the different geometric contributions weighted by
the trace-anomaly coefficients is not obvious —at least at first sight— so the situation
is trickier. The d = 4 + 1 case is more challenging but methods similar to the ones
considered here may be useful. Naturally, in all cases the expectation is that entangling
regions bounded by round (hyper)spheres globally maximize the EE. This expectation
is supported by partial evidence from holographic theories [478].
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9
Conclusions

Let us conclude this thesis presenting remarks and general ideas regarding the results we
presented.

In the first part, we have provided substancial progress in the understanding of the
higher-curvature gravity theories known as GQT gravity. Namely, we have shown that,
in dimensions higher than four, at order n there is one and only one QT gravity theory
and n− 1. In addition, we have provided a framework to compute the thermodynamic
charges of the black holes in any GQT gravity. This is particularly convenient taking
into account that any gravitational effective action involving higher-curvature corrections
is equivalent, via metric redefinitions to some GQT gravity. Remarkably, we can study
study black hole thermodynamics of arbitrary effective theories in a dramatically simpler
scenario provided by the GQT gravity counterpart.

The situation in three spacetime dimensions differs. In this case, the fact that the
Riemann tensor is proportional to the Ricci tensor constraints enormously the space of
possible theories. In turn, this allowed to provide general results, such as the number of
possible results, its linearized spectrum, identifying the theories that satisfy an holographic
c-theorem and its relation to Born-Infeld gravity, etc. However, among the possible theories
we saw that there are no non-trivial GQT gravities. This no-go result can be bypassed
by adding matter content to the theory, finding EQT gravities. Interestingly, these
theories have as solution a plethora of new analytic black holes that represent continuous
generalizations of the BTZ black hole. Among them, one can find metrics displaying
curvature, conical, BTZ-like singularities as well as regular black holes.

Motivated by the fact that entanglement entropy generalizes the concept of black hole
entropy to situations in which the system does not show a killing horizon, we studied the
holographic scenario. In this context,the Kounterterms renormalization scheme isolates
the universal contributions, canceling the divergences in entanglement entropy. We showed
that in the case of QC gravity, it also allows to compute the type A and type B central
charges of the dual CFT theories. Moreover, in the case of Einstein-AdS gravity, we shown
that the Kounterterms allow to study the shape-dependence of entanglement entropy in
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dual odd-dimensional CFTs and separate the contributions into a local (depending on the
geometry of the entangling surface) and a non-local (with topological origin). In three
dimensions, these parts can be written in terms of the Willmore energy and employing
its properties it can be shown that the finite part of entanglement entropy is maximized
in the case of a disk-entangling region. A natural question is whether entanglement
entropy maximization by the disk-like entangling region is restricted to CFTs dual to
Einstein-AdS gravity or general regardless the shape of the entangling region. Supported
by previous observations in the literature, we conjectured and proved that entanglement
entropy is indeed maximized by the disk region in any CFT.
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A
Explicit covariant GQT densities for n = 4, 5, 6 in

D = 5, 6

In this appendix we present explicit GQT covariant densities of each of the (n − 2)
existing types for n = 4, 5, 6 in D = 5 and D = 6.

At quartic order, examples of representatives of the two inequivalent classes of GQT
densities in D = 5 are (we use Roman numbers to label the different types)

S(D=5,n=4)
I = + 12RabcdR ef

ab R g h
c e Rdgfh + 3RabcdR e f

a c RbgdhR
g h
e f (A.1)

− 6RabcdR e f
a c R

g h
e b Rfgdh − 9RabR h

c eaRdhfbR
cdef +RR c d

a b R
a b
e f R

e f
c d ,

S(D=5,n=4)
II = + 4RabcdR ef

ab R gh
ce Rdfgh + 30RabcdR ef

ab R g h
c e Rdgfh (A.2)

− 11RabcdR e f
a c R

g h
e b Rfgdh − 16RabR h

c eaRdhfbR
cdef −RabR h

cd aRefhbR
cdef

− 3RabR c d
a b RefhcR

efh
d + 3RabRcdRe f

a bRecfd +RabRcdRe f
a cRebfd,

which evaluated on the single-function ansatz reduce to linear combinations of S(4, j)|f ,
as defined in (2.16), with

τ
(D=5,n=4)
I = 4τ(4,1) + 12τ(4,3) − 6τ(4,4) , (A.3)

τ
(D=5,n=4)
II = 6τ(4,2) − τ(4,4) , (A.4)

respectively. It is straightforward to check that both satisfy conditions (2.28) and
(2.30). In D = 6, we find

S(D=6,n=4)
I = + 15RabcdR ef

ab R gh
ce Rdfgh + 20RabcdR ef

ab R g h
c e Rdgfh − 4RabcdR e f

a c RbgdhR
g h
e f

− 36RabcdR e f
a c R

g h
e b Rfgdh + 48RabR h

c eaRdhfbR
cdef − 8RabR h

cd aRefhbR
cdef

− 8RR c d
a b R

a b
e f R

e f
c d + 8RabRcdRe f

a cRebfd , (A.5)

S(D=6,n=4)
II =− 5RabcdR ef

ab R gh
ce Rdfgh − 28RabcdR ef

ab R g h
c e Rdgfh − 20RabcdR e f

a c RbgdhR
g h
e f

+ 52RabcdR e f
a c R

g h
e b Rfgdh − 16RabR h

c eaRdhfbR
cdef + 8RabR h

cd aRefhbR
cdef
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− 8RabR c d
a b RefhcR

efh
d + 8RabRcdRe f

a bRecfd − 8RabRcdRe f
a cRebfd ,

(A.6)

and for those

τ
(D=6,n=4)
I = τ(4,4) − 2τ(4,3) − 2τ(4,1). (A.7)

τ
(D=6,n=4)
II = τ(4,4) − 4τ(4,3) − 6τ(4,2). (A.8)

At quintic order, examples of the three inequivalent classes read

S(D=5,n=5)
I = + 3235R5 − 28409R3Ra

bRb
a + 46980R2Ra

cRb
aRc

b − 93522RRadRbaRcbRdc

+ 11928RabRbaRceRdcRed + 98700RRbaRdbRecRacde + 2870R3Rab
cdRcd

ab

+ 52080RabRbaRecRf dRcdef − 151200RRcaRdbRabefRef cd

+ 137655RRbaRcbRadefRef cd − 5845RRabRbaRcdefRef cd

− 23940RabRbaRdcRcefgRfgde , (A.9)

S(D=5,n=5)
II = + 10505R5 − 98197R3Ra

bRb
a + 242460R2Ra

cRb
aRc

b − 362526RRadRbaRcbRdc

+ 77784RabRbaRceRdcRed + 77700RRbaRdbRecRacde + 1120R3Rab
cdRcd

ab

+ 139440RabRbaRecRf dRcdef − 173880RRcaRdbRabefRef cd

+ 194985RRbaRcbRadefRef cd + 12355RRabRbaRcdefRef cd

− 104580RabRbaRdcRcefgRfgde − 15120RRbaRadbcRcefgRfgde

− 3780RRbaRacfgRdebcRfgde + 11340RabRbaRcdghRef cdRghef , (A.10)

S(D=5,n=5)
III =− 108751900R5 + 1026499979R3Ra

bRb
a − 2724816480R2Ra

cRb
aRc

b

+ 3743976918RRadRbaRcbRdc − 981715812RabRbaRceRdcRed

+ 241948812RRbaRdbRecRacde + 11124379R3Rab
cdRcd

ab

+ 2523150RRabcd2Rcd
ab2 − 1472417016RabRbaRecRf dRcdef

+ 442592640RRcaRdbRabefRef cd − 1009017009RRbaRcbRadefRef cd

− 199666439RRabRbaRcdefRef cd + 1327705722RabRbaRdcRcefgRfgde

− 7998480RRbaRadbcRcefgRfgde + 151439400RRbaRacfgRdebcRfgde

− 197676360RabRbaRcdghRef cdRghef + 35700000RabcdRcdabRejghRfhijRgief

+ 121836960RbaRadbcRcf deReghiRhifg − 89250RabcdRcdabRef ijRghefRijgh ,
(A.11)

And for them

τ
(D=5,n=5)
I = +2τ(5,0) − τ(5,1) − 12τ(5,2) − 10τ(5,3) + 2τ(5,4) + 3τ(5,5), (A.12)

τ
(D=5,n=5)
II = −5τ(5,0) + 4τ(5,1) + 18τ(5,2) + 4τ(5,3) − 5τ(5,4) , (A.13)

τ
(D=5,n=5)
III = +45τ(5,0) − 46τ(5,1) + 44(τ(5,3) − 3τ(5,2) . (A.14)

For D = 6, we find

S(D=6,n=5)
I =− 123946191482880RabRbaRceRdc Red + 1472406237369312RadRbaRcb RdcR

− 1080277675306560RacRbaRcb R2 + 162174148310040RabRbaR3
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− 11444059832562 R5 + 1702982503075584RbaRdbRecR Rac
de

+ 75220642409760R3Rab
cdRcd

ab + 12994390356246R
(
Rab

cdRcd
ab
)2

− 941724825600 RabRbaRecRf dRcdef − 1826681030324352RcaRdbRRabef Ref cd

+ 1161324617394816RbaRcbR Rad
efRef

cd − 402058236112056RabRba RRcdefRef cd

+ 796036321619712RbaR Rad
bcRce

fgRfg
de

− 226245709813248 RbaRRacfgRdebcRfgde

− 2713887813611520RagcdRbiefRceab RdjghRfhij

+ 5441837051289600Ragcd RbiefRceabRdhijRfjgh

− 8516393811394560RagcdRbhijRceab RdiefRfjgh

− 9075154990067712Rajgh RbdijRceabRfgcdRhief , (A.15)

S(D=6,n=5)
II =− 39481565540352000RabRbaRceRdc Red + 496958473622415360RadRbaRcb RdcR

− 366085018636185600RacRba RcbR2 + 56771103624384000RabRbaR3

− 4236457006581120R5 + 605739537316331520RbaRdb RecRRacde

+ 25066678861324800R3Rab
cd Rcd

ab + 2911274422692480R
(
Rab

cdRcd
ab
)2

− 9235519903334400RabRba RecRf dRcdef

− 654135376602562560 RcaRdbRRabefRef cd

+ 384078592166215680RbaRcbRRadef Ref cd

− 128301089938030080RabRbaR Rcd
efRef

cd

+ 247957574993141760RbaR Rad
bcRce

fgRfg
de

− 54410152259543040 RbaRRacfgRdebcRfgde

− 915942099386695680RagcdRbiefRceab RdjghRfhij

+ 1855713735622656000Ragcd RbiefRceabRdhijRfjgh

− 2983978700100403200RagcdRbhijRceab RdiefRfjgh

− 3268733794665431040Rajgh RbdijRceabRfgcdRhief , (A.16)

S(D=6,n=5)
III =− 113245541360640RabRbaRceRdc Red + 1060631652273264RadRbaRcb RdcR

− 903602985933600RacRbaRcb R2 + 127080097757820RabRbaR3 − 8955723921633R5

+ 1791407446201728RbaRdbRecR Rac
de + 65583784852200R3Rab

cdRcd
ab

+ 17709732531387R
(
Rab

cdRcd
ab
)2

+ 3780034053120 RabRbaRecRf dRcdef

− 2136457519124544RcaRdbRRabef Ref cd + 1548204355449792RbaRcbRRadefRef cd

− 341027462136492RabRba RRcdefRef cd + 601767492758784RbaR Rad
bcRce

fgRfg
de

− 195741719323776RbaRRacfgRdebcRfgde

− 686045879580672RagcdRbiefRceab RdjghRfhij

− 409211547264000Ragcd RbiefRceabRdhijRfjgh

− 4137732154183680RagcdRbhijRceab RdiefRfjgh

− 8161945395342336Rajgh RbdijRceabRfgcdRhief , (A.17)
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and for them

τ I
(D=6,n=5) = τ(5,5) − 10τ(5,2) , (A.18)
τ II

(D=6,n=5) = τ(5,3) − 3τ(5,2) + τ(5,1) , (A.19)
τ III

(D=6,n=5) = τ(5,4) − τ(5,3) − 3τ(5,2) . (A.20)

At order six we have four inequivalent GQT classes. Representatives in D = 5 are given
by

S(D=5,n=6)
I =− 73164000

(
RabR

ab
)3
− 1714893120RabRabRceRdcRedR

+ 1318812172RabRabRcdRdcR2 + 271196208RacRbaRcbR3

− 317404865RabRabR4 + 18018062R6 + 300979224RcaRdbR3Rab
cd

+ 248125440RbaRdbRecR2Rac
de + 170805000

(
RefR

ef
)2
RabcdR

abcd

− 452092811RefRefR2RabcdR
abcd + 74766829R4RabcdR

abcd

− 139080000RefRef
(
RabcdR

abcd
)2

+ 38179125R2
(
RabcdR

abcd
)2

+ 35080000
(
RabcdR

abcd
)3
− 2244499440RabRabRecRf dRRcdef

− 445474968RbaR3Rac
deRde

bc − 87720000
(
Ra

c
b
dRc

e
d
fRe

a
f
b
)2

+ 84746910R3Rab
efRcd

abRef
cd + 2407239480RabRabRdcRRcefgRfgde

− 88583040RbaR2Rad
bcRce

fgRfg
de − 410141550RabRabRRcdghRef cdRghef

+ 564422400RbaRRadbcRcf deReghiRhifg

− 61305000RRabcdRabcdRef ijRghefRijgh

+ 727920000RdeRabcdRabceRgihjRikj lRkglh

− 578160000RabcdRcdefRef abRgihjRikj lRkglh , (A.21)

S(D=5,n=6)
II =− 137140000

(
RabR

ab
)3
− 1947491520RabRabRceRdcRedR

+ 1751816692RabRabRcdRdcR2 + 329051088RacRbaRcbR3

− 432438015RabRabR4 + 25289682R6 + 400229864RcaRdbR3Rab
cd

+ 165181440RbaRdbRecR2Rac
de + 272619000

(
RefR

ef
)2
RabcdR

abcd

− 609591221RefRefR2RabcdR
abcd + 100315219R4RabcdR

abcd

− 173400000RefRef
(
RabcdR

abcd
)2

+ 46512875R2
(
RabcdR

abcd
)2

+ 35600000
(
RabcdR

abcd
)3
− 2869300240RabRabRecRf dRRcdef

− 484473448RbaR3Rac
deRde

bc − 31320000
(
Ra

c
b
dRc

e
d
fRe

a
f
b
)2

+ 55581410R3Rab
efRcd

abRef
cd + 2452251080RabRabRdcRRcefgRfgde

+ 118104960RbaR2Rad
bcRce

fgRfg
de − 242892050RabRabRRcdghRef cdRghef

+ 425990400RbaRRadbcRcf deReghiRhifg

− 77575000RRabcdRabcdRef ijRghefRijgh

+ 2129040000RdeRabcdRabceRgihjRikj lRkglh
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− 909840000RabcdRcdefRef abRgihjRikj lRkglh , (A.22)

S(D=5,n=6)
III =− 859300000

(
RabR

ab
)3
− 25179802560RabRabRceRdcRedR

+ 19703296676RabRabRcdRdcR2 + 4227840144RacRbaRcbR3

− 4975158595RabRabR4 + 291039066R6 + 5123673672RcaRdbR3Rab
cd

+ 1331589120RbaRdbRecR2Rac
de + 2222415000

(
RefR

ef
)2
RabcdR

abcd

− 6346768033RefRefR2RabcdR
abcd + 1019618087R4RabcdR

abcd

− 1819320000RefRef
(
RabcdR

abcd
)2

+ 513207375R2
(
RabcdR

abcd
)2

+ 450800000
(
RabcdR

abcd
)3
− 33156269520RabRabRecRf dRRcdef

− 6081896904RbaR3Rac
deRde

bc + 4158600000
(
Ra

c
b
dRc

e
d
fRe

a
f
b
)2

+ 1060299930R3Rab
efRcd

abRef
cd + 34472700840RabRabRdcRRcefgRfgde

− 834145920RbaR2Rad
bcRce

fgRfg
de − 5503384650RabRabRRcdghRef cdRghef

+ 6734419200RbaRRadbcRcf deReghiRhifg

− 809475000RRabcdRabcdRef ijRghefRijgh

+ 15109200000RdeRabcdRabceRgihjRikj lRkglh

− 9162000000RabcdRcdefRef abRgihjRikj lRkglh , (A.23)

S(D=5,n=6)
IV = + 31500000

(
RabR

ab
)3
− 4028310720RabRabRceRdcRedR

+ 2252042612RabRabRcdRdcR2 + 683314128RacRbaRcbR3

− 555694015RabRabR4 + 27464642R6 + 877183464RcaRdbR3Rab
cd

− 96706560RbaRdbRecR2Rac
de + 163995000

(
RefR

ef
)2
RabcdR

abcd

− 407173621RefRefR2RabcdR
abcd + 62048819R4RabcdR

abcd

− 292440000RefRef
(
RabcdR

abcd
)2

+ 28222875R2
(
RabcdR

abcd
)2

+ 97600000
(
RabcdR

abcd
)3
− 4629108240RabRabRecRf dRRcdef

− 1045548648RbaR3Rac
deRde

bc + 2409000000
(
Ra

c
b
dRc

e
d
fRe

a
f
b
)2

+ 280021410R3Rab
efRcd

abRef
cd + 6317083080RabRabRdcRRcefgRfgde

− 655655040RbaR2Rad
bcRce

fgRfg
de − 1401052050RabRabRRcdghRef cdRghef

+ 664070400RbaRRadbcRcf deReghiRhifg − 46575000RRabcdRabcdRef ijRghefRijgh

+ 1414800000RdeRabcdRabceRgihjRikj lRkglh

− 1832400000RabcdRcdefRef abRgihjRikj lRkglh . (A.24)

And the corresponding τ(r) are given by

τ
(D=5,n=6)
I = +τ(6,0) + 12τ(6,5) − 8τ(6,6) , (A.25)

τ
(D=5,n=6)
II = −5τ(6,2) − 16τ(6,5) + 11τ(6,6) , (A.26)

τ
(D=5,n=6)
III = −5τ(6,3) − 3τ(6,5) + 3τ(6,6) , (A.27)

τ
(D=5,n=6)
IV = +15τ(6,4) − 2(6τ(6,5) − τ(6,6)) . (A.28)
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For D = 6 we find

S(D=6,n=6)
I =− 14096679060821760RabRbcRcdRde RefRf a

+ 14852647970900544RceRdc RedRijRj iR

− 5617985150718012
(
Ri

jRj
i
)2
R2 − 1124843605416416Rac RbaRcbR3

+ 1005726172300248RabRabR4 − 29156254184830R6

− 1438756007591232RcaRdbR3 Rab
cd + 2380028275859520R2Rb

aRd
b Re

cRac
de

+ 1254308457170736RefRefR2 RabcdR
abcd − 168004022190642R4Rab

cdRcd
ab

+ 3230088574927500RijRj i
(
Rab

cd Rcd
ab
)2
− 607399901908371R2

(
Rab

cdRcd
ab
)2

+ 721416483693312RecRf d RijRj iRRcdef + 1133891404354368 RbaR3Rac
deRde

bc

− 682346981951712R3 Rab
efRcd

abRef
cd + 9376966635379200Rab RcdRijRj iRecfdReaf b

− 8990642116684800RabRijRj i RacbdRefgcRefgd
− 6299359808303232 RdcRijRj iRRcefgRfgde

+ 1901604108792960RbaR2Rad
bcRce

fg Rfg
de

+ 3847116811602240RijRj iR Rcd
ghRef

cdRgh
ef

− 10134930764312640 RabRbcRcdRdaRef hi Rhieg

− 2178824133657600RbaRRadbc Rcf deReghiRhifg

+ 304956123151680R Rab
cdRcd

abRef
ijRgh

efRij
gh

− 1895257162656000RabcdRcdefRef gh RghijRijklRklab

+ 1259726446836000 RabcdRcdefRef ghRghabRijkl Rklij , (A.29)

S(D=6,n=6)
II =− 31836692340236160RabRbcRcdRde RefRf a

+ 34439506371202464RceRdc RedRijRj iR− 13557698416858564
(
Ri

jRj
i
)2
R2

− 2849781769779440Rac RbaRcbR3 + 2611991351109630RabRabR4

− 88399029128845R6 − 3677104626840832RcaRdbR3 Rab
cd

+ 6132894365769600R2Rb
aRd

b Re
cRac

de + 3157451844617752RefRefR2 RabcdR
abcd

− 441312471667562R4Rab
cdRcd

ab + 7146998363226150RijRj i
(
Rab

cd Rcd
ab
)2

− 1314167139538110R2
(
Rab

cd Rcd
ab
)2

+ 2087392939560192RecRf d RijRj iRRcdef

+ 2787439490093632 RbaR3Rac
deRde

bc − 1533575360560320R3 Rab
efRcd

abRef
cd

+ 22373284326307200Rab RcdRijRj iRecfdReaf b
− 20005506406828800RabRijRj i RacbdRefgcRefgd
− 15079987603900032 RdcRijRj iRRcefgRfgde

+ 3611210786726400RbaR2Rad
bcRce

fg Rfg
de

+ 8724416327193600RijRj iR Rcd
ghRef

cdRgh
ef

− 23212861724463840 RabRbcRcdRdaRef hi Rhieg

− 3819771274176000RbaRRadbc Rcf deReghiRhifg

+ 616693394116800R Rab
cdRcd

abRef
ijRgh

efRij
gh
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− 4293178347744000RabcdRcdefRef gh RghijRijklRklab

+ 2871990255420000 RabcdRcdefRef ghRghabRijkl Rklij , (A.30)

S(D=6,n=6)
III =− 6943970290757760RabRbcRcdRde RefRf a

+ 5474732611842144RceRdc RedRijRj iR− 2281174181020312
(
Ri

jRj
i
)2
R2

− 355850581360016Rac RbaRcbR3 + 372382664514798RabRabR4 − 8079133402255R6

− 724084260087232RcaRdbR3 Rab
cd + 680829460259520R2Rb

aRd
b Re

cRac
de

+ 397223834424736RefRefR2 RabcdR
abcd − 65621870854892R4Rab

cdRcd
ab

+ 656091001244250RijRj i
(
Rab

cd Rcd
ab
)2
− 121001538886371R2

(
Rab

cd Rcd
ab
)2

+ 2073302769914112RecRf d RijRj iRRcdef + 671781101071168Rba R3Rac
deRde

bc

− 224552737043712R3Rab
ef Rcd

abRef
cd

+ 2768431158979200RabRcd RijRj iRecfdReaf b
− 2668237319404800RabRijRj i RacbdRefgcRefgd
− 3774533321404032 RdcRijRj iRRcefgRfgde

+ 523902114552960RbaR2Rad
bcRce

fg Rfg
de

+ 1290427980114240RijRj iR Rcd
ghRef

cdRgh
ef

− 849014886788640 RabRbcRcdRdaRef hi Rhieg

− 965396466777600RbaRRadbc Rcf deReghiRhifg

+ 70932032851680R Rab
cdRcd

abRef
ijRgh

efRij
gh

− 336455941536000RabcdRcdefRef gh RghijRijklRklab

+ 219456058536000 RabcdRcdefRef ghRghabRijkl Rklij , (A.31)

S(D=6,n=6)
IV =− 14096679060821760RabRbcRcdRde RefRf a

+ 14852647970900544RceRdc RedRijRj iR− 5617985150718012
(
Ri

jRj
i
)2
R2

− 1124843605416416Rac RbaRcbR3 + 1005726172300248RabRabR4

− 29156254184830R6 − 1438756007591232RcaRdbR3 Rab
cd

+ 2380028275859520R2Rb
aRd

b Re
cRac

de + 1254308457170736RefRefR2 RabcdR
abcd

− 168004022190642R4Rab
cdRcd

ab + 3230088574927500RijRj i
(
Rab

cdRcd
ab
)2

− 607399901908371R2
(
Rab

cd Rcd
ab
)2

+ 721416483693312RecRf d RijRj iRRcdef

+ 1133891404354368 RbaR3Rac
deRde

bc − 682346981951712R3 Rab
efRcd

abRef
cd

+ 9376966635379200Rab RcdRijRj iRecfdReaf b−
8990642116684800RabRijRj i RacbdRefgcRefgd
− 6299359808303232 RdcRijRj iRRcefgRfgde

+ 1901604108792960RbaR2Rad
bcRce

fg Rfg
de

+ 3847116811602240RijRj iR Rcd
ghRef

cdRgh
ef

− 10134930764312640 RabRbcRcdRdaRef hi Rhieg

− 2178824133657600RbaRRadbc Rcf deReghiRhifg

177
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+ 304956123151680R Rab
cdRcd

abRef
ijRgh

efRij
gh

− 1895257162656000RabcdRcdefRef gh RghijRijklRklab

+ 1259726446836000 RabcdRcdefRef ghRghabRijkl Rklij , (A.32)

and for them

τ
(D=6,n=6)
I = τ(6,6) − 15τ(6,2) + 4τ(6,1) , (A.33)

τ
(D=6,n=6)
II = τ(6,5) − 10τ(6,2) + 3τ(6,1) , (A.34)

τ
(D=6,n=6)
III = τ(6,4) − 6τ(6,2) + 2τ(6,1) , (A.35)

τ
(D=6,n=6)
IV = τ(6,3) − 3τ(6,2) + τ(6,1) . (A.36)
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B
Redefining the metric

Changing variables

Implementing a differential change of variables directly in the action can be problematic
if one is not careful enough. In order to see this, let us consider the equations of
motion of g̃ab —defined so that gab = g̃ab + Kab— by computing the variation of the
new action Ĩ[g̃ab] = I[gab]:1

δĨ

δg̃ab
= δI

δgab
+ δI

δgef

δKef

δg̃ab

∣∣∣∣∣
gab=g̃ab+Kab

. (B.2)

Now, it is clear that we can always solve these equations if

δI

δgab

∣∣∣∣∣
gab=g̃ab+Kab

= 0 . (B.3)

In other words, implementing the change of variables directly in the equations of the
original theory produces an equation that solves the equations of Ĩ. However, the
equations of Ĩ contain more solutions. These additional solutions are spurious and
appear as a consequence of increasing the number of derivatives in the action, so they
should not be considered. A possible way to formalize this intuitive argument consists
in introducing auxiliary field so that the redefinition of the metric becomes algebraic.
Let us consider the following action

Iχ = 1
16πGN

∫
dDx
√
−g
[
− 2Λ +R+ f

(
gab, χabcd, χe1,abcd, χe1e2,abcd, . . .

)
(B.4)

1Note that in the second term we used the chain law for the functional derivative, which is in general
given by

δI

δφ

δφ

δψ
= δI

δφ

∂φ

∂ψ
− ∂a

(
δI

δφ

∂φ

∂aψ

)
+ . . . (B.1)
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B. Redefining the metric

+ ∂f

∂χabcd
(Rabcd − χabcd) + ∂f

∂χe1,abcd
(∇e1Rabcd − χe1,abcd)

+ ∂f

∂χe1e2,abcd
(∇e1∇e2Rabcd − χe1e2,abcd) + . . .

]
,

where we have introduced some auxiliary fields χabcd, χe1,abcd, . . .χe1...en,abcd. Let us
convince ourselves that this action is equivalent to eq. (1.9). When we take the variation
with respect to χe1...ei,abcd, we get

∑
j=0

∂2f

∂χe1...ei,a1b1c1d1∂χf1...fj ,a2b2c2d2

(
∇f1 . . .∇fjRa2b2c2d2 − χf1...fj ,a2b2c2d2

)
= 0. (B.5)

In this way, we get a system of algebraic equations for the variables χe1...ei,abcd that
always has the following solution

χabcd = Rabcd , (B.6)
χe1,abcd = ∇e1Rabcd , (B.7)

χe1e2,abcd = ∇e1∇e2Rabcd , (B.8)
. . . (B.9)

This is the unique solution if the matrix of the system is invertible, and this is the
expected case if f is general. When we plug this solution back in the action we recover
eq. (1.9) (with explicit Einstein-Hilbert and cosmological constant terms), so that both
formulations are equivalent.

Now let us perform the following redefinition of the metric in Iχ:

gab = g̃ab + αKab , where Kab = Kab

(
g̃ef , χefcd, χa1,efcd, . . .

)
, (B.10)

this is, Kab is a symmetric tensor formed from contractions of the χ variables and the
metric, but it contains no derivatives of any field. In this way, the change of variables is
algebraic and can be directly implemented in the action. We therefore get

Ĩχ [g̃ab, χ] = Iχ [g̃ab + αKab, χ] , (B.11)

where, for simplicity, we are collectively denoting all auxiliary variables by χ. Now, both
actions are equivalent and so are the field equations:

δĨχ
δg̃ab

= δIχ
δgab

∣∣∣∣
gab=g̃ab+αKab

, (B.12)

δĨχ
δχ

= δIχ
δχ

+ α
δIχ
δgab

δKab

δχ

∣∣∣∣
gab=g̃ab+αKab

. (B.13)

Using the first equation into the second one, we see that the equations for the auxiliary
variables become δIχ/δχ = 0, which of course have the same solution as before (B.6).
When we take that into account, Kab becomes a tensor constructed from the curvature
of the original metric gab, so that we get

gab = g̃ab + αKab

(
g̃ef , Refcd,∇α1Refcd, . . .

)
. (B.14)
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B. Redefining the metric

Then, according to eq. (B.12), the equation for the metric g̃ab is simply obtained from
the equation of gab by substituting the change of variables:

δIχ
δgab

∣∣∣∣
gab=g̃ab+Kab

= 0 . (B.15)

However, note that this is not the same as substituting (B.6) in the action and taking
the variation. This would yield instead

δĨχ [g̃ab, χ(g̃ab)]
δg̃ab

= δĨχ
δg̃ab

+ δĨχ
δχ

δχ

δg̃ab
= δIχ

δgab

∣∣∣∣
gab=g̃ab+αKab

− α δIχ
δgef

δKef

δχ

δχ

δg̃ab

∣∣∣∣
gab=g̃ab+αKab

.

(B.16)
This equation is formally different to (B.12) due to the second term, and it is equivalent
to eq. (B.2). The second term appears because the auxiliary variables χ(g̃µν) do not
solve the equation δĨχ/δχ = 0, but δIχ/δχ = 0. However, we must solve δĨχ/δχ = 0
in order to get a solution of Ĩχ [g̃ab, χ], and according to eq. (B.13) this would only
happen if (δIχ/δgab)(∂Kab/∂χ) = 0, so that the only consistent solutions of eq. (B.16)
are those which satisfy (B.15). This explains why the only solutions of eq. (B.2) we
should consider are the ones satisfying condition (B.3).

W n∇W∇W terms on SSS backgrounds

Now, let us show that eq. (3.39) holds. In order to do that, it is convenient to carry out
the following change or radial coordinate in the SSS ansatz (1.7):

dr̃2 = dr2

r2 . (B.17)

In these coordinates, the SSS metric reads

ds2 = r(r̃)2
[
− Ñ(r̃)2f̃(r̃)dt2 + dr̃2 + dΩ2

(D−2)

]
, (B.18)

where we denoted Ñ(r̃) = N(r(r̃)) and f̃(r̃) = f(r(r̃)).
We use a tilde to denote tensor components in the new coordinates. Direct computation

shows that the components of the Weyl tensor in these new coordinates have formally
the same expression as in the original ones, namely,

W̃ ab
cd = −2χ̃(r̃)(D − 3)

(D − 1) w̃
ab
cd , (B.19)

where the tensorial structure w̃abcd is given by

w̃abcd = 2τ̃ [a
[c ρ̃

b]
d] −

2
(D − 2)

(
τ̃

[a
[c σ̃

b]
d] + ρ̃

[a
[c σ̃

b]
d]

)
+ 2

(D − 2)(D − 3) σ̃
[a
[c σ̃

b]
d]. (B.20)

Here, ρ̃ba denotes the projection onto our new radial coordinate r̃ and τ ba and σba are defined
in sec. 2.2. If we define H̃b

a = τ̃ ba + ρ̃ba, we may express w̃abcd as

w̃abcd = H̃
[a
[c H̃

b]
d] −

2
(D − 2)H̃

[a
[c σ̃

b]
d] + 2

(D − 2)(D − 3) σ̃
[a
[c σ̃

b]
d] . (B.21)
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Consequently, the covariant derivative of the Weyl tensor turns out to be

∇eW̃ ab
cd

∣∣∣
SSS

= −2(D − 3)
(D − 1)

[dχ̃
dr̃ δ

1
e w̃

ab
cd + χ̃(r̃) ∇ew̃abcd

∣∣∣
SSS

]
, (B.22)

where we are denoting the components of the covariant derivative of any tensor T
in our new coordinates as ∇eT̃ cd...ab... . Hence we just need to work out ∇ew̃abcd

∣∣∣
SSS

.
Using eq. (B.21), we find

∇ew̃abcd = 2∇eH̃ [a
[c H̃

b]
d] −

2
(D − 2)∇eH̃

[a
[c σ̃

b]
d]

− 2
(D − 2)∇eσ̃

[a
[c H̃

b]
d] + 4

(D − 2)(D − 3)∇eσ̃
[a
[c σ̃

b]
d] .

(B.23)

Since ∇eH̃b
a+∇eσ̃ba = 0, we just need to compute ∇eH̃b

a. A straightforward calculation pro-
duces

∇eH̃b
a = 1

(r(r̃))3
dr
dr̃ g̃egσ̃

f
aδ

b
1 + 1

r(r̃)
dr
dr̃ (D − 2)σ̃beδ1

a . (B.24)

Using this, the covariant derivative of the Weyl tensor gives

∇eW̃ ab
cd

∣∣∣
SSS

=− 2(D − 3)
(D − 1)

dχ̃
dr̃ δ

1
e w̃

ab
cd − 2(D − 3)

(D − 1) χ̃(r̃)dr
dr̃

[ 2
(r(r̃))3 g̃ef σ̃

f
[c|δ

[a
1 H̃

b]
|d] (B.25)

+ 2(D − 2)
r(r̃) σ̃[a|

e δ
1
[cH̃
|b]
d] −

2
(D − 2)(r(r̃))3 g̃ef σ̃

f
[c|δ

[a
1 σ̃

b]
|d]

− 2
r(r̃) σ̃

[a|
e δ

1
[cσ̃
|b]
d] + 2

(D − 2)(r(r̃))3 g̃ef σ̃
f
[c|δ

[a
1 H̃

b]
|d] + 2

r(r̃) σ̃
[a|
e δ

1
[cH̃
|b]
d]

− 4
(D − 2)(D − 3)(r(r̃))3 g̃ef σ̃

f
[c|δ

[a
1 σ̃

b]
|d] −

4
(D − 3)r(r̃) σ̃

[a|
e δ

1
[cσ̃
|b]
d]

]
.

Equipped with expression (B.25), we may infer the general form of any invariant R
{1,1}
2

∣∣∣
SSS

as defined in eq. (3.38). Since the R
{1,1}
2

∣∣∣
SSS

are scalars, we can obtain them expressed
in the original coordinates by performing all calculations in the new ones and then
substituting any dependence on r̃ by the initial radial coordinate r.

We notice the following facts: a) any R
{1,1}
2

∣∣∣
SSS

will have three types of terms: those
carrying a factor χ̃n (dχ̃/dr̃)2, those involving a factor χ̃n+1(dχ̃/dr̃)(dr/dr̃) and a third
type of terms with the common factor χ̃n+2(dr/dr̃)2; b) since r̃ is dimensionless, we
infer that the first type of terms is not weighted by any power of r, the second type is
accompanied by r−1 and the third type, by r−2. An additional overall factor of r−2 is
required by dimensional analysis. Using these observations, it follows that

R
{1,1}
2

∣∣∣
SSS

= χ̃n(r̃)
r(r̃)2

[
c1

(dχ̃
dr̃

)2
+ c2

dχ̃
dr̃

dr
dr̃
χ̃(r̃)
r(r̃) + c3

(
χ̃(r̃)
r(r̃)

)2 (dr
dr̃

)2 ]
, (B.26)

for some constants c1, c2, c3 which will depend on the specific term. Taking into account
that dr̃/dr = 1/(r

√
f(r)) we finally find

R
{1,1}
2

∣∣∣
SSS

= χnf(r)
(
c1(χ′)2 + c2

χχ′

r
+ c3

χ2

r2

)
, (B.27)

where χ′ = dχ/dr.
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C
Cancellation of divergences for spherical

entangling regions in quadratic curvature gravity

In this section, we present explicit computations in the Kounterterms scheme and show
the cancellation of divergences appearing in the entanglement entropy for CFTs dual
to QC gravity when the entangling region is a sphere.

Three-dimensional case

For three dimensions, the universal part of the entanglement entropy (1.164) reduces to

Sren
EE (B2) = πR

2GN

∫ zmax

δ

dz
z2

(
L2
? − 24α1 − 6α2

)
+ c3

2GN

∫
Σ
B1, (C.1)

where the auxiliary function c3 and the boundary term B1, defined in eq. (1.162) in
the case of odd-dimensions. They resepectively read

c3= 1
4
(
L2
? − 24α1 − 6α2

)
, (C.2)

B1= −2√ΣγK dΩ1 = −2
δ
R
[
1 + O

(
δ2
)]

dΩ1. (C.3)

On the other hand, the determinant of the metric σ̃ is given by

√
Σγ = RL?

δ

√
1− δ2

R2 = L?

[
R

δ
− δ

2R −
δ3

R3 + O
(
δ4
)]
. (C.4)

Also, K is the trace of the extrinsic curvature Kαβ = − 1
2√Σγzz

∂z(Σγzz) of the Fefferman-
Graham-like expansion (7.11), which reads

Kαβ = L?

[
R2

δ2 −
1
2 −

δ2

8R2 + O
(
δ4
)]

Ωαβ. (C.5)
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gravity

Since the inverse metric reads,

Σγ
αβ = 1

L2
?

[
δ2

R2 + O
(
δ4
)]

Ωαβ, (C.6)

then, the expansion of the trace yields

K = 1
L?

[
1 + δ2

2R2 + O
(
δ4
)]
. (C.7)

In consequence, according to eq. (1.165) and up to leading order, the Kounterterm in this
case reads

Skt(B2) = − πR

2GNδ

(
L2
? − 24α1 − 6α2

)
+ O(δ). (C.8)

Thus, upon performing the integral in eq. (C.1) on the extremal surface, along the
Poincaré coordinate from z = δ to z = R, one gets

Sren
EE (B2) = F0 +

(
L2
? − 24α1 − 6α2

) [ πR

2GNδ
− πR

2GNδ

]
+ O(δ), (C.9)

where F0 = − π
2G
(
L2
? − 24α1 − 6α2

)
is the universal finite part. Thus, it becomes manifest

that upon taking the δ → 0 limit, Sren
EE (B2) recovers the universal finite part and thus

the holographic entanglement entropy is renormalized correctly.

Four-dimensional case

In the four-dimensional case, from eq.(1.163) it can be seen that the corresponding
boundary term is given by

B2 = −2L?
√
R2 − δ2

δ2 , (C.10)

and hence, the Kounterterm expanded around δ = 0 reads

Skt(B3) = −a4πL
3
?

2GN

(
R2

δ2 −
1
2

)
. (C.11)

On the other hand, the bare entanglement entropy is given by

SEE =a4π

GN

∫ zmax

δ
dz R

(
R2 − z2

) 1
2
(
L?
z

)3
(C.12)

=a4πL
3
?

GN

[
coth−1

(
R√

R2 − z2
max

)
− R

z2
max

√
R2 − z2

max

]

+a4πL
3
?

2GN

[
R2

δ2 − log R
δ
− 1

2 (1 + log 4)
]
. (C.13)

Since the first line of eq. (C.13) vanishes in the limit zmax → R, then, after adding the
Kounterterm, the renormalized entanglement entropy reads

SUniv
QCG = −a4πL

3
?

2GN
log 2R

δ
. (C.14)

Notice that the Kounterterm isolates the logarthmic divergence, whose coefficient is
universal and related to the type A charge of the CFT. A part of the finite term is
cancelled and there is a piece left that is reabsorbed in the logarithmic divergence.
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Bare holographic entanglement entropy in the arbitrary di-
mensional case
For arbitrary dimensions, evaluating the quantities present in the entanglement entropy
functional for QC gravity (7.18) expression using the metric (1.60) yields

SEE(Bd−1) = 1
4GN

(
Vol

(
Sd−2

)
R

∫ zmax

δ
dz
(
R2 − z2

) d−3
2
(
L?
z

)d−1
(C.15)

+
∫

Σ
dd−1√

ΓV g

{
−2α1
L2
?

[(d− 1)(d− 2) + 4d− 2]− 2dα2
L2
?

− α3
(d− 1)(d− 2)

L2
?

})
,

which can be rearranged, using definition of ad in eq. (7.2), to

SEE(Bd−1) =
adVol

(
Sd−2

)
4GN

∫ zmax

δ
dz R

(
R2 − z2

) d−3
2
(
L?
z

)d−1
. (C.16)

After computing the integral and expanding around δ = 0, the holographic entan-
glement entropy yields

SEE(Bd−1) = Sren
EE (Bd−1)+

adVol
(
Sd−2

)
Ld−1
?

4GN

[
1

d− 2
Rd−2

δd−2 −
d− 3

2(d− 4)
Rd−4

δd−4 + O
(
δ−(d−6)

)]
.

(C.17)
In the previous expression, the universal term is given by

Sren
EE (Bd−1) =


(−1)

d−1
2
ad(4π) d−1

2
(
d−1

2

)
!Ld−1
?

4G(d− 1)! if d odd,

(−1)
d
2−1adπ

d
2−1Ld−1

?

2GN(d−2
2 )!

log 2R
δ

if d even,
(C.18)

where zmax is set to the radius R and the volume of the sphere is given by

Vol(Sd−2) =
2dπ d2−1(d2)!
d(d− 2) . (C.19)

Cancellation of divergences for odd dimensions

Let us now focus on the Kounterterm. In the odd-dimensional case, the boundary form
can be read, as before, from eq.(1.162).

Since we are considering a spherical entangling region, the extrinsic curvature and
the Riemann tensor read, respectively,

K β
α = 1

L?

R√
R2 − δ2

δβα, R γδ
αβ = 1

L2
?

δ2

R2 − δ2 δ
γδ
αβ (C.20)

Plugging these values into the boundary form, we find

Bd−2 = −(d− 1)!
∫ 1

0

√
Σγδ

α1···αd−2
β1···βd−2

δα1
α1

1
L?

R√
R2 − δ2

(
1

2L2
?

δ2

R2 − δ2 δ
β2β3
α2α3 − s

2 1
L2
?

R2

R2 − δ2 δ
β2
α2δ

β3
α3

)
× · · ·
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· · · ×
(

1
2L2

?

δ2

R2 − δ2 δ
βd−3βd−2
αd−3αd−2 − s

2 1
L2
?

R2

R2 − δ2 δ
βd−3
αd−3δ

βd−2
αd−2

)
. (C.21)

In this expression, we make use the relations

δ
α1···αd−3
β1···βd−3

δβ2β3
α2α3 = 2δα1···αd−3

β1···d−3 δβ2
α2δ

β3
α3 ,

δ
α1···βd−2
β1···βd−2

δ
βd−2
αd−2= δ

α1···αd−3
β1···βd−3

, δ
α1···αd−3
β1···βd−3

δβ1
α1 · · · δ

βd−3
αd−3 = (d− 2)! . (C.22)

Besides, writing explicitly the determinant√Σγ given in eq. (C.4), the boundary form reads

Bd−2 = −(d− 1)!
∫ 1

0
ds
[
R2

δ2

(
1− δ2

R2

)] d−2
2 R√

R2 − δ2

(
δ2

R2 − δ2 − s
2 R2

R2 − δ2

) d−3
2

.

(C.23)
This expression can be expanded around δ = 0 as

Bd−2 = −(d− 1)!
∫ 1

0
ds
[
(−1)

d+1
2 sd−3R

d−2

δd−2 − (−1)
d+1

2 sd−5d− 3
2

Rd−4

δd−4 + O
(
δ−(d−6)

)]
,

(C.24)
which after the integration reads

Bd−2 = −(d−1)!
[
(−1)

d+1
2

1
d− 2

Rd−2

δd−2 − (−1)
d+1

2
d− 3

2(d− 4)
Rd−4

δd−4 + O
(
δ−(d−6)

)]
. (C.25)

Therefore the Kounterterm Skt, after using the definition cd in the odd dimensional
case from eq. (7.2), becomes

Skt = −
adVol

(
Sd−2

)
Ld−1
?

4GN

[
1

d− 2
Rd−2

δd−2 −
d− 3

2(d− 4)
Rd−4

δd−4 + O
(
δ−(d−6)

)]
. (C.26)

Therefore, adding the previous expression to the bare entanglement entropy found in
eq.(C.17), the renormalized entanglement entropy reads

Sren
EE (Bd−1) = (−1)

d−1
2 F0. (C.27)

Cancellation of divergences in even dimensions

Proceeding in the same way as in the odd-dimensional case, the extrinsic curvature and
the Riemann tensor, given in eq. (C.20), are used along with the identities

δ
α1···αd−3
β1···βd−3

δα2α3
β2β3

=2δβ1···βd−3
α1···αd−3δ

β2
α2δ

β3
α3 , δ

α1···αd−3
β1···βd−3

δ
βd−3
αd−3 = 2δα1···αd−4

β1···βd−4
,

δ
α1···αd−4
β1···βd−4

δβ1
α1 · · · δ

βd−4
αd−4 = (d− 2)!

2 . (C.28)

After implementing all these relations and substituting
√
|σ̃| the boundary form reads

Bd−2 = −(d− 2)2(d− 3)!L?
∫ 1

0
ds
∫ s

0
dt b(t, s, δ), (C.29)
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where the the introduced function b(t, s) reads

b(t, s, δ) = Rd−2

δd−2

(
1− δ2

R2

)d−2
R√

R2 − δ2

(
δ2

R2 − δ2 − s
2 R2

R2 − δ2 + t2
) d

2−2

. (C.30)

If the function b(t, s, δ) is expanded around δ = 0, then

b(t, s, δ) =
(
t2 − s2) d

2−2 Rd−2

δd−2 + 1
2
(
t2 − s2) d

2−3 [
d− 4 + s2 − (d− 3)t2

] Rd−4

δd−4 + O
(
δ−(d−6)

)
.

(C.31)
In this expression, the convergence condition demands that the order O

(
δ−(d−2)

)
term

appears for d > 2. Likewise, the order O
(
δ−(d−4)

)
term appears when d > 4 and

successively. Now, computing the integrals

∫ 1

0
ds
∫ s

0
dt
(
t2 − s2

) d
2−2

=
(−1) d2 2d−2

(
d
2 − 1

)
!2

(d− 2)2(d− 2)! , (C.32)

∫ 1

0
ds
∫ s

0
dt
(
t2 − s2

) d
2−3 [

d− 4 + s2 − (d− 3)t2
]
= −

(−1) d2 2d−2(d− 3)
(
d
2 − 1

)
!2

(d− 2)(d− 4)(d− 2)! ,

(C.33)

the boundary term reduces to

Bd−2 =(−1)
d
2 +12d−2L?

[(
d

2 − 1
)

!
]2 [ 1

d− 2
Rd−2

δd−2 −
d− 3

2(d− 4)
Rd−4

δd−4 + O
(
δ−(d−6)

)]

+(d− 2)!L?
2 H d

2−1. (C.34)

Notice that in this expression, the last term is finite and it is written in terms of the(
d
2 − 1

)
-th harmonic number H d

2−1 = ∑ d
2−1
i=0

1
i .

Once the boundary term is computed, the Kounterterm Skt is derived easily from
eq. (1.165) for the even dimensional case, obtaining

SKT =−adVol(S
d−2)Ld−1

?

4GN

[
1

d− 2
Rd−2

δd−2 −
d− 3

2(d− 4)
Rd−4

δd−4 + O
(
δ−(d−6)

)]

+(d− 2)!
2 H d

2−1. (C.35)

The structure of power-law divergences is the same as in the odd dimensional case. However,
in even-dimensional CFTs, the bare entanglement entropy (C.17) differs in a finite term and
in a log term, whose coefficient is the universal part of the entanglement entropy. Following
the procedure in ref. [233], the log term is successfully isolated in arbitrary even d, reading

Sren
EE = (−1)

d
2−1adπ

d
2−1Ld−1

?

2GN(d2 − 1)!
log 2R

δ
. (C.36)
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entropy in the EMI model

In Section 8.2 we computed F numerically for many kinds of entangling regions in the
EMI model. In order to do so, we introduced a small regulator δ along an auxiliary extra
dimension, evaluated F EMI(A) as a function of δ and then extracted the δ → 0 limit.
However, as we explained in Section 8.1 there is an alternative way of regularizing EE
that makes use of the MI of concentric regions and which yields converging results in
the lattice. In this appendix we explore this alternative method for the EMI model in
the case of elliptic entangling regions for the two geometric setups explained in Section
8.1, namely: fixing a constant ε, and forcing the concentric regions to be ellipses. This
will allow us to test to what extent we may expect both methods to differ in general
when the size of the entangling regions cannot be considered to be extremely larger
than the separation between the auxiliary regions —which is always the case in the
lattice. We will also verify the convergence of both methods between themselves and
with the δ method used in the main text.

In the three-dimensional EMI model, the mutual information between two regions
V, V2 in a fixed time slice is given by

IEMI(V,W ) = −2κ(3)

∫
∂V

drV
∫
∂W

drW
nV · nW
|rV − rW |2

, (D.1)

where the normal vectors are defined outwards to each region, respectively. This formula
is manifestly non-divergent, as rV and rW correspond now to different regions. For
regions V,W parametrized by [xV,W (t), yV,W (t)] we have

IEMI(V,W ) = −2κ(3)

∫
∂V

dtV
∫
∂W

dtW
ẏV (tV )ẏW (tW ) + ẋV (tV )ẋW (tW )

[xV (tV )− xW (tW )]2 + (yV (tV )− yW (tW ))2 .

(D.2)
Applied to the setup required for regularizing the entanglement entropy, as in (8.21),

we need to evaluate the mutual information IEMI(V +,W−), which involves integrals over
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Figure D.1: We plot F EMI
(e) /F

EMI
0 for different values of the eccentricity e =

0,
√

3/2, 2
√

2/3,
√

15/4, 2
√

6/5 using the expressions (D.3) (purple dots) and (D.4) (blue diamonds).
In the case of (D.3), we fix ε = 5 and plot the results as a function of the semi-minor axis b. In
the case of (D.4) we fix b2 = b1 + 7 and plot the results as a function of b = (b1 + b2)/2 as well.
The straight lines correspond to the exact values obtained using the δ method, which can be also
reproduced using (D.3) or (D.4) for sufficiently large values of b.

∂V + = ∂V + and ∂V −. Using the entanglement entropy formula for the EMI model, (8.40),
it is easy to see that in IEMI(V +, V −) the contributions from SEMI

EE (V +) and SEMI
EE (V −)

cancel with the terms in SEMI
EE (V + ∪ V −) which involve performing both integrals over

∂V + or both integrals over ∂V −. The only terms which survive are the ones which involve
one integral over ∂V + and the other one over ∂V −, in agreement with eq. (D.2).

In the case in which we keep ε constant for all points of the ellipse boundary,
the relevant formula is

F EMI
(e) = −1

2

[
IEMI(pseudoellipsei, pseudoellipseo)− k

(3)
EMI

4aE[e2]
ε

]
, (D.3)

where the parametrization of the pseudoellipses appears in (8.26) and k
(3)
EMI is defined

in (8.65). On the other hand, if we force the auxiliary regions to be ellipses, the
relevant formula reads

F EMI
(e) = −1

2

[
IEMI(ellipse2, ellipse1)− k(3)

EMI

∫ π
2

0
dt2(a1 + a2)

√
1− e2 cos2 t

ε(t)

]
, (D.4)

where a = (a1 + a2)/2, b = (b1 + b2)/2 and the formula for ε(t) appears in (8.30).
As a first check, we have verified that both eqs. (D.3) and (D.4) produce results

essentially identical to the ones obtained using the δ method for sufficiently large
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values of b/ε —e.g., b/ε ∼ 100 yields excellent results in all cases. On the other
hand, practical limitations force us to consider smaller values of such a quotient when
performing calculations in the lattice (b/ε ∼ 10). In fig. D.1 we have plotted the results
achieved using both methods for values of b similar to the ones considered in our lattice
calculations in Section 8.1. As we can see, in both cases the results tend to underestimate
considerably the actual ones —this underestimation tends to be greater as the eccentricity
grows. Importantly, we observe that the pseudoellipses method makes a better job in
approximating the actual results than the variable-ε one. The difference between both
methods becomes rather considerable for greater values of the eccentricity. For each
eccentricity and each value of b, we can observe what is the factor we need to multiply
the corresponding EMI result by in order to obtain the exact answer F EMI

(e) . We use such
factors in sec. 8.1 to correct the lattice results obtained for the corresponding values of b/δ.
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